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P R E F A C E
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Morton, Esq., B.A of St Peter’s College. Every security 
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EXTHACT EJttO'M 113.15 1TIE.FACE TO THE SECOtSTD 
EDITION OF THE MATHEMATICAL TKACTS.

“  T ub Undulatory Theory of Optics is presented to the 
reader as having the same claims to his attention as the 
rl heory of Gravitation: namely, that it is certainly true, 
and that, by mathematical operations of general elegance, 
it leads to results of great interest. W ith regard to the 
evidence for this theory; if the simplicity of a hypothesis, 
which explains with accuracy a vast variety of phenomena 
of the most complicated hind, can be considered a proof 
of its correctness, I  believe there is 110 nhysical theory so 
firmly established as the theory in question. This can be 
felt completely, perhajk, only by the person who has both 
observed the phenomena and made the calculations; as to 
my own pretensions to the former qualification, I shall 
merely state that I have repeated nearly every experiment 
alluded to in the following Tract. This character of cer
tainty I  conceive to belong only to what may be called the 
geometrical part of the theof j : the hypothesis, namely, that 
light consists of undulations depending on transversal vi
brations, and that these travel with certain velocities in 
different media according to the laws here explained. The 
Mechanical part of the theory, as the suppositions relative



to the constitution of tlie ether, the computation of the in
tensity of reflected and refracted rays, &c., though generally 
probable^ I  conceive to be far from certain.

“  The plan of this' Tract has therefore been to include 
those phaenomena only which admit of calculation. Many 
subjects are thus excluded (for instance, the absorption of 
light by coloured media) for which supplementary theories 
are still wanting. On the other hand, the investigations 
are applied only to phenomena which actually have bjen 
observed: as I  have thought it useless to suppose imagi
nary combinations, where the real conditions of experiment 
offer so" great variety.

“  The second investigation of the intensity of light re
flected from a glass surface, a.nd that of the nature of light 
reflected internally and totally from glass, were written as 
a conjectural restoration of Freencl’s investigations, when 
his paper was supposed to be lost. That paper has since 
been found and published: the only alteration which it 
appeared necessary to make is contained in the note attached 
to the latter.”



UNDULATORY THEORY OF OPTICS.

ON UNDULATIONS GENERALLY.

P r o p . 1 . To explain the nature of an Undulation.

1. The characteristic of an undulation is, the continued 
transmission in one direction of a relative state 'o f particles 
amongst each other, while the motion of each particle sepa
rately considered is a reciprocating motion. The disturbance 
of the particles from their state of rest, and their motion, may 
be in any direction whatever.

2. For example: in fig. 1, let the line (a) represent a 
number of particles in their position of rest: and suppose 
that in consequence of a disturbance they are at a given time

T
T  in the position (/3) : at the time T +  - ,  in the position (7 ) :

at the time T +  ^ , in the position (8): at the time T +  ,

in the position (e ): and at the time T +  r, in the position ( f ) : 
and in intermediate positions at times intermediate to these. 
At the time T  the pariifclcs are in the state of greatest con
densation about a, d , and a". Suppos«4we fix our attention 
on one of these condensed groups, as for instance that of

Twhich a is the center. A t the time T + -  the center of the4
condensed group has glided from d  to d 1, not by the motion 
of all the particles in that direction, but by such a difference 
of motions that the particles about d  are not so close together

1



as they were, and the particles about d' are closer together
2<p

than they were. A t the time T +  —  the point of greatest

condensation has advanced to g , precisely the point where at 
the time T  there was the least condensation: at the time 

3 T2’ +  —  , it has advanced to 7c: and at the time T + t, to a”.

The particles are now, it may he observed, in just the same 
state as at the time T, for a! was then the center of a con
densed group. After this, everything goes on in the same 
manner, beginning at the time T + t, as it did beginning at 
the time T. A ll that we have said with respect to the con
densed mass about a applies to those about a, a", and a ". 
How if  these motions were really going on before our eyes, 
we should see several condensations (not the condensed par
ticles) passing uniformly and continuously from the left to 
the right of the lino of particles.

But if wo fix our attention on any one of these particles, 
we shall see that it has a reeiprocat'ng or oscillating motion.

The particle a is advancing from T  to T  + ^ ,  when it has

3tattained its greatest advance: it recedes then to T + - :  it

then advances again. The particle d advances from T  (when
2tit is at its minimum advance) to T - P - - :  it then recedes

to T + t. The particle g  recedes to T  +  g , then advances 

3t
to T +  — , then recedes. And so for the others. The vary

ing state of particles which we have here supposed, satisfies 
therefore the conditions mentioned in (1), and therefore this 
is an instance of undulation, the motion of every particle 
being backwards and forwards in the same lino as the direc
tion of transmission of the wave*.

* Tbis is tlie hind of undulation which in the air produces sound, and is 
the only kind which, till within a few years, was used for the explanation of 
the phenomena of Optics.



3. As another example, let (/3), (y), (S), (e), (f), o f fig. 2, 
represent successive states of the particles which when at rest 
were in the position (a). I f  we fix our attention on one of 
the most elevated parts, as for instance h, at T, we find that

rj'  ̂ 2*7*
at T + -  the elevation has passed to a ;  at T + —  to d ' \  & c .: 4 4
though the particles have had no motion whatever in that
direction. And if these motions were actually before us, we
should see several elevations passing uniformly and conti iu-
ously from the left to the right. But if we fixed our attention
on any one particle, we should see that it has an oscillafing
motion above and below the line. The particle a for instance,
• T
is at its greatest elevation at T +  - ,  and at its greatest de- 

3r . .pression at T +  — : d is at its greatest depression at T, at its
St*

greatest elevation at T + ~ ,  and at its greatest depression

at T + r : and so for the others. This varying state o f par
ticles is therefore another instance of undulation, the motion 
of every particle being at right angles to the direction of 
transmission of the wave.

W e might conceive more complicated cases of undulation, 
as when the motion of the particles is compounded of the two 
moti ms supposed in these two cases*; or when there is one 
motion similar to that represented in fig. 2 in the plane of 
the paper, and another perpendicular to that plane f ;  &c. 
i ’he last of these suppositmns is that to which we shall here
after refer the pluenomena of polarization, and of Optics in 
general.

PROP. 2. The length of a wave does not depend on the 
extent of ■*. ibration of each particle.

4. It is easily seen that the interval between correspond
ing points of two waves of condensation in fig. 1 (which is

* This is tlie kind of undulation which takes place on the surface of deep 
water in a calm.

T This is the undulation o f a musical string.



the distance from a to ft', a to a", &c. at T, or the distance 

from d  to cl', d' to d " , &c. at T + T̂, etc.) il wholly inde

pendent of the extent of vibration of each parade. For if 
each particle vibrated only half as far as is now supposed, 
still at T, a would be a point where the particles are most 
condensed, and d  would be the next point where they arc 
most condensed, and a" the next, &c. flic interval between 
similar points of two waves (>vhieh we shall call the length o f  
a wave, and shall always denote by the letter X) would be the 
same as at present: the only difference would be that the 
particles about a, a , &c. would not be so closely condensed, 
nor those about a, g , &c. so widely separated as at present. 
Similarly the length of a wave in fig. 2 would be unaltered 
if  the vibration of the particles were altered in any ratio: 
the only difference would be that the elevation of the high 
points and the depression of the low points would be altered 
in that ratio.

PROF. 3. The length of a wave depends on the velocity 
of transmission, and on the time of vibration of each particle.'

5. In the cases both of fig. 1 and of fig. 2 (pud in every 
other conceivable case of a continued sequence of waves) we 
see that every particle has returned to the same state at T +  t  
as at T, that is, that the vibration of every particle is com
pleted in the. time t .  But in this time the wave has appeared 
to glide over a space equal to the interval between cor
responding points of two waves, or X. Hence we find,

Spacer described by the wave in the time pf vibration o f a 
panicle =  X.

Velocity of wave =  .--€—rr—  -.J time of vibration of a particle

P rop. 4. To express algebraically the transmission o f an 
undulation.

6 . The quantity for which we shall seek an expression is, 
the distance of any point from its point of rest, in a function 
o f the time and of the distance of that point of rest from some 
fixed point. Let x  be the original distance of any point in



tlie line (a) from some fixed point: to find an expression for 
its disturbance at the time t, in a function of x  and t, con
sistent with the conditions of an undulation. By the original 
description of an undulation (1), putting v for the velocity of 
the wave’s transmission, it is .easily seen that whatever be the 
state of disturbance at the time t o f a particle whose original 
ordinate is x, the same state of disturbance must hold at the 
time t +  t' for a particle whose original ordinate is x  +  vt'. Or 
if <p express the form of the function,

(p (x, t) must =  (f){(x +  vt'), (t +  t1)},

whatever be the value of t'. It will be found on trial that 
<£ (vt — x) satisfies this condition, </> being any function what
ever. For putting t +  t! for t, and x  +  vt' for x, it becomes

<f> {v (t + 1') — (x + vt!)) =  <j>(vt — x),

the same as before. But it may bo found analytically thus. 
Expanding the second side wc have

d . <b (x, t) , d . d> (x, t) , „
tp (x, ?) =  <£ (x, t) +  2 X vt +  ~gt —  1 +  &c->

0T J - ± j a £ + i i ± ( ? i A = o,
ax at

the general solution of which gives

tp (x, t) =  <j> (vt — x) *.

7. This expression however is too general to be of much 
use to us, and wo will choose a particular form that will be 
more convenient. Suppose we fix on this condition to deter
mine the form of the function: the vibration of each particle 
shall follow the" same law as the vibration o f a cycloidal per*-

* This is the expression found, by  investigation from mechanical principles, 
for the disturbance o f the particles o f air when sound passes along a tube o f 
uniform bore, or for tlie disturbance o f an elastic ^string (as that o f a musical 
instrument) fixed at both ends.



tlulum. The distance of a cycloidal pendulum from its place 
o f rest is expressed by

a sin

The required function then for the disturbance o f a particle is

For while we consider tlie motion o f a single particle only, x  
is constant, and the expression is

A t the same time it is a function of vt — x, and therefore 
satisfies the condition requisite for an undulation. W e will 
therefore assume as the expression for the disturbance

But it is plain that, without any loss of generality, we may 
get rid of A  by  altering the origin of time from which t is 
reckoned, or the origin of linear measure from which x  is 
reckoned. W e may therefore take

as the expression for the disturbance when one undulation 
only (consisting of an indefinite number of similar waves) is 
considered.

8. A  form somewhat more convenient may be given thus. 
The expression

goes through all its periodical values while nt increases by

a sin (nt +  C ), where G =  A  .
v

a sin (nt— ' -  +  A),
v

a sm hit +  A)
v



27r, or while t increases by — . —  is therefore the time of
J n n

vibration of a particle. But by (5)

X X Xn
v — time of vibration 27t 27r *

n

Consequently n =  , and therefore the disturbanceA-

(27r 1*=  a sin -j—  (vt — x) +  A  J- ,

for which we may put

asm  1—  (vt — £c)>-

when a single undulation only is considered. It is to he ob
served that a is the maximum vibration of any particle.

P rop . 5. To explain the interference o f undulations.

9. B y interference is meant the co-existence of two un
dulations in which the length of a wave is the same. The 
conception of interference is not in any circumstances easy+, 
and it is more particularly difficult with regard to Physical 
Optics, from our ignorance o f the physical causes to which the 
undulation is due.

* This is the form o f the function tacitly assumed by Newton for the dis
turbance o f particles of air, in his investigation of the velocity o f sound. {Prin- 
cipia, Lib. ir. Prop. 47).

T The simplest illustration is perhaps to be found in the crossing o f two 
waves on the surface o f  water, each o f  which affects the surface in the same 
manner as if  the other were not there. I f  we conceive two series of waves, 
produced by agitating the surface at two points, to spread in circular forms 
with equal and uniform velocities, and if  one agitation was created a little be
fore the other, so that the wave proceeding from one has proceeded as far (in 
a given direction) as the hollow between two waves proceeding from the other, 
then it may be imagined that at every point where this holds, the elevation 
of one wave may exactly fill up the hollow o f the other, and the surface will 
be, in fact, undisturbed.



10. * I f  we investigate, from tlie known properties of air, 
the motion of the particles (supposes! parallel to a fixed line), 
we find this differential equation for the disturbance of a 
particle

d*X . cFX  A- 7-1 u2 —r r r  =  0dt dx

(u2 being a constant, =  m rll  in the common notation, and X  
being the disturbance from the state of r«st), and the solu
tion is

X  =  (vt — x) +  i/r (vt +  x),

where the form of the functions is to be determined by the 
initial circumstances. Or if we suppose the wave of air to 
move only in one direction, the expression for the disturbance 
will be (p (vt —x). And this may be divided into several dif
ferent expressions,

'ijr (vt — x) +  % (vt — x) +  v (vt — x) +  &c.

where the form of each is to be determined by the initial cir
cumstances, or by the cause of the undulation. I f  there was 
only a sin^e original cause for the undulations, there would 
be ..only gjjingle term -ft (vt —x) to be preserved. But if there 
were several distinct original causes for the undulations, there 
would be a single term corresponding to each of these to be 
preserved, and the whole disturbance would be the sum of all 
these terms. And it is particularly to be remarked, that the 
whole disturbance thus found as the effect of all the original 
causes together, is precisely the sum (with their proper signs) 
of a number of disturbances, each of which would tiave been 
produced by one of the original causes acting separately.

11 . Now if we examine to what this property of the solu
tion of the differential equation (namely that it can be broken 
up into several parts all similar to each other and to the whole) 
is due, we find it is owing to the circumstance that the diffe
rential coefficients of u were raised only to the first power in

* The reader who is not familiar with the investigation of the problem of 
Sound may omit the next three articles.



the equation, or (to express it in other words) that the equa
tion was linear. For the differential coefficient of the sum of 
a number of functions is the same as the sum of the differential 
coefficients: but the square of the differential coefficient of a 
sum of functions is not the same as the sum o f their squares, 
Ac. I f  then the' differential coefficients (and the unknown 
quantity itself if it enters in the equation) be all of the first 
dimension, the substitution of a sum of functions is the same 
as the sum of their substitutions separately, and therefore if 
each of those functions satisfies the equation, their sum will 
satisfy the equation. But if they are raised to a higher pov, or, 
the substitution of the sum is not the same as the sum of the 
.substitutions, and therefore if each function satisfies the equa
tion, their sum u ill not.

12. I f  now we retrace the steps of the hivestigarion far 
air, it will be seen that the linearity of the differential equa
tion depends upon this physical fact, that upon altering by a 
small quantity the relative position of particles, the forces 
which they exert undergo variations very nearly proportional 
to that small quantity. And in any other case where this 
holds, the equations will be linear; and the wave-disturbaucB 
of any particle, produced by a number of agitating causes, 
will be the sum of all the wave-disturbances which these 
Causes would singly have produced. W e can hardly conceive 
any law of constitution of a medium in which undulations are 
propagated, vhcre this does not hold, and we shall therefore 
suppose it to be true for light.

13. Taking it then as a fact that the disturbance of every 
particle produced by two co-existent undulations will be the 
sum of the disturbances which they would produce separately, 
we will consider- the nature of the disturbance produced by 
the superposition , of two such undulations as those treated of 
in (7) and (8), each of which is represented geometrically by 
fig. 1, if the vibrations are in the direction of the wave’s 
transmission, and by fig. 2, if they are perpi ndicular to that 
direction. For convenience of figure, we will suppose them 
of the latter class : but all that we say u ill apply as well to 
the former. .. W e will suppose the length of a wave the same 
in both undulations. In fig. 3, let the Italic letters of (a)



represent tlie state of an undulation, at tlie time T, where the 
law of vibration is

27Ta  sin —  (vt — x  +  A ),
A

and let (/3) represent the state of another undulation at the 
same time where the law o f vibration is

b sin —  (vt — x  4- B).
A.

I f  from any point in (a) we measure upwards a distance equal 
to the elevation of the corresponding point of (/3), or measure 
downwards a distance equal to tlie depression of the corre
sponding point of (/3), we shall determine the position of the 
Roman letters. Their distances from the straight i.ne re
present the effect of the superposition of the two undulations. 
This is evidently an undulation o f the same kind, and with 
waves o f the same length, as either of the others. But in the 
instance as wc have supposed it, the addition of the undula
tion (j3) to (a) has diminished the maximum vibration of the 
latter, and has made the maximum to exist at a different part 
o f the line. Thus we see that the magnitude of i ibration 
in an undulation may be diminished by the addition of 
another undulation transmitted in the same direction. This 
is a point of great importance, and deserves the reader’s at
tentive consideration.

14. The geometrical figures which we have given are 
merely illustrations: the conclusion that we have arrived at 
will be more readily obtained from the algebraic expressions. 
Adding together the two disturbances

we have for the whole disturbance 

(a cos A  + 1 cos B) sin

4- (a sin A  +  b sin B) cos 1 ~  - (vt — x )



INTERFERENCE OF UNDULATIONS. 1 1

This may be put under the form

c sin j ~  (vt — x) +  d j - ,

i f  c cos G — a cos A  +  b cos B, c sin G = a  sin A +  b sin B.

It is very important to remark that the square of c, the new 
coefficient, is the sum of the squares of the coefficients of

sin [vt — a;)| and cos {vt — j .

W e shall have occasion frequently to refer to this theorem 

In the present instance,

<? =  a1 +  B  +  2ah cos (A  — JB): 

and the quotient of c sin C by  c cos 0  gives

yy a sin A  +  b sin Btan 6  = ---------, ----------- ,, .
a cos A  +  d cos B

The form of the expression

(27T
c sin

X
{vt — x ) +  C'l

shews that the length o f a wave is the same as in either of the 
undulations compounded; but the difference of value of 0  
from A  and B  shews that the maximum of vibration for a 
given particle does not generally take place with the same 
value of t as for either of the undulations compounded. The 
magnitude of the maximum vibration, which is c or

\/{cC +  b~+ 2ab cos {A  — I?)},
depends on the value of A  — B :  its greatest value is a +  b, 
when A  — B  =  0 , and its least value is a ~ b, when A  ~ B  =  180°. 
In these two cases C is equal to one at least of the two angles 
A  and B.

Prop. 6. To examine the effects o f interference of two 
equal and similar undulations: and to shew that when one is



( V +  2) x length of the wave behind the other (y> being a 
whole number) they will destroy each other.

15. In the case of equal vibration, a =  b. The value of 
c is then

V {2<r+ 2a2 cos (A —13)} =  2a cos — -j— J ,

, sm A  +  sm B  , A-\- B  A  +  Band tan (J =  ; n =  tan — or 6  =  — -—  .cos A  +  cos B  2 2

I f  A  — B =  0 , the value of c is 2a, and C =  A  : that is, i f  we 
add two snob undulations as (J3) and (£) (fig. 2), we shall 
have an undulation in which the maxima are at the same 
■ f t s ,  and the maximum vibration is double what it was 
before. W ith any other value of A  — B, c is lees than 2a : 
and when B  =  A  + 180°, c is 0 , that is, there is no motion 
whatever. To understand this clearly, we must consider what 
is meant by the expression

a sin j 2̂  (1it — x) +  i ? j , 

or, (in this case of destruction of the motion)

; sin j ~  (vt — x) +  A  + 77-j .

This is the same as

Now this is exactly the same expression as

a sm 27r 
X

(vt -  x) +  Ylj ,

putting x  + ^ instead of x. That is, the expression for the2
disturbance in this second undulation, if _Z? =  vl + 180°, is the

same as that in the first, provided instead of x  we take x  + ^ .

That is, one of the undulations may be represented by the



same construction as the other, provided we suppose it in ad
vance or in arrear of the other by half the length of a wave. 
The undulations (/3) and (8), or (y) and (e) in figures 1 and 
2 have this relation to one another. And it will very easily 
he seen in fig. 2, that if we compound (8) with (ft) by a 
process similar to that which we used in fig. 3, (13), the 
elevations of particles in (S) will correspond to equal de
pressions in (/3), and vice versa,, and consequently by their 
combination the particles will all be brought to their original

position. The same will be true after the time ^ when (yS)

has been changed to (y), and at the same time (8) has been 
changed to (e ); and at every other tim e: and therefore there 
will be continued rest. Thus we arrive at the extraordinary 
conclusion that one undulation may be absolutely destroyed 
by another with wares of the same length transmitted in the 
same direction, provided that the maxima of vibrations are 
equal, and that one follows the other by half the length of a 
wave. Since the retardation of a whole length of a wave, or 
two whole lengths, &e., produces no alteration in an undula-

o X  5A
Hon, it is plain that a retardation o f - -  , b—, &c. will produce

2 2

the same effect as a retardation o f ^ ; and thus two undula-

tions will destroy each other if  the maxima of vibration be 
the same and the waves be of the same length and transmitted

in the same direction; and if  one follow the other by ^ , or
2

3\ 5\ P— , or — , &c.
2 ? 2 ?

16. The reader is requested particularly to remark this 
apparently strange conclusion. It is o f the greatest import
ance in Physical Optics, for the following reason. W e shall 
refer hereafter to experiments which shew that the mixture of 
two pencils of light will produce darkness. This fact seems 
to defy any attempt at explanation on the supposition that 
light is occasioned by the eifiission of material particles. But 
in consequence of the conclusion at which we hatfl just ar
rived, it is perfectly explicable on the supposition that light



consists of a series of waves o f either o f the kinds mentioned 
in (2) and (3), transmitted by some medium which pervades 
space. It is only necessary for perfect agreement that, in the 
two pencils which mix, the waves of one precede those of the 
other by spaces which may be represented by

which is found experimentally to be true. A ny other hypo
thesis, however, from which the same conclusion could be 
deduced would be, primd facie, equally entitled to our at
tention.

P rop. 7. T o  find the result o f the interference o f any 
number o f waves.

17. W e have shewn in (14) the method of compounding 
the effects of two waves : the effect of several is found in just 
the same manner. Suppose for instance, the disturbance pro
duced by one undulation was expressed by

A. 3A 5 A.
x > or — , or —

that of a second, by

that of a third, by

The sum of these is

+  (a sin A  +  b sm B  +  e sinE  +  &c.) cos 

which we will call

(a cos A  +  b cos B  +  e cos E  +  &c.) sin



This, as in (14), may be put under the form

c sin (vt — x) +  C j ,
i f  F =  c cos G, G =  c sin 0 ;

whence ' c =  V (F 2 +  G 2), tan G = ^ , .

In some caseH where the effects of an indefinitely great 
number of indefinitely small waves are to be combined, F  
and G may be found by integration : c and G are then de
termined by the same process as that just given.

18. It remains now only to notice some cases of undula
tion not included in those already treated of. One is, that a 
single wave may be transmitted through a medium (as we 
know to be true with regard to air), and then our theorems 
about interference are not true. This however will not come 
under consideration, as there is reason to think that a single 
wave in air or in the medium of light would not produce the 
sensation of sound or colour. W e  shall generally consider 
the undulation as a succession o f a great (but not infinite) 
number of waves. Another is, that the magnitude of the 
maximum vibration o f a particle may depend on its situation: 
for instance, if  waves diverge from a center, the vibrations 
must be more violent in the neighbourhood of that center 
than at a distance from it. This will be represented by ex
pressing the extent of vibration, at any time by

■xjr ( x ) . cf> (vt — x ) ,

or by the sum of several such functions. Since two succes
sive waves here would not be equal, our theorem about inter-

X 3Xferences of waves lagging —, -, &c. would not be strictly

true: but it is easily conceivable that, at a distance from 
the center of divergence, the neighbouring wayes would be 
so nearly equal that our expressions would have no sensible 
error.

1(J. Another case is, the interference of undulations whose



waves are of different length. "W e know with respect to air 
that the velocity of transmission is tlie same for waves of all 
lengths: and we might expect the same to hold good with 
regard to light. W e shall afterwards refer to experiments 
which appear to shew that this is not true. Still whether 
v be constant or not, it is impossible to unite two such 
terms as

a sin \~“ (vt — x) +  A [  and h sin -I t v  tyt — x ) Jr Bsin j'^ r (vt — x) +  and b sin (■

so as to destroy the original form. W e have seen (17) that 
when any number of waves is combmcd, supposing v and X 
the same for all, their sum contains no trace of the distinction 
o f waves in which it originated; and fixing upon any one 
point, or considering x  as constant, the vibration is there 
expressed by

27tv (  „  27raf\c s m { - A- ; + ( C  x J

the same form as that for the vibration of a cycloidal pen
dulum. But the two expressions

. ( 27n ; (  . 2 f 6 ®  7 . ( 27t v '  27ra \ ]
ttSm | T ! + r v ) |  and ^ m {  +

/
V Vcannot be combined into that form, unless -  =  - 7, which there
A, A.

is no reason to think true. The consideration therefore of 
waves of different lengths may be kept perfectly separate, as 
their ultimate effect will be the same as the sum of all their 
separate effects, without any possibility of their destroying or 
modifying one another.

20. The reader is requested to attend to the conventional 
signification of the following terms.

B y a wave we mean all the particles included between 
two which are in similar states of displacement and of motion. 
For instance, in any one of the cases (J3), (7 ), (S), (e), (£) of 
fig. 1 or 2 , the particles included between i  and U form 
a wave: or those between f  and f "  form a wave: &c. It
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is easily seen tliat a wave includes particles in every possible 
state of displacement and of motion consistent with undula- 
tory vibration.

The length o f  a wave we have explained to be the distance 
between two particles similarly displaced and moving simi
larly. The interval, in time, of two waves (that is, the in
terval between the arrival of two successive waves at the same 
point), it will be recollected, is the same as the time of vibra
tion of any particle, (0).

By the phase of a wave, we shall denote the situation of 
a particle in a wave, considered as affecting- its displacement 
and motion. For instance, h and V in fig. 1 or 2 , are in 
similar phases, because their displacements are equal, and 
their motions are also equal. But in (/3) fig. 2 , h and f  are 
not in the same phase: for though their displacements are, 
equal, their motions are in opposite directions. Similarly f  
and h are not in the same phase, for their displacements are 
different though their motions are equal. It is readily seen 
that particles are in the same phase when the distance be
tween them is a mul tiple of the length of a wave.

W e shall say that particies-are in opposite pthases when the 
displacement and motion of one are equal and opposite to those 
o f the other. For instance, a and g, or e and V, in (/3), (7 ), (S'), 
(e), or (£), of lig. 1 or 2 are in opposite phases. It is easy 
to perceive that particles are in opposite phases when their 
distance is an odd multiple of half the length of a wave.

In speaking of waves where the displacement o f a particle 
is represented by

as the measure of the pihase.

W hen we consider a wave as extending over space in a 
direction different from that in which it is transmitted, we 
shall use the term front o f  a wave to denote a continuous line

we shall consider the arc



passing through all those points which are in the same phase, 
'riius in fig. 4, suppose that a series of waves of an iinclula- 
1ion are passing from the side A B  towards CD . and suppose 
that the line l fF  passes through a number of points which are 
simultaneously in the same phase: then E E  is a front of a 
wave. I f  at the same time G1I be another line passing 
through a number of points which are simultaneously in some 
other phase, G il  is another front of a wave. In considering 
space of three dimensions it is plain that the front of a wave 
will generally be a surface.

21 . W e  shall now state a principle of which we shall 
make extensive use in the calculation of Optical phenomena.

The effect o f  anij wape in disturbing any given point may 
hr. found by taking the front o f  tht^bave at any given time, di
viding it into an indefinite number o f  small parts, considering 
the agitation o f  each o f  thesa,small parts as the cause o f  a small 
■wave which ivill disturb the given paint, and finding by sum
mation ore integration the aggregate o f  all the disturbances o f  the 
given point produced by the small waves coming from all points 
o f  the grecifhoave.

In demonlfc-ation of this principle it seems sufficient to say 
that the agitation of one part at one time is ijaally and truly 
tH yan se  of the agitation of another part at another time: 
and that the effect the great wave, which really is a num
ber o f small agitations, will by (12) be the sum of the effects 
of all the small agitations.

22. A  question now arises. "What is to limit the waves 
diverging from each of these small sources of motion ? The 
disturbance spreads generally in a spherical form, so that 
the front of each little wave is a sphere: are we to suppose 
the sphere complete, so that each small undulation is propa
gated backwards as well as forwards ?

The following answer appears to be correct, but its appli
cation m several cases seems doubtful. The effect of each 
small wave must be limited by the same considerations which 
limit the effect of the great wave. .Now we know, from the 
algebraical mvestigation, that a single wave may be trans
mitted along a stretched cord, or in air, without being fol



lowed fay another®. Tu this case it is plain that the prU B t 
agitation o f one point causes the future agitation of the points 
in the direction in which the wave is going, hut of none in 
the direction from which it came. In figure 4 for instance, 
if a single wave is going from A B  towards CD, and if E F  he 
the front of the wave at any time, then we know that the dis
placement in E F  is the cause of future displacement in GII, 
because in consequence of the existence Ah' this wave there 
iv ill hereafter he a wave a t. G II : hut we know that the dis
placement in E F  causes no future displacement between E F  
and AZ>, because, though the displacement in E F  exists, 
there will hereafter be 110 wave between A B  and EF. I f  
then we divide E F  into a great number o f parts, we must 
consider the displacement in each as causing a hemispherical 
Or nearly hemispherical wave, which diverges only before the 
front of the great wave and not behind it.

APPLICATION OF THIS THEORY TO THE E XPLA N A TIO N  OF 
TH E PH.ENOMENA OF LIGHT W H ICH  HO NOT DEPEND 

ON POLARIZATION.

23. W e shall suppose that light is the undulation of a 
medium called ether which pervades all transparent bodies.
1 respecting the direction of vibration of each particle we shall 
make 110 supposition till we treat of polarized light, as the

* Tlie function X  which expresses the disturbance may be discontinuous, that 
is, may be expressed by different algebraical forms for different values o f vt — x,

(which we will call w), provided that j  does not alter per saltum. Tor in-

— &)| from w =  b till

•w — 6 + A : X —0 while w is > 6  +  A. This is a discontinuous function express
ing a single wave (since the particles are only disturbed when vt -  x  is

>&<& +  A). A nd it satisfies the condition just mentioned, since - -  is 0 ' dw
till l = b  : its value is then a ^  sin (w —&) j- from w =  b to w = b  +  A, that

is, it increases gradually from 0 to a ^  and diminishes gradually from a
A A

to 0 : and when w is >Zi+A, is 0.

t . r2?rstance X — 0 while w is less than b : X=u>versin | —- (w



results of this section are independent of the direction of vi- 
hration: to fix the ideas, however, the reader may conceive it 
to he of the kind represented in fig. 2 . W e shall suppose 
that, a great number of similar waves follow without interrup
tion, and that the function which expresses the displacement 
of a particle is

a sin | ^ (vt — *) +  A j  .

W hen in our final results we have found the cxpr&sjfon

for the displacement of the particles touching- a screen or touch- 
iilg thg^ye, we shall assume the intensity of the light to be 
represented* by 6‘ . W e shall suppose that the colour of light

* AVe must take some even power o f c to represent tlie intensity, since the 
undulation where the vibration is expressed by •

except that it is half the length o f a wave before or behind it. The propriety 
o f  using* the second power may be thus shewn. I f  two candles giving the 
same light be placed near each other and shine on the same screen, we say that 
there is twice as much light as if one only were shining on i t : and this may 
be regarded as the experimental definition of double the quantity o f light. 
N ow  if the vibration excited by one of these be

( 27T

differs in no respect from that whose vibration is expressed by

and that excited by the other beer be

{ J
c  sin j - ( v t -x )  4*-Z)j

the whole vibration will be the sum of these, or



depends on tlie value of X, but tliat X is always very small ( 
that for extreme red rays it is 0,0000200 inch : less for yellow: 
still less for green, blue, and indigo successively, and least for 
the reddish violet rays, for which X =  0,0000107 inch. Com
mon white light wc shall suppose to consist of a mixture of 
waves of all lengths intermediate to these.

P rop. 8. A  succession o f waVes, whose fronts arc parallel 
to the screen CD (fig. 5) in which is the comparatively small 
opeuing A B, is m oving towards the screen : to find the mag
nitude o f vibration on any point 6? o f the semicircle CGI).

24. Let I I  be the center of A B  and of the semicircle, 
and let JIG =  r, GIIG  =  0, JIA =  b : divide A B  into a great 
number of small parts, and let the distance of one at Z  from 
I I  be z, and its breadth Sz: then

Z G  — V (F — 2r  cos 6 . z +  a2).
W hen a wave comes to A B, consider separately the parts 
corresponding to the small divisions of A B . It seems reason
able to suppose that each of those small parts will cause a 
divBjsjng- wave of equal intensity for all values or 6. For if 
the medium were air, and a rush of particles took place as "n 
fig. 1, from SB, the only effect in the small part under con
sideration would he to cause a condensation o f a ir : and this 
would cause a wave of equal intensity for all values of 6. I f  
the vibrations wore like those of fig. 2 , and perpendicular to 
the plane of the paper, the same thing appears evident: if

I f  the lights he represented by the square of the coefficient we have
light from a single candle =  c2
light from two candies =  2c2 +  2e2 cos (C -  D).

The value o f O — I )  mny he any whatever, and it is probable that in one second 
of time, from different systems of waves following each other, cos (G — D ) may 
have gone through all its values many thousand times. T o estimate the effect 
on the eye, we must take tlie mean o f all its values. A s the negative values 
are equal to the positive ones, the mean of all is 0. Thus we have

light from two candles =• 2c2.

By using the second power therefore we obtain a result which agrees with our 
experimental definition : and the same would appear if instead of two candles 
we had taken throe or any other number. But the agreement will not hold if 
we take any other power o f  the coefficient as the representative o f  the illumi
nation.



parallel to the plane of the paper, it is not so clear what the 
proportion of intensities would be. The maximum of vibra
tion when the wave reached {•? would, if it followed the same

laws as in air*, vary nearly as -y jj  • Now all the little waves

* W hen a wave o f  air diverges symmetrically through any given solid 
angle, if? ' be the oiiginal distance of any particle from the center, r + »  its 
distance at the time t} r  +  h the original distance of a second particle ; then the 
distance of the latter at the time t will be

r  4- «  +  h ^1 4-

nearly : and the particles which formerly occupied a volume proportional to 
r'-h now occupy a volume proportional to

(r +  u f  * ( l  +  g ) ,

or nearly proportional to

(>-2 +  2r») h ^1 , or to r'-li (\  +  ^  ^  .

Consequently, if the elasticity be as the ?n>h power of the density, the elasticity 

— original elasticity x -  —  —— ■

l + T  + d?)

— original elasticity x  — m ^  -  m nearly.

The original elasticity would support in opposition to the force of gravity a 
column o f air whose height is II. Supposing the section o f  the column to =  1, 
its volume is II, and its mass is I I  x mass of volume 1 ; and the original elas
ticity, estimated as an accelerating force, is g l l  x  mass o f volume 1 : hence the 
elasticity in the disturbed state

=m ass of volume 1 x n il  x  ( l  m
\ r dr

I f  then we take a portion o f  the column as disturbed, whose original length 
=  k, the excess o f  the elastic force at one end above that at the other

i of volume 1. mgll.Jc. y ; nearly:

and the mass is mass o f  volume h : hence the equation for the disturbance o f  
the particles is

d2u d  ( 2u du\ d  / 2u du
W = mjHdr\r + ^ j>  ^ T A T + S -r

To solve this equation, let y =  r j 'u  :



which originate from the different points of A B  arc in the 
same phase : hence we may express the disturbance which 
the little wave from the part Ss produces at G by

d-y du d-y rd'iithen , „ =  2 n + r — ; also — “ —r  / , ; 
dr- dr at- Ji. at -

and the equation becomes
d a  iPy\ „ a n  d-,/\ _

dr \ r ‘ dt2)  * dr \ r ‘ dr2)  ’

, 1 eft/ v" d%ijwhence . ' - =  — . -  —- +  y "(f) 
r  dt1 r  dr2 K ’

d-ij „ dh, ,
and d fi-V~ j t = r -X {,)■

Solving this partial differential equation,
V = r . X (0 “  0  (vt ~ «*) + 0  (vt+ r)

d f  y\ <f> (vt -  r) d> (vt -  r) xb (vt +  r) \b' (vt -f 7‘)and u ~  ■ = -+ ------------+ -  -  -— ------------------+  -—  —
dr \ r/ r  r  ru r

I f  we suppose the wave to travel outwards only,

“ = (r{  -  r ) +  0  jft  -  r).

{ 2 lT I
I f  0  (vt -  r) =  -  a  cos J —  (vt -  r) +  A 1,

( A \
0 ' (vt -  r) will — sin \ ( v t  -  r) +  A  ?,

A. ( A )
and the disturbance

2 ira . ( 2tt ) a \2 ir )
= T 7  sm i r ( r)+ i “  0081 \ ( } + 5 •

Thi3 may be put under the form

c sin | (vt -  ?•) -f A -  6'|,

where 0 =  ^ ( 4™  +  ? l )  =  ^ ?  x / ( *  + l A * ) ’  ftnd tan 0 ^  L '

Tlie expression for c shews that at a considerable distance the coefficient will

be inversely as r : and as from »• —0 to ?* =  oo, 0  decreases from — to 0, it

appears that the wave is accelerated as it goes ’on, and ultimately gains a 
quarter o f the length of a wave on the space which it would have described 
with the uniform velocity v or



Expanding,

Z G  =  r — cos 0 .z  +  ® z2 +  &c.2 r
z~I f  z be so small, and r  so large, that w ill never exceed a

°  2 r
fraction of A, (or even if  it amounts to several multiples of A), 
the terms after tlie second may be omitted. Then the dis
turbance produced by one little wave is

C S.Z . (27T , /l- , a j ui —  (vt — r  +  cos 0. z) \:
ZOr \ A J

and the sum o f all the disturbances is

In the integration we should produce no sensible error if we 
put r for ZG , and this makes the sum

- / 2 sin (vt — r  +  cos$. z) 1 . 
v 1 A J

Integrating, it is
— cA r27r , „ .1  tcos 1 —  ( v t - r - 1- cos a .z )\ ,

2irr 8 ( A J

and taking this from z =  — b to z =  + l ,  the disturbance at 
G is

cA 
27rrCO!?u cos ( v t ~ r —cos0 .5 )| — cos~~  j(«£—r+ cos9 .I> ) j

cA . iirbca&.O . (27r ,
' sm A " Sm I A_ — r) j  *7rr cos 8

This represents a vibration whose maximum is

cA . 27rb cos 8, sm ■
ir r

n • outcos u A

25. W e shall now proceed to compare the values of this 
expression for different values of 8.
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Case 1. Suppose A mucli greater than b. (This will
generally be the case with sound, as for all audible sounds A 
varies from a few inches to several feet.)

Here 2?r- — S - will be a small arc, and will not differ much 
X

from its sine: putting the arc for the sine, the maximum of 
.vibration becomes

(X 27rZ> cos 9 2ab
 7) •------7------  ’ o r ----- ’7TV COS u A r

which is the same for all values of 6.

Case 2. Suppose A much smaller than- b. (This will
generally be the case with light.)

For the part nearly opposite to the entering wave, cos 6 is 
very small, and

cA . 2 t o  cos 0 4th
-;•» • sm    =  —  .

7Vi’ COS U A. 't

In other parts the disturbance is 0 when
2 7 ®  COS 6  , „  , „  a--------------=  + 7r, or =  + 27r, or =  + 07r, &c.,

X
that is, when

A , 2A , 3A
co s 0 = ± 2 l , or =  ± ^ ,  or =  ± ^ ,  &c.

Hence there is a succession of points in which there is abso
lute darkness. Of the intermediate parts, the brightest will be
found (nearly) by making

. 27rh c<JBi0 ,sm     =  + 1 :X
( . . . . 27rb cos 6 7r\I omitting the value-------—------=  ± 9 I :

then the maximum of vibration i s ---------- v* Consequently the7tv Cos a
intensity of light at the brightest part of one of the bright 
portions is to that of the part nearly opposite to the entering



c2A2 4<?b2 3 2 72 «/»wave, as —  —  to — — , 01' as A to 4tt . 6 . cos or as7T“7* cos“ <7
A2 A2— —  to 1. I f  vr bo so small as for light (for instance

4tt&-c6s-0 P  0 v

i f  X =  0,00002 and 5 =  0,1 inch, p  =  Q)  , it is plain
that the value of this ratio will be extremely small when cos 6 
has any sensible value, and we may say without pejmeptible 
error that, except nearly opposite to the entering wave, there 
v ill ho complete darkness all round.

2G. I f  in the investigation we had included the terms de
pending on z1, we should merely have had a very small addi
tion to

/  r, n—— {vt — r +  cos a . s),
A

and this addition would not sensibly have altered in value
977"

wliilc (vt — r  +  cos 9 * z) increased by  27T. It will easily

he seen that in Case 1 this would have produced no effect, 
and in Case 2 the maxima of brightness and the absolute 
darkness would only have been "shifted a litde w ay; tlusir 
number, relative position, and the intensity of light, remaining 
sensibly the same*. And if far Z G  we had put its mKe accu
rate value r — c o s 0 .z ,  the terms added to the expression 
would not have been sensible.

27. The conclusion in Case 2 may also bo obtained thus. 
In fig. G divide A B  into a number of equal parts A a , ab, be, &c.

such that the distance of A  from G is less than that o f a by :

that of a le«6.than that of b by ^ ; and so on. The waves from

corresponding parts of A a and ab are, at starling, in the same 
phase. Consequently when they reach G, the wave from a 
part of A a is in advance of that from the corresponding part

* W e shall hereafter consider cases in which these terms are sensible.



of al by ; , or tlicy are in opposite phases, and therefore, by

(15), they destroy each other. Thus every part of Act de
stroys a corresponding part of ah, and therefore tire whole 
effect o f Ah\s 0. Similarly the whole effect o f hcl is 0 ; &e. 
Thus if  the number of parts be even, there is no vibration 
produced at G : if it be odd, there is only the vibration pro
duced by the last of the small parts. But, for the position 
nearly in front of the wave, all the parts are nearly at the 
same distance, and the vibration is produced by the added 
effects of all the small waves coming from every part of A B . 
I f  Case 1 be considered in the same way, it appears that the 
difference of the paths of the waves from different parts o f the 
opening is so small in proportion to the length of a wave, that 
all when they fall on G  may be. considered to be in the same 
phase, and therefore every part of the semicircle is in the 
same state of vibration.

28. The conclusions at which we have arrived are very 
important as removing the original objection to the undula- 
tory theory of light It was objected that if light were pro
duced by an undulation similar to that producing' sound, it 
ought to spread in the same manner as sound: that if lig-ht 
coming from a bright point entered a room by a small hole, 
it ought (instead of going on straight to illuminate a spot on 
the opposite side) to spread through the room in the same 
manner as a sound coming in the same direction and through 
the same hole. The answer appears in the iesults of the last 
investigation : the length of the waves of air is much greater 
than the aperture, that of the waves of light much less : and 
the same investigation which shews that in the former
the sound oug'ht to spread equally in all directions, shew s 
that in the latter the light ouylit to be insensible except 
nearly in front of the hole. W e have reason to thiuk that 
when sound passes through a very large aperture, or when it 
is reflected from a large surface (which amounts nearly to the 
same thing) it is hardly .sensible except in front of the open
ing, or in the direction of reflection.

29. Our conclusion with regard to light is also important 
as removing one source of doubt in several succeeding invest!-



gations. In our ignorance of th j law of intensity of tlie 
vibrations propagated from a center in different directions, 
we haVe supposed the intensity equal in all directions : and 
yet with this supposition we have found that when the aper
ture is much larger than X, there is no sensible illumination 
except nearly in the direction in which the wave was going 
before it reached the aperture. The same would be true if 
the intensity diminished according to some function of the 
angle made with the original direction of the wave. Since 
then the illumination is (as far as the senses will be able to 
judge) nothing, except the obliquity is small, whatever be the 
function, we may assume that function of any form most con
venient, provided that it does not alter rapidly in the neigh
bourhood of the original direction, and does not increase 
considerably as the angle of obliquity increases.

30. From the result of this investigation t appears also 
that the motion o f every small part of the wave is perpen
dicular to the front o f the wave. For in fig. p that part of 
the wave which passes through the orifice A B  illuminates 
only that part of the semi-circle which is defined by drawing 
a straight line perpendicular to the front.: and in the same 
manner if we had covei^d A B  and opened another orifice, we 
should have found that the-ouiy illumination was 011 tlie part 
determined by drav ing a straight line through the new orifice 
perpendicular to the front. In this we see the origin of tlie 
idea of rays o f light The reader is particularly requested 
to observe that this theorem is proved only by the demon
stration o f the proposition above, and depends entirely 011 this 
assumption, that the waves of light move witli the same 
velocity in all directions. W e shall hereafter speak of cases 
in which the motion of the wave is not perpendicular to its 
front.

It will readily be seen that the whole o f this applies as 
well to the motion of the small parts o f a wave whose front is 
not plane.

P rop. 9. To explain the reflection o f light on the undu- 
latory theory.

31. W e  shall again refer to the motion of sound for an
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analogical illustration of Jhis point. In  fig-. 7 let A B G D  be 
the front of a wave (which for simplicity we suppose plane, 
every part moving in parallel directions) advancing- in the 
direction BB' or CO" and meeting the smooth wall G "B '. 
Then it appears from the investigation of sound* that after

* L et x, y, z, be the original co-ordinates o f any particle o f  air r and at the 
time t let them be «  +  X , y-\- V, z-^-Z. Then the particle which originally had 
for co-ordinate x  +  8x  will at the time t have

~ -V, ,x  +  ox +  A  +  - . o# nearly: 
dx

or the distance between two particles in the direction of x, which was origi

nally fix, is, at the time i, 8x  +  nearly. Similarly the distances in 

the directions o f  y  and z which were originally 8y  and 5s are at the time t,

52/ (i+S )  and&(i+3 -
Consequently, the air which occupied tlie rectangular parallelopiped whose 
sides were Sir, 8y} 8z, now occupies the parallelopiped, nearly rectangular, 
whose sides are

K i+S )  %(i+<2 ‘)  &(1+S -
A nd if the elasticity (rejiresented by the pressure upon a unit o f surface) was

originally P , and varied as (density)”1, being nearly the elasticity of

the ah* in this parallelopiped is nearly

d X  d Y  dZ  
P  I 1 — m  7 -  m . -  m 

\ dx  • dy

This then is the expression for the elasticity o f  the air about that point whose 
co-ordinates were originally x, y, z : the alteration o f elasticity being supposed 
small.

Consequently, at the time t, the elasticity about that point whose co-ordi
nates were originally x  +  h, y, z, is

d X  a y  d Z \  d f  d x  d Y  dZ \ 7
P  ( 1 -  m —  m -=—  m 7-  } -h P  ( 1 -  m ■ -  -  m  - 7 - -  m - \h,

\ dx dy az J dx  y  dx dy dz J

And therefore i f  there is a small parallelopiped whose sides were h, /q I, tlie
excess of pressure which urges it on in tlie direction o f x is

d (  d X  d.Y dZ\
-  P  - I I  -  ni - :  —  m T -  m - \h . kl 

dx \ dx dy - dz J

„ 777 d f d X  d Y  dZ\
~ mPmlFx\7x + d p  d z }



any part of tins wave, as BO B, lias come in contact with the 
wall, it will proceed in the direction 0"B , making with the

A nd if TK were the original weight of the air in volume 1, the weight of this 
parallelepiped is IK. hkl. Consequently the acceleration in direction o f x  is

mPhkl d fd X  . d Y  dZ\
Whkl ' dx \ dx

" . d Y  dZ\  , , i i i  •*H j-. — 1 x acceleration produced by gravity
dy dz j

m P d fd X  d Y  dZ 
I K d dx  \ dx dy dz

. =  cl (dX (IY  dZ
di1 W d dx  \ dx dy ^  dz

Let JI be the height o f a homogeneous atmosphere : by  which we mean that the 
pressure P  would support a column whose height is 11 and base 1, weighing IK 
for every unit o f volume : that is P — 11W. Then

d'-(x+ X ) dPX _  d fd X  d Y  dZ\— -, * , o r ------- = m q ll  .—  +  - :
dP UP dx \ dx dy d z )

and similar equations hold for y  and z. These are the general equations for 
the small disturbances of air.

These equations cannot be integrated generally : but a number o f different 
integrals can be found, adapted to particular purposes. For instance, putting 
7 uyll =  v%

_r £ - a  % — a ,
X  =  ~~ - - <p (vi -  ?•) -j— ~ 3 cp(vt -  r)

x  — a  s x  — a , r
+ f { vt + r) ~ j.3 ^  + r)

where r  =  *J(x -  a f  +  {y — b)2 +  (s -  c)2 ;

with similar expressions, mvtatis mutandis, for T a n d  Z. This is the general 
expression for spherical waves going to and from the center whose co-ordinates 
arc a, b} c.

A  gain X  =  cos a . <p(vt -  x  cos a -  y  cos (3 -  z cos 7),

Y  =  cos /3 . <p(vt -  x  cos a -  y  cos j3 -  z cos 7 ),

Z  =  cos 7 .  <p{vt — x  cos a — y  cos (3 - z cos 7),

where cos2 a 4- cos2(3 +  cos2 7  =  1 ; cos a, cos/3, cos 7, being positive or negative.

This is the equation for plane wTaves going 111 the direction o f a line which 
makes with x, y, and z, the angles a, /3, 7.

I t  is particularly to be remarked that the sum of any number o f these 
solutions may be taken for one solution : and also that the functions may be 
discontinuous, with the limitation mentioned in the note to (22).

N ow  suppose the plane wave to be interrupted by a wall, whose equation 
is x = c .  Since the particles o f air constantly remain in contact with the wall, 
we must have A = 0  when x —c, whatever be the values of y  and z. I t  is plain 
that the form above given for X  will not satisfy this condition, and that 110
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well the same angle as (7(7", hut on the opposite side of the 
perpendicular: and the front of the wave will he B 'C 'B ', 
making witn the v all the same angle as BCD, hut on the 
opposite eide: the extent of vibration &c. remaining as be
fore. And this appears to justify us sufficiently in the 
as.^rtion that the waves of light may he reflected in the same 
manner. With regard to the smoothness of the reflecting 
surface, all that is necessary is that the elevations or depres
sions do not exceed a fraction of A.

32. The following is a more independent method of 
arriving at the same result, and appears satisfactory. In fig. 
8 let A B O  he the front of a wave going in the direction of 
AA '. As soon as each successive small portion of this has 
reached the surface, we will consider it as causing an agita
tion in the ether next in contact with tliLl surface, and will 
suppose that agitation to he the center of a spherical wave, 
diverging with the same velocity as the plane wave {see the 
note to (2:1)}. Let us now consider the state of things when 
A  has reached A'. B  has reached B'. some time before : and 
■would at this time have arrived at I )  if not interrupted. 
Consequently it has diverged into a sphere ah -whose radius 
=  h'Jj. C reached the surface at a still longer time previous, 
and would at this time have reached B :  it has therefore 
diverged into a sphere cd whose radius is GE. The same

single function would do so. Hut witli tlie addition of another function we 
may satisfy it. Thus, i f

X  =  cos a . (f>{vt — x  cos a — y  cos — z cos 7)
-  cos a . <p •{ vt +  {x  -  2c) cos a -  y  cos f i - z  cos 7  ],

3”= cos /3 . 4>{vt -  x  cos a -  y  cos /3 -  z cos 7)
+  cos /3 . <f> {vt +  (x — 2c) cos a — y  cos (3 — z cos 7],

7j — cos 7  . <p (rt — x  cos a -  y  cos /3 — 2 cos 7)
+  cos 7 .  (f> {vt -f {x -  2c) eos a — y  cos /3 -  z cos 7).

The differential equations are satisfied, and the condition X = 0  when x=^c is 
also satisfied. The first terms of X , T, Z , taken together, express the original 
wave, whose direction makes angles a, /?, 7, with x, ?/, z ; the second express 
the new or reflected wave, whose direction makes angles 180° - a ,  /3, and 7  
with x, y , and z. This shews that the direction o f reflection follows the law com
monly enounced as the law o f  reflection. The intensity o f tlie reflected wave 
is the same as that o f  the incident wave. This is the theory o f oblique echos.



liolds for evcry intermediate point. I f  now wo examine the 
nature of the front of tlxe grand wave formed by all these 
little waves, we see that it must be the plane which touches 
all the spheres, and which evidently makes the same angle 
with CA' that A 'E  or A G  makes with it, but inclined the 
opposite way. The motion of the wave, which is perpen
dicular to this front, makes therefore the same angle after 
reflection before.

It must be remarked that this demonstration is in no wise 
affected if we suppose all the spherical waves to be accelerated 
or retarded by the same quantity. I f  then we should find 
occasion hereafter to assert that in some cases the direction of 
vibration is changed at reflection, or (which amounts to xhe 
same) that half the length of a wave must be added to or suo- 
tractcd from the path after reflection, the demonstration of the 
law of reflection will not bo invalidated.

P rop . 10. T o  explain the refraction o f light on the un- 
dulatory theory.

33. W e must assume that the waves are transmitted 
with smaller velocity in glass, water, Ac., and in all sub
stances commonly called refracting media, than nx what we 
call vacuum. This assumption appears in the highest degree 
probable* whether wc suppose the vibrations in the refracting 
media to be vibrations of the same ether, incumbered by its 
connexion with the particles of the refracting body, or we 
suppose the vibrations to be vibration^ of the particles of the 
refracting body.

34. Now in fig. 9, let A B O  be the front of a wave 
going in the direction of A A '. As soon as each success! e 
small portion of this wave has reached the surface CA' of tlxe 
refracting: medium, suppose it to cause an agitation in +lxe 
ether or tlxe particles of the medium at that surface, and con
sider that agitation to be the center of a wave, which diverges 
in a spherical form Lx the medium with a less velocity than 
the velocity of the plane wave. Consider the state of the 
particles wlxen A  has arrived at A'. B  has reached B  some 
time before : and would have arrived at J) if not hxtcrmpted 
by tlxe refracting medium. Consequently it has dxverged into
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a sphere al> whose radius is less than B'J) in the proportion 
in aa liicli the velocity is diminished. Let p  he the number 
expressing this proportion : then

B ‘b =  -  B ’D.
P

Similarly G has reached the surface still longer before, and 
has therefore diverged into a sphere whose radius

Go =  -  GE.
P

The same holds for every intermediate point. Now the front 
of the grand wave formed by all these little waves is evi
dently the plane which touches all the spheres; and there
fore makes with the rcfractirA surface an angle whose sine

Gcis 7=^7 - This angle is equal to the angle which the direc- 0./1 >
tion of the wave (or the perpendicular to its front) makes 
with the perpendicular to the refracting surface: it is there
fore the angle of refraction. Consequently

sin . refraction =  -tot .
GA

Similarly sin . incidence =  .

Therefore
sin refraction Gc _  1
sin incidence GE p  ’

35. It is«nsily seen that a similar demonstration applies 
when the waves are transmuted in the second medium with 
greater velocity than in the first: which we suppose to repre
sent the circumstances of light coining out of a refracting 
medium into vacuum. I f  in this case, fig. 10, the angle of 
incidence is so great that Gc (the radius of the wave di
verging from G) is greater than CA', that is, if A A '.p  is 

A A '
greater than GA' or g'm A G A '’ 01" ' greater than

- ,  or sin. incidence greater than - ,  no plane can he found
p  P



■which touches all the spheres. There will be no grand wave 
therefore: and the 1 ■ ttle waves causing- displacements in dif
ferent directions will very soon destroy each other. Thus 
there will be no refracted ray. Tins is a well known law 
of optics.

It must be remarked that the demonstrations of (32) and 
(Eit) are not free from obscurity, for the reason mentioned 
in (22).

36. There is another phenomenon attendant on refraction 
which we can explain but vaguely, though it is easily seen 
that the- explanation is not without foundation. The particles 
ot ether next i n contact with the glass, (if we suppose glass 
to be the refracting medium) communicating motion to the 
denser ether within the glass, may be considered as small 
bodies striking large ones. Now if they followed the same 
law elastic bodies*, a certain moficm would .be communi
cated to the largo bodies, and the small bodies would l4?e 
their original motion and would receive a motion in the op
posite, direction. The motion of the struck bodidff causes t'-e 
refracted wave of which wc have just spoken; the motion 
remaining- to the striking bodies will cause a reflected wave 
in the ether. The magnitude of the reflection v, ill plainly be 
diminished as the difference between the particles is dimi
nished. Thus refraction is always accompanied by re-flection : 
and the reflection is more feeble as the vibrating media on 
both sides of the surface approach more nearly to the same 
State: that is, as the refractiv-e index approaches to 1. Thus 
is experimentally true.

37. If, however, the rays are passing from glass to air, 
wo must represent the state of the particles by large bodies 
striking- small ones. The small bodies receive a motion,

* The motions would follow this law, if the particles acted 011 one another 
like those of air by condensation or rarefaction o f  the fluid between them ; 01* 
in the manner which XYesnel supposes (to be alluded to hereafter): or in any 
way which makes the force equal at equal distances of the particles. W e  are 
not therefore making the forced supposition of particles impinging 011 each 
other.



which causes the refracted wave: the large bodies will pre
serve a part of their motion in the sarnie direction, and this 
will cause a reflected wave.’ Thus when light parses through 
glass there will be reflection at both surfaces. But there is 
this difference between the two reflections: one is caused by 
a vibration in the same direction as that of the incident ray, 
and the other by a vibration in the direction opposite to that 
of the incident ray. W e shall find this distinction important 
in explaining a fundamental experiment (65).

The same thing may be thus shewn. I f  we suppose a 
mass ofSlass to be cracked and the separated parts to be 
again pressed close together, there w ill be no more reflection 
than from the interior of a mass of glass : that is, there will 
be none* at all. Btill as there are really two surfaces in con
tact, each of which separately reflects, we must suppose the 
reflections to be of such a kind that they destroy each other. 
Consequently if the vibration from one reflection be in one 
direction, that from the other reflection must be in tEtaU)- 
posite direction.

88 . W e shall now state an obscurity in the undulatory 
theory of refraction which has not yet been entirely eluci
dated, but which does not appear to present any particular 
diificulty. The index of refraction we have found to bb the 
proportion of the velocities of the waves in vacuum and in 
the refracting medium. Now it is well known that, experi
mentally, the refractive index is different for rays of different 
colours, that i ,̂ for waves whose lengths are different. It is 
evident then that waves whose lengths are different are trans
mitted with different velocities either in vacuum*', or in the 
refracting»medium, or in both. The difference does not de
pend on the extent of vibration of each particle, for the refrac
tive index is the same for a bright light as for a feeble one, 
but merely on the length of the wave, or on the time of vibra-

* I f  the velocities for different rays were different in vacuum, the aberra
tion o f stars (which is inversely as tlie velocity) would be different for different 
colours, and every star would appear as a spectrum whose length would be 
parallel to the direction o f the Earth’s motion. W e know o f  110 reason to 
think that this is true.



normal to the, other. I f  we coniine ourselves to space of two 
dimensions,, this is comprehended in saying that they have 
the same evolute. This applies equally to the motion of a 
wave in vacuum or in glass, or 111 any atlicr refracting me
dium, provided that the velocity of a wave’s motion is equal 
in all directions.

40. Suppose now (to fix upon a particular case) a plane 
wave is received on a reflecting paraboloid whose axis is 
parallel to the direction of the wave’s motion, or perpendicular 
to its front. In fig. 12 let A D  be one position of tlie wave, 
A'D' a succeeding position, and so on. h’rom (hi) and (32) it 
appears that tlie front of eacli small part of tlie wave makes 
the same angle with the surface after reflection as before, but 
on the opposite side of the normal: and that consequently the 
line representing the direction of the wave’s motion, and which 
is perpendicular to tlie front, makes the same angle with the 
normal before and after reflection. As all the lines represent
ing tlie direction of motion of ditferent points of the wave are 
parallel to the axis o f the paraboloid, those which represent 
the direction of motion after reflection (by a well known 
theorem) converge to F  the focus. Consequently the form of 
the wave, which by (33) is the surface, to which all these linss 
are normals, is a spherical surface whose center is F. Thus 
then at oiwr time, A 'D ’ will be the front of the w ave: at a 
later time BG  will be the form of that part which is not re- 
fleeted, and A ”B, D" G, the form of those parts which are 
reflected, the part incident at A' having been reflected to A " :  
at a still later time, he will be the form of the part not re
flected, and A"'B'h, D "  C'c the form of tho reflected parts, the. 
part incident at A ' having been reflected to A "r, and that 
incident at B  having been reflected to B', (fee.: and when the 
whole has been reflected, all trace of the original form of the 
wave will be lost, and the existing form will be only a spheri
cal surface of which F  is the center. The concave spherical 
wave goes on towards F, contracting till it passes through 
that point, when all the different small parts cross, and 
then they form a diverging spherical wave of which A  is the 
center.

It is easily seen that an explanation of exactly the same



kind applies to the effects o f refraction, the velocity o f the. 
wave being supposed to be altered in a given ratio as in (33) 
and (3-1), and the direction o f tlje motion o f each part o f the 
wave being always supposed perpendicular to that part o f the 
front.

41. W e have explained the motion of the wave after 
reflection or refraction as if the terminating edges of the front 
of the wave did not cause any disturbance beyond the line 
perpendicular to the front: as if for instance there were a 
certain disturbance all along the line A "B  which afterwards 
arrived at A '"B ‘ without causing the least disturbance in the. 
ether beyond A"'. This however is not true, and wc shall 
hereafter take into account the effects of the lateral spread of 
the waves.

42. From  the nature-of the demonstration it appears that 
whenever all the small parts o f a wave meet each other after 
reflection or refraction, they have described paths correspond
ing to equal times. Tn the case o f reflection, this is the same 
as saying that the whole paths (consisting o f tliC'Sum oftho.se 
before and after reflection) must be the same for every p o in t: 
but in the case o f refraction a different statement is necessary. 
For if  the waves move in glass (or other refracting media)

with a velocity which is — x that in vacuum, then the path in

glass, as compared with that in air, is not to be estimated by 
its length, but by q. x its length. And therefore when all 
the small parts of a wave meet each other after refraction, the 
sum of the path in vacuum and fi x the path in glass is the 
same for all.

4-3. This principle may be advantageously appli id in the 
solution of some problems. Suppose, for instance it is required 
to find the form of a refracting surface BF, fig. 13, which 
shall cause the wave diverging from A  to converge to 0. 
The principle above mentioned gives us at once this equation,

A P 4• (i .P C  =  constant:
which is the same as Newton’s in the 97th Proposition of the 
Principia.



44. A  focus therefore may be defined as the point to 
which a spherical wave converges, or from which it diverges. 
It may also be defined as the point at which little waves from 
all parts of a great wave arrive at the .same time. It will 
teadily be seen that our demonstration and our definition 
include equally real and imaginary fijgi, in the same manner 
as the theorems and definitions of common optics.

45. It appears from (40) that the wave, after converging 
to a point, diverges from it in the same manner as it that 
point were a center of excitation, or a source of light. In all 
experiments therefore in which it is wished to produce a 
series of waves diverging from a point, the image of the 
Sun’s dish, produced by a lens of short focal length, may be 
used instead of a luminous body.

P rop . 12. A  series 'of waves diverges from a point A , fig. 
14% and falls upon two plane mirrors BO, Cl), inclined at a very 
small angle a, and touching each other in the line whose pro
jection on the paper is C : toVimd the intensity of illumination 
on different parts o f the screen E F  where the streams o f light 
reflected from the two mirrors are mixed.

46. Let G be the virtual image (determined by the rules 
of common optics) of A , produced by  reflection at B C : 11 
that produced by reflection at CD. Then instead of sup
posing the light to have come originally from A , we may 
without error in our rasults suppose it to originate 'in two 
sources at G and II. For the course of any part of a wave 
after reflection from'TiC' is just the same as if it had come 
from G ) and the length of its part maasured in a straight 
line from G is the (sime as the "sum of the paths of the in
cident and reflected ray, since the distance of A  and of G 
from the point of reflection is the same (thus the part of the 
wave which is incident at N  is l'ofiectcd in the direction N iff 
which is the same as G N  produced, by (32) and (39), and the 
length of its path A N + M N  is the same as GM, since. 
A N =  G N ). But that the circumstances may be exactly re
presented, we must suppose the fictitious wave to start from G 
at the sirne time at which the real wave starts from A , and 
to have the same intensity. Similarly we must suppose the



other wave to start from £  at the same time and with the 
same intensity as that -which starts from A  ; and therefore at 
the same time and with the same intensity as that winch 
starts from &. Tlie problem is therefore reduced to th is: 
to'find the intensity of illumination on the screen when waveD 
start at the same instant and with the same int(f|sity from iGr 
and If.

47. Join Gif. bisect it in L , and produce L G  to meet 
the screen in 0 :  let M  he any point at a small distance from 
0 ;  A G  =  a\ GO-=~b. Since tlie angde between the mirrors 
is a., it is easily seen that G G II=  2a. And since

G C =  A C  -  IIC,

GL is perpendicular to G II  and bisects the angle G CII. Con
sequently

G L  =  L II  =  a sin a : and L O  =  a cos a +  lj.

Then for the disturbance pHiduccd at I f  by the wave coming 
from 6? {taking the same expression as in (8) and (24)} we 
have

The variation in tlie value of GIL is so small that without 
sensible error we may in the coefficient put GO  or L O  in
stead of GM\ and thus the disturbance produced at M  by the 
wave coming from G i# 1

Similarly the disturbance produced by the wave coming from 
i / i s

B however must he equal to A , because the waves on leaving 
G and I f  respectively are in the same phase at the same time 
(which is represented by putting 0 for GM  and IfII, and re



quires B to be the same as A). Hence the whole disturbance 
of the ether at M is

c
LO sin | r f -  GM+ A) j +sin |'"'T ( v t - I I M + A ) j  ,

f 7r/^Yir m r\ ] ■ 127T . GM+TTB os (GM— 44J4) j . sm j (vt   f  j4)| ,

and consequently, hy (23), the intensity of the light at M  is 
represented by

4c2 (V 1

48. N ow

(7Jlf2=  L 0* +  (GL 4- O M f = (a cos a +  5)2 +  (a sin a +  OJ4)2,
and consequently

i f . . (D sin «  +  O M )2 .G M  =  a cos a +  b +  - J - .  >—  nearly.
a cos a +  b

Similarly
-r -r^ r  , 1  (« Sill GC —  0 44 ) 2 .
I I M = a  cos a 4- 4 4- A .   : -7 —  nearly :a cos a +  6

therefore
2ft sin a . 0 14 2«sina „ ,  ,Ghlf— 4414 = ----------------5-  = -------- 5— OM  nearly :

a cos a +  b a +  b

and therefore the brightness at M is represented hy

4c2 „ & tt a sin a  „  , r\
7-a l  cos2 -  . — - , - 0.14 .(ft 4- 4) \ A. ft -i- 4 /

j ’hia varies according to the position of iL4.

(1) Suppose M  to coincide with 0 :  0 4 4 = 0 : and the
4c2bricditness is 7—:—7= ,. This is its greatest value.

0  (ft +  4) -  0

(2) Suppose O M  — 4- — . 7 .ft sm a 4



Then ~  O M =  + ?rX u -p h 2

and the brightness

4 c 2 2 7T
=  7------ 777 cos — =  0,(a +  b f  2 ’

or there is absolute blackness.

Cl / n r  n +  b 2Xsuppose (>M =  ±  . — . — .
asm  a 4

2tt a sin a n  ,  ,
1 hen —  . —  , - t/ili =  + 7T,X a +  5 ~

and the brightnessO
A<? , 4c2

-7-7 cos' 7r =
( a + A 2 (a+Z>)2 ’

the same ^  when O il/ =  0.

Suppose OM  =  + n . — :
a sm a 4

. ‘2tt a sin a „  . r ?>ttthen . , OJi = 4 -------,X a + b ~ 2 ’

and the brightness
4c2 j S'71"

=  i  ’
or there is darkness.

Generally, if

O M =  -! 2-« — . 7  , n  being a whole number,-  afema 4 0

the brightness lias its maximum value . ^ °, . : 
6 (a +  5)'

and if O M = ±  (2n +  1) - ^ j p - . £  , 
a  sm a 4

there is blackness.



Between tfejfe values of 021, tlie brightness has interme
diate values.

Thus it appears that there will be a series of points at 
equal distances along the line IJZ, at which the illumination 
is alternately maximum and minimum, beginning- at 0  where 
it is maximum; and that at the points c f minimum dlu- 
muSBtion the light is actually evanescent. Now considering 
the screen as extended in the direction perpendicular to the 
paper, and observing that the investigation which applies to 
M  applies to every point in the line perpendicular to the paper 
at to; it is easily seen that the appearance on the screen is a 
series of bars alternately bright and black,

49. W e have supposed the plane of reflection to be per
pendicular to the edge white the two mirrors touch. I f  how
ever it had been ffltlined in any manner, the result would have 
been precisely tlir  same.

50. W e have not yet considered the effect of a mixture 
of light of different colours in the same pencil (such as exists 
in white sun-light, and in most kimjs of artificial light). A c
cording to the- suppositions made in (23) this is represented by 
supposing the ight to consist of different series of waves 
which may or ni»y not be intermixed, the value of A, being- 
different for each different series : and by (la) these different 
series cannot affect one auother, and therefore the, effect of each 
in producing illumination of its peculiar colour is to be con
sidered separately, and the sum of the effects of all the illu
minations to be taken afterwards.

51. Now if we examine- the expression for the illumina-
4c2tion, it will appear that at 0  the intensity is , - 7 what-

11 J (a +  by
ever be the value o f X. Consequently, that point is illuminated 
by each of the differently coloured lights, with four times the 
quantity of illumination which there would have been if the 
light from one m-’rror only had fallen upon it. But there is 
no other point in similar circumstances. For if we. put X', X", 
X'", &c. for the lengths of waves of differently^aloured lights, 
X' being the smallest and corresponding to the blue light, and



c, c", c'", Ac. for the--coefficient of displacement, and if we

consider the point where OM  =  ~ ~ t--  . — , we find
a sm a 2

4c'2for the intensity of the blue Kfl&t, 7 -rw,,
J ^ ’ {a +  b y 1

Acr* XIfor tlie intensity of the next kind of light, -  -  . cos2 ■7r-„ ,
\cc +  b y  X

for the intensity of the third kind of light, 4° -—2 cos2 ^  ;
[a  b) X

|\ucl so on. I f  they had liccn in tlie same proportion as in the 
light reflected from a single mirror, the intensities would 
have been

4c'2 4c"2 4c'"2 „
(a+Z>)2’ (,a +  by ’ (e +  by  ’

The different colours therefore are not mixed in the same pro
portion as in the original light. The same may be shewn of 
any other point: and- thus if the original light be white, no 
point of the screen rvill be illuminated with white light except 
the middle, of the central bright bar.

52. The same thing may bashus shewn. The breadth 
of the bright and dark bars for each colour is proportional to 
the value of ~K for that colour (48). Consequently the bars are 
narrower for the blue rays than for the green : narrower for 
the gre-en than for the yellow ; &c. by (98). T ’ c line passing 
through the papey at 0  is however to be the center of a bright 
bar of each Colour. In that line therefore there will be a per
fect mixture of all the colours - at a lino on each side there 
will be. nearly a total absence of a ll: but beyond this the red 
bars will sensibly overshoot the yellow and green and blue 
bars, and the more as we recede farther from the center. Con
sequently the bars will be Coloured, the bright bars being red 
on the outside an‘d blue on tlie inside. And after twro or 
three bars, the outside of the red bars will mingle with the 
inside of the next blue bars, and there will be no such thing 
.as a black bar. This will continue as wre recede from 0  
till the colours become mixed in such a way that it is



impossible to distinguish the bars, and the whole is a mass 
o f tolerably uniform wnite light. This imhstir ctnassjbf bars, 
and uhimately their disappearance, always take piece when 
one of the mixed streams of light has described a path longer 
than that of the other by several lengths o f waves. In gene
ral, when white light is used, no bars can be seen where the 
length of one path exceeds that of the other by ten or twelve 
times the mean value o f X.

5£>. The quantity X, as we have mentioned in (23), is so 
small that it cordd not be made sensible to the eye. But 
sin a may be made as small as we please, and consequently

— ft-L  x  may bo made large enough to be easilv visible to a  sill a J a a J
the eye. It is by this and similar means that the lengths
of waves for diifcrently coloured light have been measured.

54. The agreement of the facts of experiment with these 
conclusions from the theory is most complete. And this may 
he considered as the fundamental experiment on which the 
undulatory theory is established. It is perfectly oeitain in 
this experiment that the mixture of two streams of light, 
whether white or coloured, does produce black. Tin* bars 
next the central white are remarkably black: and the dark 
bars beyond the next bright bars are also very b lack : and 
upon intercepting either stream of light all these dark bars 
become bright. It appears plain that no theory of ahiissicH 
of particles can explain this fact: and it seems difficult to 
conceive that any theory except that of undulations can ex
plain it.

55. W e  shall occasionally have to mention the system of 
bright and dark bars described in B5). W e shall generally 
call them tilt  fringes o f  interference.

56. The reader is particularly requested to observe that, 
wlion a + b  or the distance of G and 1 [  from the screen is 
given, the breadth of the bars for any given colour is in
versely as a sin a (S3), or inversely asjG.If. And generally, 
the nearer together are the two sources of waves which inter
fere, the broader arc the fringes of interference.



P rop . 13. A  series o f waves diverging from a point A , 
fig. 16, falls upon the prism B C D , each o f whose sides BC, 
CD, makes the small angle a. with the third side : to find the 
intensity o f illumination on different parts o f the screen E F  
where the two streams are mixed.

57. The investigation is exactly similar to that o f the last 
proposition, with this difference only. B y .common Optics,

A  G =  A l l  =  CA (/j. — 1) sin a. nearly, =  (jj, — 1) a sin a nearly.

In the former investigation we had GL  =  L I I  =  a sin a. Con
sequently where we find a sin a in the former investigation we 
may put (p, — 1) a sin a, and we shall have the correct ezpres- 
sion for this case. Thus the intensity of illumination

4c2 , 1277- (ti — 1) #s in  a „-  ; cos2i ------—n-------  OM
{cl by  [ A.

and the interval at which the centers o f the bright and black 
bars .succeed each other is

m +  b X
(yti — 1) a sin a' 4 '

58. The results are exactly similar to those obtained in 
(50), (51), (52), (the absolute breadth of the bars being dif
ferent) with the following exception. The breadth of the bars 
for different colours does not (as before) depend simply on X,

but o n  - .  How varies with X : it is greatest for the
/a  —  I

blue rays or those for which X is least, and less for those for 
which X is greater, through all tlie different colours. Conse
quently the breadths of the bars formed by the different 
colours are not in the same proportion as before, but are more 
unequal. The mixture of colours therefore at the edges of 
those baP which are a little removed from the central "bar is 
not the same as before; and after a smaller number from the 
center, the colours of the different bars'jfre mixed with each 
other (52).

P rop. 14. Suppose that in the experiment of Prop. 12 or 
13, Articles (46) to (57), a thin piece of glass PQ  is placed in



the path of one of the pencils of ligh t: to find the alteration 
produced in tlnS'ringes of interference.

59 . Let T  he the thickness of the glass: and consider 
the case of Prop. 12, Article (46). It is plain that, as in.(42), 
the length of that portion of the path of one pencil which 
traverses the g r a fts  not to be estimated by its tin ear measure, 
but by /a x that measure, hiasmuch as the motion of the wave 
is slower in glass than in air by that proportion. "We i rust 
consider therefore that, instead of describing the space T  in 
air, the wave describes a space!equivalent to p T  in air; and 
therefore the effect of the glass is the same as that of length
ening the path by (/r — 1) T. Instead of l l  n m the expres
sion of ® )  we must put

E M + i f i - l )  T :

and the intensity of light at M  is now
4c2

Ta t  cos”
Y {GM— IIM— (jl — 1) T} 1 ,
A. j

which as in (48) is changed to

4c2 , f2vr fa  sQ. a. n  „T g  -  1 m ̂  .
  ttt, cos 1 -  — r~r U1'1  5“  1 f •(a +  6)" 2 J)

and tlie places of max’mum brightness are now determined by 
making

S'n “  O M - ^  T =  0, or =  + 77, or =  ± & c.:

or by making

0 K =  {jl - 1 )  T, or =  - -‘ -+—  {fa - 1 )  T ±  XI,3a sin a 2® sm

or =  -  - +  I  {fa  -  1) T  ±  2\},
2<Mu\ a ‘ 1

60. Now if /j, — 1 were tlie same for rays o f all colours, 
it is evident that these expressions would be precisely the



same as them found for the bright points in (48), increased 
by a constant

- + l  fa -  1) T.
2a sm a

That is, the whole sfctem of fringes would be shifted towards 
K , without any other alteration. As — 1 is not constant, 
this is not strictly true: the fringes are snifled, but there is 
also an alteration of colour arising from the difference of 
spaces (not even proportional to the breadth of the bars) 
through which the differently coloured bars are shifted.

61. It will readily be imagined that if  a piece of com
mon glass were interposed, the lengths

G M  and IIM  +  (/a — 1) T

would, on account of the exceeding smallness of A, differ in 
every point between I  and X  by many multiples of A, and 
therefore (52) no fringes would be visible. The experiment 
may however be successfully performed by taking two pieces 
of glass from the same plate, whose difference of thickness 
will be very small, and placing one in the bath of one pencil, 
and the other in the patli of the other. But it may be better 
performed by taking a pretty uniform piece of glass, cutting 
it across the middle, and holding one half perpendicular to 
the path of one pencil, and the other half inclined to the path 
of the other. It is evident that the obliquity of passage pro
duces the same effect as the use of a thicker piece of glass: 
and by gentle inclination the difference of paths may be made 
as small as we please.

62. The difference of paths is to be calculated thus. In 
fig. 16 let W X Y Z  be-the path of a portion of the wave per
pendicular to one half, and I lS T V  the path of another por
tion (which for simplicity we suppose moving in a parallel 
direction) through the other half whose angle of inclination 
is j8 . Let T' be the thickness. From T  draw Ts perpen
dicular to 118 produced. Since the front of the wave in air, 
when the portion in question is incident at S, is perpendicular 
to RS at the point S ; and since, when the portion has 
reached T, the front of the rvave in air is perpendicular to



T V  at the point T ;  it is plain that tlie wave lias advanced 
m the direction perpendicular to its front only through the 
space Ss. But the time which has been occupied in this 
progress is the time of describing’ S T  in g’lass or p . S T  in 
air Consequently the retardation (measured by the space 
which the wave would have advanced further, if it had moved 
in air) is

f i .S T - S a .

And the retardation of the portion incident at X  is 

(ji -  1) X  Y  or -  1) r .

Therefore the upper pencil is more retarded than the lower
ky

/u . S T -  Ss -  (/u -  1) T '.

The angle of incidence is f t : and if 7 be the angle of refrac
tion,

8 T =  - £ »  , and Ss =  _y , ’ cos (ft- 7 )  _ 
cos 7  cos 7

sin/3
Also u, =  — ;

S m  7

therefore the retardation

=  [ sin ft _  cos (0  -  7 ) _  sin ft ^
(sin 7  cos 7  cos 7  sin 7  J

ft=  2 2”  (sin* |  . sin* .

I f  ft be small,
.  7  1  .  f t  ,sm j- =  -  sm -  very nearly, 

A A

and the retardation

=  2T ' (1
S-
1)  • oft ,-  snr -  nearly. wj 2 J

This is to be substituted for '(/Li — 1) T  in the expressions of 
(59) and (60); and the resulting quantity



measures tlie shift of tlie central bar towards the side on 
which is tlie inclined glass.

63. These conclusions are fully supported by experi
ment : and this is important as establishing one of the funda
mental points of the undulatory theory of Optics, namely that 
light moves more slowly in glass than in air. The whole 
of the investigation of the last proposition depends on this 
assumption.

PiiOP. 15. A  series of waves is incident upon two plates 
of glass separated by a very small interval (fig. 17); part of 
the light is reflected at tlie lower surface of the first glass and 
part at the upper surface of the second glass : and these por
tions interfere: to find the intensity of the mixture.

64. Let A B  be the path of one portion which is refracted 
in the direction BC, and of which one part is reflected in the 
direction CD , while another part is refracted at G and fails 
on the second plate at E, is partially reflected to F, and par
tially refracted in the direction F G  parallel to CD. Draw F D  
perpendicular to CD. Then the path which one wave has 
described in going from C to D, measured by the equivalent 
path in vacuum, is p . C D : while that which the other has 
described in going from C to F  (where its front has the same 
position as the front of that which has reached D) is

C E + E F .

The excess of the latter above the former is

C E + E F -  /j,. CD.

Let D  be the distance of the plates, y the angle of incidence 
at C, p  the angle of refraction. Then

and CD =  F C . sin 7  =  2D.. tan /3 . sin 7 ;
A a



therefore the excess

I f  then the extent of vibration in the light reflected from G 
be

where the distance x  is measured by the equivalent path in 
air ; then the extent of vibration in the wave reflected from E  
will be represented by

and the whole intensity v, ill be the intensity of tlie light in 
which the displacement of a particle is represented by the 
sum of these quantities. It must be recollected that by the 
reasoning in (37) we are entitled to suppose that the signs of 
A  and B  are different.

65. W e have here however omitted the consideration of 
that part of the light which is reflected from F  to 11, again 
partially reflected .at I I  and partially refracted at K :  and the 
other parts successively reflected. It is-plain that (putting V  
for 2l>cos/3) the part refracted at K  will be retarded 2 V : 
that at the next point 3 F : and so on. Now suppose that 
■when light goes from glass to air, the incident vibration 
being

B  sin ^■(yt — x  — 2D  cos (3) j  ;

the reflected vibration is

and the refracted vibration
27T



and suppose that when light goes from air to glass, the co
efficient is multiplied hy e for the reflected vibration, and by 
f  for the refracted vibration. Then if the coefficient for the 
light passing in the direction B G  is a, that for the vibration 
reflected at G will be a b : that for the vibration refracted at 
F, acef: that for the vibration refracted at K , a cF f : and so 
on. Thus the whole vibration is

ab sin [vt — x) j  +  acef sin [vt — x — F )  j  

+  <? lin  j 2̂  [vt — x  — 2 F ) j +  e4 sin [vt — x  — 3 F ) j  +  &c.

b sin [vt—a:)| + cef
B i n ] ] £ < £ * - V ) j >■ —e2sin j x)}

1 — 2e2 cos ( f  ' ) 1 + e 4

W e shall anticipate so much of succeed!.lg Investigations (see 
Art. 128 and 129) as to state that, whether the vibrations are 
■n or perpendicular to the plane of incidence*, there is reason 
to think that

^ =  — 1, and cf— 1 — e2.

Using these erpiations to simplify the expression; resol rag 
it into the form

F sin ' ̂  [vt — ai) j  + G cos [vt -
as in (17) ; and, as in (17) and (23), taking F 2+  G° to repre
sent the intensity, we find for the brightness of tlic reflected 
light

4a2e2 sin2 0  V̂j 4 aV  sin2 D cos

1 -  2r  cos 0 ^  F )  + e4 ’ (1 -  e j  + 4e8 sin* D cos

* When there are vibrations o f both these kinds, it is necessary to calculate 
the illumination from each, and to take their sum.



G6 . The supposition that we have made is that of a thin 
plate o f air or vacuum inclosed between plates of glass, or 
mica, &c. But it is plain that the investigations apply in 
every respect to a tliin plate of fluid with air on both 
sides : as for instance a soap-bubble. To examine particu
lar cases,

(1) I f  D  =  0, the intensity =  0 whatever be the value of 
X. Thus it is found that where plates of glass &c., 
are absolutely in contact or very nearly so, there is 
no reflection: and when a soap-bubble has arrived 
at its thinnest state, just before bursting, the upper 
part appears perfectly black.

(2) The intensity is also 0 if

D  cos/3 =  ^ , X, &c.

But when light of different colours is mixed, it u ill 
be impossible to make the light o f all the different 
colours vanish with the same value of 1), and thus 
no value of D  will produce perfect blackness.

(3) I f  D  cos /3 — ̂  , and if  we take the value of X corre

sponding to the mean rays (as the green-yellow), the 
intensity of light in the different colours will bo 
nearly in the same proportion as in the incident light, 
or the reflected light will be nearly white. But this 
will not take place on increasing the value of D, or 
the reflected light will be coloured; till D  is become 
so large that for a great number of different kinds of 
light, corresponding to very small differences of X,

-^  flag the values of successive odd numbers ;
A

the different kinds of light will then bo mixed in 
nearly equal proportions, and the mixture will be 
white.

P rop. 16. In the circumstances of the last proposition, 
to find the intensity of the light refracted into the second 
plate.



67. It is readily seen t.Lat tlie coefficient of the vibration 
refracted at, E  is a . cf- that of tlie vibration refracted at I I  is 
a . c e f :  and so on. Also the wave entering at I I  is behind 
that which entered at E  by the same quantity V  as before. 
Ilence the sum of the vibrations will be

Treating this in the same manner as in (65), the intensity 
of light is found to be

n 2 (1 -  e j  

( l - e 2)2 +  4e2siu2~

68 . The proportional variations of this expression are 
much smaller than those of the expression of (G5); its greatest

a3( l — e2)2value being a", and its least -A  . The absolute varia-
°  (1 +  e‘Y

tions are however exactly the same: and in fact the sum of 
the two expressions is always =  a . This is expressed by 
saying that one of the intensities is convplementary to the 
other. This relation spares us the necessity of examining 
every particular case of the value of I). I f  for any particular 
value of D  the expression of (65) is maximum for any par
ticular colour, that of (67) is minimum for the same colour: 
and so on. Thus if for some value of J) the expression of (65) 
gave maximum intensity of red light, less of yellow, the mean 
intensity of green, less of blue, and nothing of violet (the 
mixture of which would produce a rich yellow ): then the 
expression of (67) would give the minimum intensity of red 
light, more of yellow, the mean intensity of green, more of 
blue, and the maximum of violet (the mixture of which would 
produce a greenish blue diluted with much white). It is to 
be remarked that in the case of transmitted light the colours 
can never be so vivid as in reflected light, because none of the



colours ever w holly disappears, as no values of L  and A, will 
make the expression o f (G7) = 0 .

P rop. 17. Tw o glass prisms, right-angled or nearly so, 
(fig. 18) are placed with their hypoteuusal sides nearly in 
con tact: light is incident in such a manner that the angle o f 
internal incidence at the hypoteuusal side is nearly equal to 
the angle o f total reflection: part o f the light is reflected 
through the first prism, and part is refracted through the 
second: to find the expressions for the intensities.

69. The investigations and results are exactly the same 
as those of Prop. 15 and 16; hut this case deserves a par
ticular consideration for the following reason. In this case 
there is no difficulty (which there is in the others) in making 
the angle of incidence approach as near as we please to the 
angle of total reflection, and consequently no difficulty in 
making /3 (which is the angle of refraction from the first prism 
into air) as nearly =  90° as we please, or cos 0  as small as we 
please. Consequently I)  cos 0  may he made extremely small 
without making 1) very small. Now if D  cos /3 in Prop. 15

and 16 were m oderately  small fas for instance h.ch | , we 
J V 1000 )

might find about twenty different colours of light dividing the
colours Irom red to violet by  tolerably equal shades, each of
which, in consequence o f the difference o f their values o f A,,
would make

and between these colours, the expression would have all its 
changes of value. The mixture of light would therefore be 
produced by taking parcels from all the various shades of 
colour, and mixing them in the same proportion as in com
mon light; and therefore would be nearly white. But when 
I) cos 0  in this proposition is extremely small (for instance 
less than any value of A, or not many times greater), not 
one colour perhaps, or not more than one or two, can be found, 
for which

'2tt



and thus there will he an excess of some colours, and the light 
will he strongly coloured.

70. There is also another reason. B y a small change of 
the angle of incidence we produce a small change m y ; and

(7/3 tan /3
as 3 = 7 ------- >ay tan y

this produces a great change in /3 (/3 heing nearly =  90°). 
Consequently the change in D  cos /3 is considerable: and 
the expression for the intensity of light will be varied much. 
I f  then the light of the clouds fall in different directions on 
this combinanon of prisms, or if the sun-light he made (by a 
lens) to fall on it m different directions, the light both re
flected and transmitted will form on a .screen hands of light. 
As the position and breadth of these bands are different for 
every different colour, the mixture forms a very splendid series 
of coloured bands, in which the succession of colours differs 
from that produced by almost every other phenomenon of in
terferences. The same effect may he seen as well if the com
bination of prisms be held to the ey e : when the light coming 
in different directions to the eye will exhibit the hands in 
great perfection.

P rop . 18. Tw o convex lenses o f small curvature, or a 
convex lens and plain glass (fig. 19), are placed in contact: to 
find the intensity of the light reflected and transmitted at any 
point M .

71. The two surfaces at M  will he so nearly parallel that 
we may without sensible error consider them as parallel'": 
and therefore the investigations of Prop. 15 and 16 apply. 
It is only necessary to find an expression for 1) in terms of 
OM, 0  being the p fiflt where the lenses arc in contact. Let

* A s we sliall suppose in the investigation that the separation o f  the two 
surfaces at M  is but a small multiple o f X, it is evident that for the points 
immediately about M  the defect from parallelism will produce an error amount
ing only to a very small fraction of X : and therefore the small waves in (32) 
will have their effects added together in the direction, in which light is reflected 
from one of the surfaces, nearly in the same degree as in the direction in which 
it is reflected from the other surface.



4aV  sin2 ( ^  V

r  be the radius of the lower surface of the upper lens : r  that 
of tlie upper surface of the lower lens. Then D  or the 
separation at M  is the sum of the versed sines of two circles 
whose radii are r and r', to the arcs whose chord is OM: 
and therefore

„  O M  , O M 2 , (1  , 1 \
W  ~2W  =  031  1  +  W )  ■

The intensity of reflected light (G5) will therefore be
fir

 ___________ yX

( l - e 2)2+ 4 e 2sin2 ( ^ F )  ’

and that of the transmitted light (67) will be

« 2 (1 -  c2)2 

(1 — e2)2 +  4e2 sin2 ^  V ^

where V — OM 2. oos/3. ^  +  wj •

(1) The reflected light vanishes when
V  — 0, or =  X, or =  2X, &c., 

or when
, , ,  r„ „  X sec/3  2X sec/3 ?>Xsec/3 „OM- =  0, or =  1 1 , or =      , or =  — , &c.

— I— ; — I— 7 — 1—rr  «?• r r r r
Consequently for any particular colour there will be 
a dark spot at 0  and a series of dark rings of which 
0  is the center, and tlie squares of whose diameters 
are in the proportion of 1, 2, 3, &c.

(2) The most brilliant light is reflected when 

/o jp _  ^ sec @  £X sec /3 _  _  5X sec /3 P



Consequently between the dark rings there are bright 
rings, the squares of the diameters of whose most 
brilliant parts are in the proportion of

The diameters of thoge rings are cxeteris paribus as 
scc/3). Consequently on inclining the incident 

my, or on depressing the position of the eye by 
which they arc viewed, the diameters of the rings 
increase.

For differently coloured rays, the diameters of the 
rings vary as k/(\). The different cc^tmrs which are 
mixed m white light produce therefore a series of 
rings whose diameters are different, and which over
lapping each other produce a series of colours analo
gous to those mentioned in (52). The colours at 
last become mixed to such a degree that no traces of 
rings are visible.

The diameters of the rings vary, ocetens paribus, as 

\ / ( r + 7 )

To make the rings large, therefore, +^7 must be 

small, or r and r  must be large. I f  the lower glass 

be plane, or =  0 , the diameters of the rings vary as 

V(r).
The transmitted light, just as m (68), produces rings 
complementary to those produced by the reflected 
light. The center therefore is bright, and is sur
rounded by a dark ring, which is followed by bright 
and dark rings alternately, which soon become co
loured and finally cease to be visible. The diameter 
of each ring is the same as that of the ring of oppo
site character produced by reflected light.



72. These are commonly called Neioton's rings, from tlie 
circumstance tliat tlie measures which suggested the most im
portant part of Sir Isaac Newton’s theory of light, and which 
have served in a great degree for the foundation of all theories, 
were made by him on those rings. Tlie colours of the succes
sive rings, arising from the different mixtures of all the colours 
producing white light, are commonly called NVwtoris scale o f  
colours. In describing them it is usual to describe them by 
the number of the ring (including the central spot in the 
rcckonin g) in which they occur. For instance, the blue of 
the second order is not the blue which surrounds the central 
black spot, but the blue which surrounds the first black ring. 
This scale is valuable, as giving us an invariable series of 
colours which can at any time be produced without difficulty. 
The colours described in (52) asl'resulting from the experi
ment of Prop. 12 (46) would do as well, but the adjustment 
of the apparatus for that experiment is much more trouble
some.

P rop . 19. L ight diverging from a center A  (fig. 20), is 
allowed to pass through a small aperture.B G : to find the illu- 
minat’on on different points o f the screen BE.

73. Suppose the wave diverging from A  to proceed in a 
spherical form till it reaches GB: there suppose every part of 
it (within the limits of the aperture) to be the origin of a 
little wave proportional in intensity to the superficial extent 
of that part. B y the principle of (21), the sum of the dis
turbances which each of these produces at M  is to be taken 
for the whole disturbance there,: and this being found, the 
intensify of light will be found as in the preceding problems. 
Draw A O  perpendicular to the screen, and consider it as the 
axis of z, A  being the origin: let x  be in the plane of the 
paper perpendicular to A. 0 , and y  perpendicular to the paper. 
Let A B  — a, A O  — a +  b : (then b is very nearly the distance 
of the screen from the aperture:) let x, y, and z be co-ordinates 
of any point P  of the wave, and j> and q co-ordinates of any 
point M  of the screen in the directions of x  and y  (that in the 
direction of z being a +  b). Suppose the front of the wave 
divided by lines perpendicular to the paper into narrow par
allelograms, x  and x  +  Sx being the co-ordinates of two of



these lines : and suppose the parallelogram whose breadth is 
Sx to he divided into small parallelograms hy lines parallel to 
the paper, the co-ordinates of two lines being y  and y  +  Sy, or 
the surface of the small parallelogram formed by the intersec
tion of these with the others being Sx. Sy. Then the displace
ment which the little wave originating at this surface would 
cause at M  will be represented by

Now P M 2 =  {p  — x f  +  (y — y )2 +  (a +  b — z)2, 

which, since x2 +  y2 +  z2 =  a2,

is =  (a +  Vf +  a2 +  p2 +  cf — 2px — 2rpj — 2 (a +  b) z.

as x  and y  are supposed to be small even at their greatest 
values: therefore

2 a 2 u
— -  nearly

7n 9 r. i a +  b „ a +  h— 2 ia +  b) z =  — 2a — 2ab -I x  -1----------v ' a a

whence

Put £  for 5 +  / ’ ^ ;2 [a +  b)
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then the displacement caused by tlie little wave is

Sa3.5y.sin 27r f
Lx t lab a-\- b i

a + b 
‘lab

= Sa3.Sy.sin|^ (vt—B) j.cos
f<2 7T 'j

—5a:.5y.cosj — (vt—3 ) y  sin

X' ab (V a-\-bj aJrb)

a+bj a+bj_X‘ ab |\
Call this Sx. Sy. W: and let v he the sum of all the dis
turbances for the slice between the lines whose ordinates arc 
x and x + 5a3: 10 that for the whole surface. Wince v increases 
by Sx. W. Sy upon Increasing y by Sy,

l^- =  ultimate value of =  Sa-. JV. dy by
whence v =  SxfvW.

This integration is to be performed, and the limits of the values 
of y for the integral will be expressed in terms of x  from a 
knowledge of the shape of the aperture. The effect of the 
narrow parallelogram being v or SxJu W, it is found in the same 
manner that the effect of the whole aperture is IV. As

sin ’j7r- (vt — B) and cos ^  (vt — B) arc not concerned in the 
X  x

integration, the whole displacement may be expressed thus:

aq

sin ^  (vt -  B) JJU cos
7T a +  1

' ( x —X ab V a + b)
- c o s ^  (vt-B)JJ.sin

7r 
> -

a +  l  
ab b & )

Jbet the integrals be E and F : then the whole displace
ment

Om” ty'TT
=  E sin ~ (vt -  B) -  F cos ~  (vt -  B),

X  X

and hence {as in (14), (17), and (23)} the illumination is re
presented b y  E2 + F2.



[ « { r  J i -  -  M  >< ~  { » i | ) l
. {it a +  l> / ap  V) . (7t a +  b f  an

- sm p ■ [x - T T b )  }  x 8111 |x • “ « r  V  " ^ + 6.
proceeding therefore according to tlie precepts of (73), tlie first 
tiling to be done is to find

r [it a +  b f  aq Yb , . . \ir « + & /  017 Y)
J > s i r 72r | -  Y i J }  ‘f
These integrals cannot generally be found in terms of y  
Tables however have been formed* expressing the numerical 
valuejffi the integrals,

-  ITS2 ,  ,  . ITS2
/« cos —  and /„ sin -  -

for different values of s, and there is no difficulty in applying 
them to the numerical expreBion of the first integral in our 
problem, liut as the integral thus found is given in num
bers, and not in an expression involving y  and which can be

* Suppose U  to be tlie function of unknown form which is the integral o f 
8  a given function of s. Then the values o f U  corresponding to s — h and s +  7i

rr dU7 cPU W &U h* e
U - d t h +  S ? -  2 - ^ ' 2 . 3 + &0 - 

, Tr a u . a m  w  d3u  w  .
and u +  ds h + ^  ■ 2 +  &*' ■ b b l + & c-

and- therefore the value o f the integral from s -  h to s + h  is
a tiu7 n cPU  A 3 .2-.-A  + 2 _ _ + & c.

ds dtr 2 .  6

or %Sk +  2 ~ g ~  +  &c. as* 2 . <5
which can he easily calculated : and by taking h  small enough, one or two
terms will be sufficient. In  this way the values of the integral can be com
puted for successive limits, and the sum will be the integral up to any given 

irsft irŝ
value o f s. A  table of /»  cos -4*— and / ,  sin - -  will be given at the end o f 

this Tract.



expressed in terms of x, it is seldom possible to perform tlie 
second integration.

75. In certain cases however this may be effected. For 
example, suppose the aperture to be a parallelogram whose 
sides are 2e and 2f  in the direction of x  and y , the line A  0  
passing through its center. Let

a +  b /  a ] V  _  s'2
\ab v  a +  b) 2 ’

aq / Xab dy /  Aab
y ~ ^ + l  =  s y  I J ^ + d j ’ i s =  v  2 (ffl+ i ) ;

. (77- a +  b (  aq V) /  <• 7rs2
!■ " s b  • -  w i J  j = v  c“  "2" !

and this is to be taken from y  =  —f\ o  y  =  + f
or

from s =  —
/ [2{a  +  l)\ /  «£  \

V I  ^  j v  o + i y

This will be the sum of the two numbers, in the table of 
rs2 
2~J3 cos 7w : corresponding to

a +  b) '

Let these be A i: Ay. and after proceeding in a similar way for
1 ♦ .  77*,S‘2tlie sine, let the numbers in the table of /„ sin correspond-

A
m g to

/ f 2 _ ( « d ^ | / ,  aqr_\
V 1 dab I V a +  b)



be Ba, _Z?2. 

Then E  =

In the same manner F =

, V k » t

Integrating v* ith respect to x  in exactly the same manner 
between x  =  — e and x  =  +  e, and putting A z, A i} for the

7rs^liumbers m the table of / s cos ■ —  corresponding to

* V { k k } K k )

Aau J V a +  o- V
• • 7fS2 .

and J53, i?4 for those in the table of Ja sin corresponding toA
the same,

w i  F) i i A + ^  {A °+ ~ ^ + ^  {B*+ M > 

F = r f l i )  &A*+ & + B +(i?>+ ^  ^ •
The intensity or F 2 +  F s

= 4k  S f  { (A  + ^  + B 'Y}  ‘ + A*Y + {B°+



This expression (omitting the first factor) is the product of 
two factors, of which one depends entirely on q and the other 
depends entirely on p . I f  a certain value of p  makes its 
factor small, every part of tlie screen for which p  has that 
value will have a small intensity of light. A  similar remark 
applies to the values of q which make the other factor small. 
Thus the screen will he crossed by bars of light of different 
intensity at right angles to each other.

♦75. A  nearly similar investigation applies to the in
vestigation of the intensity in the shadow of an opaque paral
lelogram with free passage for the light on all sides. It will 
be found that it is crossed by bars o f light, the central bars 
being white.

76. Our limits will not allow us to examine in detail 
these cases. The discussion of the values for particular values 
o f p  and q depends entirely upon examination of the nume
rical results: and this must be done for a great number of 
values of p> an(l  q before any conjecture can be formed as to 
fringes, &c. about the edges. One of the simplest cases is, to 
find the intensity of light produced by the shadow of a plate 
bounded by a straight line. I f  y  is parallel to the edge, and 
x  for the edge =  0, then the limits of the first integration are

from y  =  — co to y  =  +  co ,
and those of the second

from x  =  0 to x  =  co .

This case has been fully considered by M. Fresnel, and he 
has arrived at this conclusion. I f  a plane be drawn through 
the bright point and the edge of the plate, and if the inter
section of this with the screen be called the geometrical 
shadow: then on the dark side of the geometrical shadow 
the intensity of the light diminishes rapidly without in
creasing' at all, and soon becomes insensible: but on the 
bright side the light increases and diminishes by several 
alternations before it acquires sensibly its full brightness, 
forming a succession of several bands on the bright side of 
the geometrical shadou. And as, for the. same point, the 
limits for which the tabular numbers are taken are different



for different values of A, and as the factor of the whole varies 
with A, the intensity of the different™ coloured lights will be 
differently proportioned at different points, and thus the bands 
will be coloured, nearly as in (52). This phenomenon, known 
by the name of Grimaldi's coloured fringes, had long been 
observed, and an imperfect explanation was given by Newton. 
In  Bfesnel’s Mcmoire sur la Diffraction it was shewn, from 
accurate measures with various values of a and b, to be a con
sequence of the theory of undulations (Memoires de VInstitut, 
1821).

77. Another instance is, if the form of the plate be a 
square corner, then besides the bands on the outside of the 
geometrical shadow there are seen within it hyperbolical 
curves as in fig. 21. The accurate investigation* may be 
performed as above: but a general explanation may be given 
thus. Let P  and Q be points similarly situated on the two 
sides: the small waves diverging from their neighbourhood 
would, as in (48), produce bands by their interferences; and 
the breadth of these, by (56), would be inversely as the dis
tance of P  and Q. Consequently the nearer P  and Q are 
taken to the solid angle, the broader will the bands be, and 
their form will therefore i#semble the hyperbola. In this we 
have omitted the effects of interference of other portions of the 
light nearer to and further from the angle, but as the omitted 
parts, would at different points produce effects nearly similar, 
it is probable that the general form of the curves will be 
similar to hyperbolas..

78. Another instance is, if the light fall on a very narrow 
slit, coloured bands of much greater breadth arc thrown on 
the screen. The second case of (25) sufficiently explains their 
origin. I f  the slit be triangular, it is observed, (as was first 
remarked by Newton), that the bands are rectangular hyper
bolas, the asymptotes being parallel and perpendicular to the 
axis of the triangle. This appears from the same investiga

* In this and the preceding case, it is necessary to consider the effect pro
duced by small waves diverging from distances sensibly different. In  the 
investigation we suppose that the absolute effect o f each o f these is the same 
as the effect of a wave diverging from a surface of equal extent at a smaller 
distance. This is manifestly incorrect: but the inaccuracy produces no sen
sible error in the result, for the reason mentioned in (20).



tion, as the intervals between the bands are inversely as b the 
breadth of the aperture, or inversely as the distance from the 
geometrical shadow of the triangle’s vertex.

79. In the following instance we may find the intensity 
at one point without much trouble. Suppose the aperture in 
(73) to be a round hole: to find the intensity at that point of 
the screen which is the projection of its center. Divide the 
circle into rings, the inner and outer radii of one being r  and 
r  +  or its surface being 27rrbr. The distance of every 
point of this ring from the point of the screen is

7 a +  b 2 1
l  +  ^ F r  near1^

and hence the whole displacement at the central point of the 
screen is

. . (27T 7 . a +  b 'Jr 27tv sm 4 — (*b8-i b -----------_ A, \ 2 ab

Xab (27T / , a +  b ,or  j  cos 4—  [vt -  b — — r‘
a +  b j X \ 2ab

If c be the radius of the hole, this is to be taken from r =  0 
to r  =  c, and its value is

2\ab . (27T (  7 a +  b A) . (2tt a, +  b. sm ’ - -  [vt — b ------ —r  c 1 sm ca +  b ' (X  \ Aab j \X 4ab

The intensity of illumination is consequently

4X2a?b2 . 2 /2tt a +  b t-7, . sin — . —-, e
(a +  b) V X 4ab

On referring to (71) it will be seen that tin's expression is 
nearly similar to the expression for the intensity of the re
flected light in Newton’s rings, considering the denominator 
in (71) as constant, and making

y _ <?(a +  b) .
2ab

and consequently the colours are nearly the same for the 
same values of V. To obtain the colours corresponding to



those of the inner rings, we must have V  as small as possible,

or i  +  i  must be as small as possible, and therefore b must be

as great as possible. On diminishing b, V  increases. Con
sequently if we first place tlie screen at a very great distance 
and then bring it nearer to the aperture, the series of colours 
at the center will be the same as those found on traoini:

Newton’s rings outwards : but as we cannot make -  +  T =  0,
a b

we cannot have ail the orders beginning from the Central 
black. This agrees with observation. For any other point 
of the screen, the intensity can be found only by the general 
method of (73).

*79. Instead of supposing a circular hole .n a plate of 
unlimited extent, suppose the plate to be a small circulsti- 
disk, with free passage for the light on all sides. The whole 
displacement will be expressed by the same formula

/ ^ r s i n j ^ - J - ^ r 2) } ;

but the limits of r will now be from c to oo .

Let ^  ^  ^  ^  r2 =  s : the expression becomes 

\nb . . (27r , ,, ]

and the limits of s are ^  +  ^  c2 and co . I f  we perform the
\ab

integration in this state, we come upon the unintelligible 
symbol cos oo . To avoid this, and at the same time to repre
sent an intensity of little waves slowly decreasing as the in
clination increases, use the expression

where f  may be so small that its effect through a consider
able angle is almost insensible. The general integral is

Xab
( a + b ) ( l + f )

—/ s i "  (ut—b)-



which vanishes for s =  oo , however small /  may he Omit- 
ting the trifling effect of f  in the first value of s, the limited 
integral becomes

Xab (27r /  , a +  h .cos 1—  [vt — o ---- — j- c
a +  b \ X \  ib

and the intensity of light is > in which the symbol c

docs not appear. The intensity of light, therefore, at the 
center, is the same as ' f  c =  0 ; that is, the same as if there 
were no disk in the way.

For the intensity of light at any excentric point, the reader 
is referred to the Philosophical Magazine, 1841, January.

Prop. 20. Every thing remaining as in tlie last pro
blem, except that, close to the hole, a lens is placed of such 
focal length that light diverging from A  will be made to con
verge to 0  : to find the intensity of light on the screen.

80. From (44) it appears that the form of the front of the 
wave after refraction by the lens will be a sphere of which 0  
is the center. Let 0, fig. 22, be the origin of co-ordinates : 
p  and q the co-ordinates of a point M  on the screen: x, y, z, 
those of P, z being parallel to OA. Then

P 2 P  = { p - x Y  +  { q - y ) 2+  z\

But by the equation to the surface of a sphere,
x 2+ f  +  z2 =  l 2-.

licnco
P 2P  =  b2 +_p2 +  ( f  — 2'px — 2qy,

and P 2 I —b +  ^  ^ ~  nearty*

The terms depending on x 2 and y 2 will be insensible, as 
they v, ill be multiplied by the very small quantities p 2 and q2.

~1“ o2
Put B  for b +  2(j ' ^lcn’ as al ^ 'e anc  ̂ âs  ̂ Par ŝ
(73), the whole displacement at M  is
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This expression is much simpler than that of (73), as there 
are no terms involving x 2 and y 2. The first integration can 
always be performed : it gives

and if  y  and y"  are the least and greatest values of y  for a 
given value of x  (given by the equation to the aperture in 
terms of x), the first integral is, between these limits,

( > £ ( * *  f +x ) } - cos{ " H +f +^ ) I
=cos } j ^ |̂cos | ~  ( ^ j f l j - e o s j ^

( u i - i f ) | ^ ^ s i n  ( p x + r f ) [ | j  ( ^ + d | [-s in [27r ,

U
Let the integrals o f the terms within the brackets (with re
spect to x  anci between the proper limits) be P  and Q : thdn 
the coefficients of

cos {vt — I?) j  and sin j^ " {vt — I?) j  , 

are respectively P  and — Q, 

and the intensity o f the light is ~  (P 2 +  Q2).

81. Ex. Let the aperture be a parallelogram whose sides 
arc 2e and 2f  in the direction of x  and y. Here

y' =  - f  y " =  + / :

+  PJ)) -  cos j d |px +  qy:")}

{e (̂ - ^ ) } - cos{ £ (^ + ? / ) }

=  2 sin p x ) .  s i n j S S i
COS

: COS



the integral of [which is
SX . /2tt t \

- ™ sm l i x r f j " X x’ { $ i P  T
IX
irp

which from x =  — e to x  =  +  e g ivesP  =  0 . Also

Sin { £  P̂X + ItO ~ 3in { !x  p̂X +

{p x  -  q f )  J -  sin j j  {p x  +  q f )-- sm 27r
b x 1

27rpx . 2770 f  
=  — 2 COS —?{ - .  Sin , 

hX I>X

the integral of which is
l>\ . 27T(,f . 2 irpx

 s m -  f - . s m - - , '  -  ,
irp bX OX

which from x  =  — e t o x =  +  e gives
_ 2bX . 2.770 f  . 27rpe

Hence the intensity is

tfX4 . » 2,770f  . „2nrpe 
-  . s m "  A  ■ . s m  ,
7t v  q bX IX

i „ sea /  ^  • 27r,7 A 2 /  ^  • 2Trpe\2
"  16#  f e j /  T X  f e *  Sm T V  )  '

This expression is maximum wlien p  =  0 , y =  0 : so that there 
is a bright point in the place of the image determined by com

mon Optics. It is 0 when p  is any multiple o f ^ , or when

q is any multiple o f ^  . This shews that the screen is tra

versed by rectangular dark bars at equal intervals, the inter
vals in the direction of the length of the parallelogram being 
shorter than the others. For a given value of p , the bright
ness is greatest when q =  0, or when q has one of the values



which makes Bm maximum. Thus it appears

that there will be a brilliant point at the center ; a four-rayed 
cross through the center, the rays being interrupted at in
tervals ; and a series of less bright patjdics in square arrange
ment in the angles of the cros3  also the distances from the 
center arc greater for the red rays than for the blue. W hen 
the parallelogram is narrow, the bright parts in the direc
tion of one side form one of the kinds o f spectra described 
by Fraunhofer.

82. Let the aperture be an equilateral triangle. Take x  
in the uirection of the perpendicular to one side, and let the 
angle opposite this side be the origin of co-ordinates: let e be 
the whole length of the perpendicular. Then

y  =  — x  tan 30°: y" =  +  x  tan 30°.
Hence

r = f . cos ( I t t x  , 30°)j  — cos (p + y  tan 30°)j

IX
‘2tt (p  — y tan 30°)

sin tan 30°)

IX
2tt

[2 7 TX

(p  +  q t ^ sin 1 £ C ^  +  2 tan30°)

the value of which from x  =  0 to x  =  e is found by putting 
e for x. And

Q =f. sin (p  — fan 30°) j — sin (p  +  q tan 30°)|

the value of which from x  =  0 to x  =  e is

bX
I tt (p  — q tan 30")

IX _______
27r (p  +  y tan 30°7

lire1 — cos (p  — y tan 30")

{27773
-fa { p + i tan 30°}



The sum of the squares is (omitting the factor ZV
47T2

{ p  — q tail 30°)2

+ (71+2 tan 300)2

2 — 2 cos { p~9 .  tan 30°)

2 —2 cos ( p  +  q tan 30°)

pl— cfi tan2 30°

1+cos '̂ n3°— cos | - ^  (P~q  tan3 0°) J—cos (p+ q  tan 30°) j

2 » 2- f  6<72tan230° 47}r7tan30o+ 4 g2tan230° (27re . 0.
I y f i l S W f -  tan-30>—  ( P ~ ^ H >

4pq tan 30° — 4<72 tan2 30° (27773, „0
+ (p2 - g2tan2W ~  C°S W  (P + 5 taU 3 }

_  2p*-2q* tan2 30° 47reg tan30°
(P‘~  t  t»iT 3 0°)2 C°S 5X

Let p  =  r  cos 6, q =  r  sin 0 : which is the same as referring 
M  to the central point of the screen by polar co-ordinates. 
Then observing that tan2 30 =  and restoring the factors

av  , z v
-7—2 and -r-r~-,4w 4w g“

this may be put in the form

3 5 V  1
327rV ‘ sin2 6 . sin2 {0 — 60°). sin2 (0 — 120")

— sin (0 — G0°) . sin (0 — 120°). cos
47rre 

Z>X V(3)
sin 0

— sin (9 —120°). sin (0 —180°). cos sin — ^0°)

— sin {0 — 180°) . sin (0 —240°) . cos 477-re 
/>X~V(3)

sin (0 - 120°;



I he maximum value it will be found is when r =  0 , and is 
<34

=  —. The value is also considerable AA’hen 0 =  0, or =  60°, orO
=  120°, or =  ISO0, or =  240°, or =  300°, wlien it is

XVb2 /  Xb . 2Trre\ A4/ /  / ,  2irre\
I 1 -  ™ 8m T T ;  +  t 1 -  008- u  1 '

(as Avill be found by commencing with the first integral for
mula of (80), and, for the ray, making q =  0 ; and, for the 
central point, making p  also =  0). This points out exactly 
the star-like form observed by Sir J. Herschel (Encycl. Metrop. 
Light, Art. 772).

S3. Let the aperture be a great number m o f equal 
parallelograms of length 2f  and breadth e at equal distances 
p. Here y '=  —f ,  y "  =  + f :  and the expression to be inte
grated is

cos j 2 ^ 1  -  cos (vt - B + l x  J &X V  b b J) X
=  2 s i n l ^  «in

The general integral is
\b sm
7TJ) ;nW - C0S

I f  k be the \-alue of x  corresponding to the first side o f the 
first parallelogram, that corresponding to the first side of the 
(r e + l )*11 parallelogram will be Jc +  n (e +  g ) , and that cor
responding to its last side 1c +  n (e + g )  4- e. The integral 
therefore for the (n -f l ) th parallelogram is

Xb . 2 i r q f  —  sm . 
7rp Xb

aism U - B + m + 1* {'s+&

Tkl) . ^ irq f . nrpe 
— sm •sin < , • sm7TJ) A b Kb



Let B —-~- — ̂  =  0 :  tlien tlie whole displacement at M

produced by all the parallelograms, {restoring the factor 

from (80)}, is
X T  . .
——  sin — i— a' 7r'pq X o

. . 7rpe ^
sin — f • sm L v  2, Xb

27r
T" l-'l — L -  I 0

The finite integral of the last term with respect to n is

 7- 7—7 -  cos ivt -  C + P  (n -  # )j. p \ e + f& r  X 1 b KSin-<_A_ —  L- 1
oX

which from n — 0 t o n  — m is
nip (e +  a) it sm '

uxIX . [2tt (  ) m ~ 1 Y — ;— — T-sm —  \vt — 6  H —-  f• W e +  q) 7T X I  b 2 )sm/   ̂ ' —  L vbX
Thus, putting

n _ p j f i ± g )  m - \  = J )  
b " 2 ’

we have for the whole displacement

. m p  (e 4- q ) rr
, !7, j. sm  — —
X  b~ . 2ttq . Trne - .. -  sm — b- . sm - W  .

) 7r_2—  oiii . • sin. 7 - . 7 ■ . smr /w . ?>(<? +  a)
z s in -

nd

OX

d consequently the intensity of the light is

f slnW l + ^ % ^  2
! P  ( - Xl> sin lm/A 2 (■ —  .sin ^ Y J  0K I .J V27Ti/f’ Xb J \irpe Xb J j . ]) (e +  g) ir (

I s m " bx J

84. The most remarkable variation of this depends 011 

; last term. This may be represented by  j  > where



m is & large w hole number. This has a great number of 
maxima corresponding to values of 6 for which m9 is some-

sin-0 =  0 . Its value is then m2, which is much greater than 
any of the others. For, the next maximum, when md =  258° 
nearly, is

tlie next is nearly =  to2 x O’OIG : &c.; and when sin 6 is nearly 
=  1, the maximum is nearly 1. As we approach to the value 
6 =  ir, one or two values are sensible, and then we reach the 
large maximum, of the same value as before. Suppose now 
we have placed on the object-glass o f a telescope a grating 
consisting of 100 parallel wires. There will be a bright 
image of the luminous pemt formed at the centre of the held, 
and one or two less bright on each side, so close that they 
cannot be distinguished: after this there will be others, but 
their intensity will diminish so rapidly (being at one of the

maxuna only of that of the brightest) that they will be

Invisible; and at a distance there will be another point as 
bright as the first: and at an equal distance beyond it, 
another: and so on. Thus there will be a succession of 
luminous points at equal distances from each other, with no 
perceptible light between them. The distance of these points 
is found by making

This applies to any one kind of homogeneous light. "When 
there is a mixture o f differently coloured lights (as in white 
light), there will be a union o f bright points of all the colours 
where y> =  0, but at no other place. For, to arrive at the 
second bright point, we must go to a distance from the first 
proportional to X. Consequently the next blue point will be

what less than the successive odd multiples of — (omitting£
fjT m t m
— itse lf) ; but the greatest maximum is that found by making

6 =  0, or w, or 2it &c.; or p  =  0, or
VK 9/,A
—  , 01-



nearer to the center than the next red point, &c. Tims in 
the center there will he a bright wnite point, but at the sides 
there will be spectra similar to those formed by a prism, their 
blue ends being nearest to the center. And as each bright 
point is almost perfectly insulated, the spectrum ill b<dpupe; 
that is, there will be no sensible mixture of colours in any 
part of it. This is verified completely by experiment: the 
spectra are so pure that, when the solar light is used, the 
fixed lines or interruptions of the spectrum, which are so- 
delicate that only the best prisms will shew them, may be 
seen in the spectra formed as we have described.

85. W e shall now consider the term
/ \b . 7r»e\2 . sm —r  .
\irpe Kb 1

W hen p  is small, or when e is small, this is =  1. W hen p  is 

increased to any multiple of —  , it vanishes. Consequently,

whenever the same value of p is a multiple of — and of”  e

—  ̂-  , one of the spectra will disappear : that is, whenever e

and g  are commensurate. This is true in experiment. And 
at all events, the successive spectra are less bright than the 
central colourless image, this factor having its greatest value- 
when p =  0.

It is unnecessary to consider the effect of the first factor, 
as it only points out the law of brightness in the direction of 
the length of the parallelograms.

86 . The aperture is a circle, whose radius =  e. (This is 
the ordinary state of a . telescope.) Since the intensity will 
he equal at equal distances in all directions from thd- center of 
the screen, let p  =  r, q_= 0. It is-evident that

y' =  -  V ^ 2- * 2), f  =  +  ^ (e?-x> ).
Then the expression to he integrated in (80) becomes

. ' ■ . . .  ( v t - B + r%?)}:



The first integral is obtained by multiplying the sine by y. 
Taking this between the limits, the expression becomes

fx 2 V(e2 — x 2) sin j “̂  (vt — B  +  ^

or

2 Shl fx  (Vt ~  ^ ̂  ^  C°S
+  2 cos {vt — Z?) j  Jx \/(e2 — x2) sin 27n X

bX  ’

which is to be integrated from x  — — e to x  =  +  e.

The second line, it is evident, will vanish: and the ex
pression is reduced to

27T . , 27T?-a;2 sin [vt — P)| j x \!(e2 — x2) cos
iX

Let -  =  w, 2^ 6 =  n : the expression becomese

&  sin (vt — P)| /,„ V (1 — wi) cos mo, 

from to — — 1 to w =  +  1.
4

Let <£ (n) =  — fx V (1 — w2) cqpnw, 

from to =  0 to iv =  1 :

the expression is

sin (vt — B )| x e V . (n );

and the intensity of light is

e V  {<£ (n)}\

A  table of values of <£ (si) is given at the end of this work. 
On examining it, it will be seen that there is blackness when 
n =  3,83 or 7,14 or 10,17 (which indicates dark rings) : and 
brightness when w =  5,12 or 8,43 or 11,G3* (w hich indicates



bright rings), with intensities respectively about - , ,

and — , of that at the center.

The angular diameter of any ring as viewed from the

center of the obieet-glass =  \ Let this angular dia-J °  b 27re

meter in seconds be s, then n =  — — sin 1". I f  e the radius
A

of the object-glass be expressed in inches, and if for mean 
rays X be 0,000022 inch, the last equation becomes

n =  1,3846 x es.

Hence we have,

For the bright'-ings, es =  3,70, 6,09, 8,40;

For the black rings, es =  2,76, 5,16, 7,32.

These are the ordinary rings seen round a star when 
viewed with a good telescope.

It appears from this that the central image o f a star (the 
star being considered as a point o f light without visible 
dimensions) is not a point but a circular disk, diminishing 
in intensity of light towards the edges; whose extreme radius, 
in seconds, is defined by the equation

es =  2,76.

The larger is the aperture o f the telescope, the smaller is the 
angular measure of the breadth of the disk.

* 86 . mhe aperture is an ellipse, whose semiaxes are e a n d / 
Taking the general co-ordinates p  and q for a point in the 
screen, and remarking that, in the expressions of (80),

and y "  =  +  -  6



it will be seen tliat tlie first of tlie four terms in tli6 final ex
pression for displacement is

cos ■

to be integrated from x  =  — e to x  =  +  e.
Kow if we bad investigated the displacement with a cir

cular aperture of radius e, for a point on the screan whose 
co-ordinates are p  and q , the first of the four terms would 
have been

cos { y ^ - ^ S J ^ cos

Disregarding the change in the constant multiplier from

p x - q  a?)}

■—  to these cxprcrftions would be exactly the same
27rS ‘lirq

and to be integrated between the same limits, if • - =  q : and

the same bolds for the otlier terms of the displacement. But 
it was found in (8G) that, for tlie circular aperture, the bright
ness or darkness depends simply upon tlie value of r, where 
r  =  p 2 +  y'2: and a ring of definite light is determined by the 
equation

r2 =  constant, or p 2 +  <p =  constant.

Therefore in the case of the elliptic aperture, a ring of definite 
light is determined by tlie equation

„ / y/  Jfi f  =  constant, or p~ + ' —  =  constant.

This is the equation to an ellipse whose semiaxis in the 
direction ofy> is to that in the direction of q as f  to e. Con
sequently the central spot and the rings are elliptical, but the 
direction of the major axis of the rings corresponds to diat of 
the minor axis of the aperture. This is found in experiment 
to be true.

87. The whole of the experiments which are the subject 
o f Prop. 20, (80) to (*8G), are easily made by limiting the 
aperture of tlie object-glass of a telescope, or by placing



gratings "before it. 'j lie appearances which we have investi
gated are those that would be formed on a screen in the focus 
of the object-g’lass ; hut it is well known by common Optics 
that the appearance presented to the eye, when an eye-glass 
is applied whose focus coincides with the.fbeus of the object- 
glass, is just tlie same as if the light had been received on a, 
screen placed theEf. Thus it is only necessary to limit the 
aperture and then to view a bright point (as a star), when 
the phenomena that we have described w ill be seen in great 
perfection.

88 . The experiment of (83) &c. is particularly remarkable 
on this account. It shews that there is light diverging in all 
directions from the front of the grand wave where it meets the 
lens, which is insensible only because it is destroyed by other 
light. For if we view a luminous point with a telescope in 
its usual state, no side images arc seen: on putting a grating 
ei the object-glass, which intercepts a part of tlie light, tlie 
side images are visible. That this depends simply on the 
obstruction of the light, and not on any reflection or refraction 
by the grating, is evident from this circunistanee, that it is in
different whether the grating- consist of wire, or silk, or lines 
scratched on tlie glifss with a diamond point, or lines ruled on 
a film of soap or grease. I lie same, principle tfffy he used to 
explain the spectra produced by the reflection of light from 
metallic surfaces on which lines are engraved at very small 
equal distances. In fig. 23 if light from F  falls on a small 
reflecting surface A d  and is received on a screen OS', and if 
F  and 6r he botli distant, then a point G- may be found 
such that the paths F A G , F B G , &<:. will not sensibly differ 
in length I and therefore the small waves which are produced 
by the same great wave, coming from every part of the sur
face, will meet in the same phase at G. And this w i n  he 
true whether any part of the surface is removed or not. hut 
at It the re will be no illumination, beeaus’b we may ditide the 
surface into parts A , a, B, b, &c. such that the path F a ll 
(supposing the surface a continuous plane) is less than F A Il

by 2 > an(l therefore the small wave coming from a will de-fj
stroy that coming from A  ; tlie small wave coming from b will 
destroy that coming from B : and so on. IN'ow suppose that



•we remove tlie parts a, b, c, d, &c. There is now no wave to 
destroy any one of those coming- from A , B, & c .: and they 
will not destroy each other, because the path F B H  being less 
than F A 1I  by A,, F C II  being less than F B II  by X, &c., they 
are all in the same phase. Consequently there will be bright
ness at II. For different values o f X it is evident that we 
must take points at different distances from G : and thus 
spectra will be formed nearly as in (84).

For calculations applying to various cases of interference, 
the reader is referred to several volumes of the Philosophical 
Transactions, the Cambridge Transactions, and the Philo
sophical Magazin#. A  most remarkable investigation by 
Professor Stokes on an apparent change in the periodic 
time of waves will be found 111 the Philosophical Transac
tions, 1852.

A P P L IC A T IO N  OF T H E  T H E O R Y  OF U N D U L A T IO N S  TO TH E 
P H E N O M E N A  OF P O L A R IZ E D  L IG H T .

89. In the preceding investigations, no reference has been 
made to the direction in which the particlse of the lummifer- 
ous ether vibrate. They might, like the particles of air in the 
transmission of sound, vibrate in the direction in which the 
wave is passing: or they might, like the particles of a musical 
string, vibrate perpendicularly to the direction of the wave, 
but all in oue plane passing through that direction. To 
these., or any other coooeivable vibrations, our investigations 
would apply ■Dually w all: all that is required being that they 
should be subject to the general law of undulations,' and that 
Wt a considerable number of vibrations the extent and time 
of vibration should be the same. The phfenomcna of polar
ization, however, enable us to point out what is the kind 
of \ ibmtiou.

90. The properties o f Iceland spar (which, it has since 
been discovered, are possessed by the greater number of 
transparent crystals) first pointed out the characteristic law 
of polarization. I f  a pencil of common light be made to 
p&ss through a rhomboJiedrOn of this crystal, it is separated 
into two of equal intensity. This may be shewn cither by 
viewing a small object through it, when two imtigcs will



be seen ; or by placing it behind a lens on which the light 
of the Sun or that of a lamp is thrown, when two images 
will be formed at the focus. A  line drawn through those 
two images is in the direction of the shorter diagonal of the 
rhombic face of the crystal; the rhombohedron being sup 
posed to be bounded by planes of cleavage, and the pencil of 
light being incident perpendicular to one of them.

91. On examining the paths of these pencils within the 
crystal, it is found that one of them obeys the ordinary laws 
of refraction, but the- other follows a more complicated law 
(which we shall hereafter describe). The first is therefore 
called the Ordinary pencil, and the other the Extraordi
nary pencil: and they are frequently denoted by the letters 
0  and E.

92. To the eye no difference is discoverable between the 
two pencils, or between either of them and a pencil o f com
mon light whose intensity is the same. Yet the properties of 
the light in the two pencils are different, and both are dif
ferent from common light. For if we take one of the pencils 
(for instance 0) and place a second rhombohedron before i t ; 
on turning the first rhombohedron it is found that in general 
the second crystal separates the pencil 0  into two of unequal 
intensity, one following the ordinary law and the other the 
extraordinary law (which we may call Oo and Oe), and that 
in certain relative positions of the crystal one of the pencils 
wholly disappears. On examining the positions it is found 
that, when the two rhombohedrons are in similar positions 
(that is, when all the planes of cleavage of one are parallel to 
those of the other), or when they are in opposite positions 
(that is when, keeping the same surfaces in contact, the first 
is turned 180° from the position just described), Oe disap
pears, and Oo only remains; that is, there is only an ordi
nary pencil produced by the second crystal. On the contrary, 
when the first rhombohedron is turned 90° either way from 
the position first described, Oo disappears, and Oe only re
mains : that is, there is only an extraordinary pencil produced. 
In any intermediate position that pencil is strongest which, in 
the nearest of the four positions that we have mentioned, does 
not vanish.



93. Now if instead o f 0  we take the pencil E, the ap
pearances are wholly changed. In general, as before, the 
second rliombohcdron divides this into two pencils of unequal 
intensity, one following the ordinary and the other the extra
ordinary law (which we shall call Eo and lie). But when the 
crystals are in similar or in opposite positions, Eo vanishes, 
and Ee only remains: that is, there is only an extraordinary 
pencil produced. When one is turned 90" from the similar 
position, Ee vanishes and Eo remains : that is, there is only 
an ordinary pencil produced.

94. It appears then that neither* o f these two pencils is 
similar to common ligh t; for, when either of them is received 
on a second rhombohedron, it does not always produce two 
pencils: common light always does produce two. It appears 
also that they are not similar to each other; for, in certain 
positions of the second rhomb, 0  will produce only an ordi
nary ray, while E  will produce only an extraordinary ra y : in 
certain other positions, 0  will produce only an extraordinary 
ray, and E  only an ordinary ray. The rays therefore have 
some peculiar properties depending on the position of die 
crystal. But between the properties of the two rays a re
markable relation can be found. W hen the rhombohedrons 
are in similar positions, 0  will produce only an ordinary ray. 
When the first is turned 90°, E  will produce only an ordinary 
ray. Consequently, on turning the crystal 90°, E  has tlm 
same properties which' 0  had before turning it. Again, when 
the rhombohedrons are in similar positions, E  will produce 
only an extraordinary ray. On turning the first through 90P, 
0  will produce only an extraordinary ray. Consequently, on 
turning the crystal 90°, 0  has the same properties which E  
had before turning it. This shews clearly that the two pen
cils have properties of the same kind with reference to two 
planes passing through their direction and moving v ith the 
crystal; and that the two planes are at right angles to each 
other-. I f  a plane passing through the direction of the pencil 
and the shorter diagonal of the rhombic face be called the

* The reader will observe that the term Ordinary pencil does not signify 
that the pencil is similar in its properties to common light, but merely that it 
is subject to the same laws o f refraction as common light.



principal plane* of tlie crystal, then we may assert that the 
properties of the Ordinary ray possess the same relation to the 
principal plane, which the properties of the Extraordinary ray 
possess to the plane at right angles to the principal plane. 
This is commonly expressed tin s: the Ordinary ray is polar
ized in the jiri-noipal plane, and the Extraordinary ray is 
polarized in a plane perpendicular to the principal plane.

95. There are some crystals which possess the property 
of separating common light into an Ordinary and an Extra
ordinary pencil, and then absorbing one of them. Thus cer
tain specimens of agate, and plates of tourmaline cut parallel 
to the axis, allow the Extraordinary pencil to pate, and 
nearly suppress the Ordinary. This however is only true 
when the plates have a certain thickness: for, when they are 
very thin, the Ordinary and Extraordinary pencils are seen 
to have equal intensities. But the method of exhibiting 
polarized light which is most extensively used in experiments 
is, to reflect common light from unsilvered glass or any other 
transparent substance, solid or fluid. It is found that if the 
tangent of the angle of incidence is equal to the refractive 
index, the whole of the reflected light is polarisedt  in the 
same way as the Ordinary ray produced by the first rliombo- 
hedron of Iceland spar when its principal plane is parallel to 
the plane of reflection from the unsilvered glass, &c. For, if 
the second rhombohedron be placed in that position to receive 
the reflected ray (instead of receiving the ray from the first 
rhombohedron), an ordinary ray only is produced: if in the 
position differing 90° from this, an extraordinary ray only 
is produced: which (92) is exactly the same effect as that 
produced by 0 , the crystal having the position that we have 
described. This is expressed by saying that the reflected 
light is polarized in the plane o f  reflection. Tlse angle of inci
dence which is proper for this is called the polarizing angle. 
The transmitted light, it is found, possesses in part the proper
ties o f the Extraordinary ray; the principal plane of the crystal

* This term will be used hereafter in a more general sense.
+  This was the discovery o f Malus. I t  was important at the time, as calling 

the attention of philosophers to the subject: but all the phenomena o f coloured 
rings, &c. may be exhibited perfectly well without using this property o f  re
flection.



with \ vh n  we mentally compare it being still conceived to 
be parallel to tlie plane of reflection. For, if the second 
rhomb be placed in that position, the transmitted light pro
duces both an ordinary and an extraordinary ray, but the 
former is less bright than the latter. This is expressed by 
Saying that the transmitted light is particf/fyi polarised in 
the plane peipendiculcir to the plane oj reflection. I f  a great 
number of plates of unsilvcred glass be placed together, the 
reflected light appears completely polarized in the plane of 
reflection, and the transmitted light appears completely po
larized in tlie plane perpendicular to the plane of reflection.

96. W e have here considered the test of polarization to 
be, the formation of only one ray when tlie light passes 
through a crystal of Iceland spar. But as the reflection from 
utisilve.red glass at the polarizing angle gives properties ex
actly similar to those of the Ordinary ray of Iceland spar (the 
principal plane of the spar being conceived parallel to the 
plane of reflection), it may be conjectured that light polarized 
in the plane perpendicular to the plane of reflection, as it 
would not furnish any Ordinary ray with Iceland spar, will 
not furnish a reflected ray from unsilvercd glass, but will be 
entirely transmitted. This is verified by experiment: and 
thus wc have an easy practical test of the polarization of light. 
I f  light incident at the polarizing angle on unsilvered glass is 
not susceptible of reflection, it is polarized in the plane per
pendicular to the plane of reflection. And if, on turning the 
glass round the incident ray without varying the inclination, 
the reflected light does not vanish in any positn>n of the glass, 
the light is not polarized. In the same manner the polar
ization of a ray may be ascertained by examining the state 
o f the emergent ray, after incidence on a plate of tourmaline ; 
if in any position of tlie tourmaline the emergent ray disap
pears, the plane of polarization of the incident ray is parallel 
to the plane then passing through the ray and through the 
axis of tlie tourmaline.

97. From this it will easily he inferred that if two such 
plates of tourmaline are placed with tlicir axes at right angles 
to each other, no light can pass through them. For the light 
which is transmitted by the first is polarized in the plane per



pendicular to its axis, that is, in the plane of the axis o f the' 
second : and therefore is not allowed to pass through the 
second. I f  one of the tourmalines be turned, light is imme
diately seen : it increases till the axes of the tourmalines are 
parallel. In the same manner if in fig. 24 A  be a plate or 
several parallel plates o f unsilvercd glass, and B  an unsilvered 
glass* (whoso posterior surface is blackened, to prevent re
flection there), B  being fixed on a block which turns round a 
spindle at G in the direction of A B : and if each of the glass 
surfaces make with A B  an angle of about 330.1<}' (the re
fractive index of plate glass for mean rays being about 
1,527 =  tan 5611. 47'): then on receiving the light of the clouds 
on A  in such a direction that the reflected light falls on B, 
and placing the eye to receive the light paflected from B, it 
is seen that when the planes of reflection coincide, or nearly 
coincide, a considerable quantity of light is reflected from B  
as the planes of reflection are inclined, less light is reflected : 
and when (as in the figure) they are perpendicular to each 
other, no light is reflected. H i is is strictly true only for tire 
light incident from A  on B  in direction of the fine joining their 
centers: but it is nearly true for light making a small angle 
with this. It is strictly true also for light of only one colour 
(since the polarizing angle, which depends on the refractive 
index, is different for differently coloured rays), but if the 
mean angle be used it is nearly true for all. W e shall fre
quently allude to this apparatus: we shall then call A  the 
piolarizimg plate and B  the analyzing plate.

98. Now in tlie experiment of (46) or (57), (fig. 14 and 
15) if a plate of tourmaline be placed in each of the pencils of 
light supposed to start from 6f and II, the plates of tourmaline 
being cut from the same large plate which lias been carefully 
worked to uniform thickness, it is found that the existence of 
the fringes of interference depends entirely on tire relative 
position of the axes of the tourmaline plates. I f  both axes be

* Instead o f reflection from an nnsilvered glass, transmission through a 
plate of tourmaline may be used. Still more convenient than a plate o f  tour
maline is the “ Nieol’s Prism,”  a combination of two prisms cut out o f a block 
o f  Iceland spar with edges parallel to the crystalline axis, and united with their 
edges in opposite directions, with an interposed transparent medium (Canada 
balsam) o f  such refractive index that the Ordinary ray is totally reflected at its 
surface, wlihe the Extraordinary ray is transmitted. See (115) &c.



parallel, whatever ho their position, the fringes of interference 
are seen well, and the dark bars are perfectly black. I f  they 
are not parallel, the dark bars are not so b lack; and if they 
are at right angles to each other, the fringes disappear en
tirely. It appears therefore that pencils of light polarized in 
planes at right angles to each other cannot interfere (that is 
cannot destroy each other) in circumstances in which pencils 
of common light or pencils of light polarized in the same 
plane, can destroy each other.

99. From the experiments that we have described, the 
following general conclusions arc drawn.

(1) I f  from common light we produce, -by any known 
contrivance, light that is polarized in one plane, 
there is always produced at the same time light 
more or less polarized in the plane perpendicular 
to the former.

(2) Light polarized pul one plane cannot be made to 
furnish light polarized in the perpendicular plane.

(3) Light polarized in one plane cannot be destroyed by 
light polarized in the perpendicular plane.

The first leads at once to the presumption that polariza
tion is not a modification or change of common light, but a 
resolution of it into two parts equally related to planes at 
right angles to each other; and that the exhibition of a beam 
of polarified light requires the action of some peculiar forces 
(either those employed in producing ordinary reflection and 
refraction or thofce which produce crystalline double refrac
tion) which will enable the eye to perceive one of these parts 
without mixture of the other. This presumption is strongly 
supported by the phamomena of partially-polarized light. I f 
light falls upon a plate o f glass inclined to the ray, the 
transmuted light, as we have seen, is partially polarized. If 
now a second plate of glass be placed in the path of the 
transmitted light, inclined at the same angle as the former 
plate, but with its phone of reflection at right angles to that of 
the former plate, the light wh'ch emerges from it has lost 
every trace of polarization; whether it be examined only witli 
the analyzing plate B, or by the interposition of a plate of



crystal in the manner to he explained hereafter (H Jf: This
seems explicable only on the supposition that the effect of the 
first plate of glass was to diminish that part of the light which 
has respect to one plane (without totally removing it), and 
that the effect of the second plate is to diminish in the same 
proportion that part of the light which has respect to the other 
plane; and therefore that, after emergence from the second 
plate, the two portions of light have the same proportion as 
before. On considering this presumption in conjunction with 
the second and third conclusions, we easily arrive at this sim
ple hypothesis explaining the w hole:

Common light consists o f  undulations in which the vibra
tions o f  each particle are in the plane perpendicular to the 
direction o f  the wave's motion. The polarisation o f  light is 
the resolution o f  the vibrations o f  each particle into Hop, one 
parallel to a given plane passing tlrrough the direction o f  the 
wave's motion, and the other perpendicular to that plane; which 
{from  causes that ive shall not allude to at present), become m 
certain cases the origin o f  waves that travel in different direc
tions. When we are able to separate one o f  these from  the 
other, we say that the light o f  mch is polarized. When the 
resolved S ibrafiion parallel to the plane is preserved unaltered, 
and that perpendicular to the plane is diminished in a given 
ratio {or vice versa), and not separated from  it, loe say that 
the light is partially polarized.

The reader who has possessed himself fully of this hypo
thesis, will sec at once the connection between all the experi
ments given above.

100. For the general explanation o f these experiments, 
and for the accurate investigation of most of the phavnomena 
to be hereafter described, it is indifferent whether we suppose 
the vibrations constituting polarized light to take place pa
rallel to the plane of polarization, or perpendicular to it. 
There are reasons however, connected with the most profound 
investigations* into the nature of crystalline separation and 
into the nature of reflection from glass, &c., and confirming

* This question has been discussed carefully, and with some difference o f 
opinion, by Fresnel, Cauchy, Professor Stokes, and others. In  the text, we 
adopt the opinion o f Fresnel and Stokes.



efijli other 11 a remarkable degree, that incline ns to choose 
the latter: and thus,

When we sap that light is polarized in a particular plane, 
we mean that the vibration o f  every particle is perpendicular to 
that plane.

Thus, in tlie undulation constituting the Ordinary ray of 
Iceland spar, the vibration of every particle is perpendicular 
to the principal plane of the crystal: in that constituting the 
Extraordinary ray, the Vibration of every particle is parallel 
to the principal plane. When light falls upon unsilvered 
glass at the polarizing angle, the reflected wave is formed 
i ntirely by v ibrations perpendicular to the plane of incidence: 
the transmitted wave is formed by some vibrations perpen
dicular to the plane of incidence, with an excels of vibrations 
parallel to the plane of incidence.

101. The reader will perceive that it is absolutely ne
cessary to suppose, either that there are no vibrations in the 
direction of the wave’s motion, or that they make no impres
sion on the eye. For if there were such, there ought in the 
•experiment of (08) to be visible fringes of interferences: of 
such however there is not tlie smallest trace.

102. As we now suppose light generally to consist of 
two sets of vibrations which cannot interfere v\ ith each other, 
it becomes important to establish some measure of the in
tensity of tlie compound light. It se6ms that this cannot be 
any other than the sum pi the intensities corresponding- to 
the two sets of v ibrations. So that if the displacement from 
one vibration be represented by a An (vt — -x +  A"), and that 
from the other by b Sjr (vt — x  + S H  the intensity of the 
mixed light will he c i + l f .  This then is the expression 
which we ought in strictness to have used in our former in
vestigations. But as in all these "(except those relating to 
reflection from plane glasses and lenses) the quantities a and 
b have in every part of the operation the same proportion, it 
is evident that the results, considered as giving the proportion 
of intensities of light, .are in every instance correct.

Trior. 21. To explain on mechanical principles the trans



mission of a wave in which tlie vibrations arc transverse to 
the direction of its motion.

103. In fig. 25 let the faint dots represent the original 
situations of the particles of a medium, arranged regularly in 
square order, each line being at the distance h from the next. 
Suppose all the particles in each vertical line disturbed ver
tically by the same quantity; the disturbances of different 
vertical lines being different. Let x  be the horizontal ab
scissa of the second row ; x —h that of the first, and x  +  h 
that of the third: let u, u,, and u be the corresponding dis
turbances. The motions will depend upon the extent to 
which we suppose the forces are sensible. Suppose the only 
particles whose forces on A  are sensible, to be

(omitting those in the same line, as their attractions are equal 
and in opposite directions) : and suppose them to be attrac
tive, and as the inverse square o f the distance: and the ab
solute force of each =  vi. The whole force tending to pull Jl 
downwards is

m (h 4- u — w ) m (u — u,) m (It — u +  v,)
{/r +  (h +  u — {A2 +  (u — uf\* {A2 +  (A — w +  m, / ] 8

m (It +  u — u ) m (u — u ) m (lt — u +  u )
+  {A2 +  (h +  u -  u 'y f +  [h* +  (U -  u’f  Js ~  { A * + ( A  _ t t +  «' )*}'■

Expanding these fractions, and neglecting powers of u — ul 
and u — u above the first, the force tending to diminish u is

B, G, D , E, M  G

Putting for ut,



we find
dSi
di1

an equation of exactly tlie same form as that for the trans
mission o f sound (10). The solution therefore has the same 
form : and therefore the transversal motion o f particles sup-

* I f  h is so large with regard to the length o f a wave that the terms after 
!•? cannot he safely neglected, we may, by assuming a form for tlie function 
expressing u, integrate the equation

This expression increases as X increases ; that is, undulations consisting o f long 
waves travel with greater velocity than those consisting o f short waves. Thus 
the different refrangibility o f differently coloured rays is accounted for. See 
Article 38. For other modifications o f this theory, and their comparison with 
the observed indices of refraction of different rays in different media, the 
reader is referred to Professor Powell’s treatise On the Undulatory Theory as 
applied to the explanation o f  unequal refrangibility.

If, as we usually suppose,

u —A  sin r( X )

and by substitution, the equation becomes

whence *r2=

. Trll

A



posecl here follows the same law as the direct motion of the 
particles of air : that is, it follows the law of undulation.

104. It seems probable that if we had supposed any 
other regular arrangement, or taken any other law of force, 
the same conclusion would have been obtained. And if we 
suppose the arrangement symmetrical with respect to cerfair 
fixed lines, but different in distance of particles, Ac. in dif
ferent directions (as for instance if we suppose every eight 
adjacent particles to be at the angles of a parallelopiped as 
in tig. 26), then for vibrations of the particles in different

(1*11
directions the multiplier of -j--̂  will he different, and conse

quently the velocity of transmission of the wave (which is 
the square root of the multiplier) will be different. And the 
velociti&s of two waves may he different even when they are 
going in the same direction, provided that one of these waves 
consist of vibrations in cple direction, and the other of vibra
tions in another direction, as if for instance in fig. 2G the 
directions of both waves were njrp-enilicular to the paper, hut 
if one set of vibrations were in the direction no and down, 
and the other in the direction right and left. For tlie forte 
with which the partielas -act on each other depends on the 

■ distance of the particles in the direction of the waves’ motion, 
and on their distance in the direction of tlie particles’ vibra
tion : and in the case supposed, the hitter element is different 
for the two waVes, though the former is the same.

105. I f  the displacement of a particle, considered as in 
any direction, be resolved into three displacements in the 
directions of x, y, z, the variations of force in those directions 
produced by the alteration of a single particle (and conse
quently the force produced by the whole system) are the 
same as if the displacements in t lfte  directions had been 
made independently. From this it easily follows that the 
sum of any number of displacements causes forces equal to the 
sum of the forces corresponding to the’separate displacements : 
and then, by the reasoning- in (lb).*and ( f l ) ,  any number of 
undulations, produced by vibrations* in different directions, 
may eo-axist without disturbing each other.

PliOF. 22. To explain the separation o f common light into



two pencils by doubly-refracting crystals: and to account for 
the polarization of the two rays in planes at right angles to 
each other.

106. W e  shall assume for the state of the particles of 
ether within a crystal, an arrangement similar to that de
scribed in (10 1), or at least possessing tins property, that there 
are three directions® at right angles to each other, in which 
if a particle be disturbed, the'resultant of the forces acting 
on it will tend to move it back in the same, line in which 
the displacement is produced. These lines we suppose to 
he parallel to some lines determined by the form of the 
crystal.

107. Now in general the displacement + of a particle or 
a series of pai tides will not pi'odimj} a force whose direction 
coincides with the line oi displacement. For suppose the 
disturbance in the direction of x  to be 5?; that in the direc
tion of ?/ to be Y : and suppose the corresponding forces to be 
a2X  arul U‘ Y. The tangent of the angle made bv the resultant

If Vforce with the axis of x  is —- s  but the tangent of theft' A
angle made by the direction of d ’splacement with the axis 

Y
of x  is : and these arc different if a2 and I? are different.

In the same manner if we supposed a displacement Z  in the 
direction of s, and if it product®, a force c2Z, the tangents of 
the angles, made by the projection of the resultant’s direction

* M . Fresnel has demonstrated that this must be the case when the small 
displacement of a particle in the direction of any one of the co-ordinates pro
duces forces in the direction of all, represented by multiples o f that displace
ment. This is apparently the most general supposition that can be made. 
Alvmoires de Vhistit'ut, 18:24. See also Griffin’s Theory o f  Double Refraction.

f  W e have spoken here of displacements as i f  the forces concerned in the 
transmission o f  a wave were thus put in play by absolute displacements. It  is 
however plain from (103) that the forces on A really put in play are produced 
by relative displacements : but it is evident that those forces are the same as 
those that would bo put in play by the absolute displacement

d (2u ~ u —u ) o r , , . —.- x '  dxr 2
In  like manner, when the direction o f  displacement is any whatever, the quan
tity \ (2u - u '  -  uy) in its proper direction may be resolved into the direction o f 
the co-ordinates, and the forces really acting on A will be the forces corre
sponding to these spaces considered as absolute displacements.



a2 A'
on tlie planes of xs  and yz  with the axis of z, would be ^

a id  : while those made by the projection of the line of 
&Z

X  Ydisplacement would be and ^  .

109. Now suppose that, in fig. 2G, M N  \a the front of a 
•wave : or by the definition of (20) and the assumptions of 
(99) and (101), all the particles in the plane of which M N  
is the projection are moving with equal motions . .1 that plane. 
In general the force which acts on these particles^ in conse
quence of their displacement, is not in the direction of the 
displacement, and is not even in the plane MN. Kesolve it. 
into two, one perpendicular to the plane and one parallel to it. 
The former of liese may be neglected, because it can only 
produce a motion which,'by (101), is not sensible to the eye. 
The latter, though in the plane, will not generally be in the 
direction of the displacement. It is impossible then to find 
what motions will be caused by this displacement without 
resolving it. I f  we can resolve it into two, such that the 
force produced by each displacement is in the direction of 
that displacement, then we can find for each of these separately 
the motions that will result from it. It is clear now ihnt we 
have fallen on a case exactly similar to that of (104), and 
the conclusion is the same, namely, that there will be two 
series of waves travelling with different velocities.

109. Now in (34) we have found that the refraction in 
a transparent medium depends on the velocity of the wave 
within that medium. Consequently the refraction of the two 
series of waves will be different; and thus is explained the 
bifurcation of the ray, when common light is incident on 
a surface of the crystal. And each of these consists of vibra
tions parallel to one line, that is, by (99), of polarized light 
and, as will appear by subsequent investigations, die lines of 
vibration are perpendicular to each other, and therefore the 
planes of polarization (which are perpendicular to the lines of 
vibration) are perpendicular to each other. This explanation 
may be considered as the most important step in Physical



Science since ,tlic establishment o f the' law of gravitation by 
Newton.

P ro p . 23. To investigate the law o f double refraction in 
uniaxal crystals.

110. B y uniaxal crystals we mean those in which b7= a 2! 
while c2 is not equal to a2. The investigation, it is seen 
from (108) and (109), reduces itself to these two things; the 
discovery of those directions of displacement in the plane ot 
a wave in which the resolved part of the force parallel to 
the plane is m the same direction as the displacement, and 
the investigation of the velocity o f transmission for waves 
whose vibrations are in those directions. Now the force, 
produced by a displacement in any direction parallel to the 
plane of xy, is in the same direction as the displacement: and 
therefore it is indifferent what line in the plane of xy  we take 
for x. Let x  then be perpendicular to the intersection of the 
front of the wave with the plane xy. In fig. 27, let JLVbe 
the projection on the paper of the front of the wave (supposed 
perpendicular to the paper), A M  the axis of x, A N  the axis 
of z, which we shall call the axis* of the crystal: 6 the 
angle made by the front of the wave with the plane of xy. 
1 'hen it is plain, from the symmetry of the forces with respect 
to z, that a displacement parallel to the line M N  will cause 
a force whose resolved part parallel to the plane M N  is in 
the line M N ; and that a displacement in the plane M N  per
pendicular to the line M N  will cause a force also perpen
dicular to MN. The vibration then of the wave incident on 
the crystal must be resolved into two vibrations parallel to 
tlies®, and these vibrations, as in (108), will produce two 
rays that will travel with different velocities.

111. Now the force put in play by a displacement per
pendicular to the paper i-s represented by a2 x displacement. 
Consequently the wave depending on these vibrations moves 
with the velocity a whatever be the position of the front 
of the wave. This is the same law as that assumed in (34)

* This always coincides with the mineralogical axis o f the crystal. Thus 
in Iceland spar it is in the solid angle included by three obtuse angles o f the 
plants o f cleavage, and makes equal angles with them ; in quartz, tourmaline, 
beryl, &c. it is the axis of the prism.



for common refracting media, and the resuldng law of re
fraction is therefore the same. Let any plane passing through 
the axis of z or the axis of the crystal be called a principal 
plane o f the crystal; then this conclusion may be stated thus : 
the waves consisting of vibrations perpendicular to a prin
cipal plane of the crystal are refracted according to the 
ordinary law of refraction. This accounts for the refraction 
and polarization of the ordinary ray.

112. For the displacement in the plane o f the paper: 
putting D  for that displacement, it may be resolved into 
1) cos 9 parallel to a, and D  sin 9 parallel to z. H ie result
ing forces will be represented by a2D  cos 9 parallel to x  and 
(?]) sin 6 parallel to z ; and the sum of the resolved parts of 
these parallel to M N  is represented by

D  (a2 cos2 9 +  c? sin2 9).

The velocity of transmission of the wave perpendicular to its 
own front is therefore

(a2 cos2 9 +  c2 sin2 9).
This is not the same in all directions; and hence the waves 
consisting of vibrations parallel to a principal plane of the 
crystal are not refracted according to the ordinary law.

113. I f  now the front of a wave produced by such vibra
tions haveljjt any time the form PQ R , fig. 28, the form of the 
front at a succeeding time \\ '11 be determined by taking Pp  per
pendicular to the surface at P  and proportional to the value of

V (a2 cos2 9 +  c2 sin2 9) there ;
Qq perpendicular to the surface at Q and having the same 
proportion to the value of

V («2 cos2 9 +  c2 sin2 6) there; &c.
I f  the wave were produced originally by an agitation at G, all 
the successive fronts must be similar; and if we take points 
of all where their tangents are parallel, that is, points along a 
radius CQ, the perpendicular distance of each front from the 
next is proportional to

\'[d2 cos2 9 +  c2 sin2 9),



and therefore the sum of all, winch is the same as the perpen
dicular on the tangent at Q, must be proportional to

V (a2 cos'2 9 +  c2 sin2 6).

Therefore, to find the form o f an extraordinary wave diverging 
from a point, we- must solve this problem : To find the curve 
where the perpendicular on the tangent is proportional to

V (a2 cos2 9 J- (? sin2 6),

9 being the angle made by the tangent with the axis of x. It 
is well known that this is an ellipse, whose axes in the direc
tions of 3 and x  are in the proportion of a : c. Corfefcquently, 
to discover the path of the extraordinary ray, we must suppose 
the waves produced by vibrations parallel to a principal plane 
to diverge in the form of a spheroid of revolution round a line 
parallel to the axis of a, and must suppose the semi-axes of the 
spheroid parallel and perpendicular to a to be represented by 
a and c : and must then proceed as for common light. The 
radius of the sphere into which the ordinary wave hasj di
verged must at the same time be represented by a.

114. It is easily seen that the motion of an extraordi
nary wave in the crystal is not generally perpendicular to its 
front. For let A B , fig. 29, be an aperture through which a 
small part of an extraordinary wave passes : Cl) a line par
allel to the axis of the crystal. Consider A , a, b, c, &e. as 
the origins of equal spheroidal waves, the axes of the waves 
being parallel to CD. It is plain that the part between E  
and F  is the only place n which the waves strengthen each 
other, as at all points on both sides of this they precede or 
follow each other by different quantities, and therefore mutu
ally destroy each other, while between E  and F  the neigh
bouring waves meet in nearly th’e' same phase. The wave 
therefore will seem to tr&vel from A ll  to EF. The general 
rule therefore is this; describe a spheroid whose axis is 
parallel to the axis of the crystal, and find the point of its 
surface where the tangent plane is parallel to the front of 
the wave; then the motion of the Avave is parallel to the 
radius of that point.

115. The general construction for determining the path



of both rays is this. In fig. 30, let tlie plane o f the paper 
be the plane of incidence, B A ' the projection of the surface of 
the crystal, A B  the front of a wave moving in the direction 
A A '. Let CD  be the axis of tlie crystal, not necessarily in 
the .plane of the paper. W hile a part of the wave moves 
in vacuum from A  to A', suppose that the ordinary wave 
diverging from B  will spread into the sphere Fo, and the 
extraordinary wave into the spheroid Fe (whose axis of revo
lution =  diameter of sphere). Through the line, of which A! 
is the projection, draw a plane touching the sphere in o ; 
this plane is the front of the ordinary wave, and Bo repre
sents the direction and velocity of its motion. Through the 
same line draw a plane touching the'spheroid in e; this plane 
is the front of the extraordinary wave, and Be ^presents 
the direction and velocity of its motion. I f  the axis of the 
spheroid does not lie in the plane of the paper, and is not 
perpendicular to the plane of the paper, the point e will not 
be in the plane of the paper: and thus the direction of the 
extraordinary ray will not lie in the plane of incidence. 
The demonstration of this construction is exactly simi'ar to 
that of (34).

The course of an extraordinary ray after internal reflection 
is to be found in a manner analogous to that of (32). Thus 
m fig. 30, suppose that the extraordinary wave whose front is 
Ale mov.e^-in the direction A G  and is wholly or partially 
reflected at the surface G il. W hen tlie part A' has arrived 
at G, suppose the part e to be at I  on its way to II. Then 
when I  peaches IT, the small wave caused by the disturbance 
at G will have extended into a spheroid similar and equal to 
that which must be described from the center I  to pass 
through H . Let K I I  he this spheroid (the axis being always 
parallel to CD), and L M  the spheroid equal to it whose center 
is G : let 1IL be the tangent plane passing through the line 
jirojected in II. Then, as in (3>ĵ , IIL  is the front of the 
reflected wave;, and, as above, GL  is the direction of the 
'reflected ray. Here the angle of reflection is not generally 
equal to the angle of incidence, and the angles of incidence 
and reflection are not generally in the same plane.

13. we consider the extent of refraction to be deter



mined by the change in the position of the front of the wave 
(which is sometimes the most convenient way), and if the 
spheroid be oblate, as it is for Iceland spar, beryl, tourmaline, 
&c., the extraordinary ray is always less refracted than the 
ordinary ray, since in fig. 30 the spheroid includes the sphere. 
I f  the spheroid be prolate, as in quartz, uniaxal apophyllite, 
&c. the extraordinary ray is always more refracted than the 
ordinary ray. The normal to the front of the wave is always 
in the plane of incidence.

117. A  compound prism which produces great angular 
separation of the two rays is thus constructed. Let a prism 
A  be cut from Iceland spar with its edge parallel to the axis, 
and another prism B  of equal angle with its edge perpen
dicular to the axis, and let them be placed as in fig. 31. 
The vibrations parallel to the plane of the paper will furnish 
the ordinary ray of A  and the extraordinary ray of B , that 
is, this wave will be most refracted by A  towards G, and 
least by B  towards D, and it will therefore on the whole pass 
towards G. In a similar manner, the wave produced by 
vibrations perpendicular to the paper will be least, refracted 
by A  towards 0, and most refracted by B  towards 1), and 
it w ill therefore on the whole pass towards D. I f  the prisms 
be cut from quartz, the separation is in the opposite di
rection; it is smaller also, as the prolate spheroid of quartz 
differs less from a sphere than the oblate spheroid of Ice
land spar.

P rop. 21. T o  investigate the law o f double refraction in 
biaxal crystals.

118. B y biaxal crystals are meant those in which ad, B, &, 
are all different. Our limits will not allow us to go through 
the whole of this investigation, and we shall merely give the 
principal steps, referring for details to the Memoir as de T in -  
stitut, 1824; the Annales de Chimie, 18*28; the, .Cambridge 
Transactionss Yol. VI. p. 8 5 ; and Mr Griffin’s Theory o f  
Double Befi'action; and generally to the Memoirs o f  the prin
cipal scientific societies, especially those of the Iloyal Irish 
Academy, to the Cambridge Mathematical Journal, and to the 
Ph i losopldcal Magas me.



119. Tlie first thing to he clone, as in (108), is to find 
two directions in the front of a plane wave in which a dis
placement producjfe a force, in the same direction, neglecting 
that force which is perpendicular to the front. As we shall 
only have to calculate the forces in the directions possessing 
this property, we shall at once resolve the whole force of 
displacement into two, one parallel to the direction of dis
placement, the other perpendicular to it (not necessarily 
perpendicular to the front o f tlie wave), and shall neglect 
the latter. I f  the direction of displacement make angles 
A”, Y, Z, with the axes of x, y, z, this resolved force, as 
in (111), is

displacement x (a2 cos2 X  +  V2 cos2 Y  +  c2 cos2 Z ).

Construct a surface of which the latter factor is the radius, 
rvhich we shall call the surfac<§T of elasticity; it is easily seen 
that the radius is the squared reciprocal of the radius in the

ellipsoid whose axes are ,  ̂ .

120. Make a section by the plane front of the wave 
through the center of this surface; the radius vector of the 
Section will be the square of the reciprocal of the radius 
vector in the corresponding section of the ellipsoid, that is in 
an ellipse; and this'section of the surface of elasticity will 
therefore be a curve symmetrical with respect to its greatest 
and least diameters, which are at right angles.

121. The radius vector of this section in any direction 
repjjflsents the resolved part, in that direction, of the force 
produced by displacement in that uirection, the neglected 
part being perpendicular to that direction and not necessarily 
perpendicular to the front of the wave. I f  now we examine 
the direction of displacement in which the neglected part is 
perpendicular to the front of the wave, it is found that the 
greatest and least diameters above alluded to are the only 
ones which satisfy this condition. Consequently the vibra
tions must be resolved into two, parallel respectively to these 
diameters; and these will produce the two waves. Their 
velocities will be represented by the square roots of the values 
o f those sem’-diamcrcrs.



122. In two positions of the front of the wave, and no 
more, the section becomes a circle. Whatever then is the 
direction of vibration in that front, the velocity of trans- 
mi'.siou is the same, and there is no separation of fronts of 
waves, though there may be separation into two or many 
rays. The two lines perpendicular to these circles are called 
the optic axes.

123. The difference between the squares of the velocities 
of the two waves is proportional to the product of the sines 
of the two angles made by the front of the wave w ith the 
two circular sections, or to the product of the sines of the 
angles made by the normal to the front with the two optic 
axes.

124. The plane of polar zation of one ray bisects the 
angle made by the two planes which pass through the normal 
and the two optic axes : and the plane of polarization of the 
other is perpendicular to it. This is easily shewn thus: 
where the front of the wave cuts the two circular sections, 
the radii in the section by the front must be equal to the 
radii of the circles, and therefore must be equal to each other, 
and therefore must make equal angles on both sides of the 
longest or shortest diameter: and therefore if the planes be 
projected on a sphere concentric with the surface of elasticity, 
the point which is the projection of the longest or shortest 
diameter will bisect one side of the spherical triangle. Con
struct the spherical triangle whose angles are the poles of 
those sides: then the circle drawn from the bisection to the 
pole of that side (which is the projection of one plane of 
vibration) will bisect the angle made by tlie sides joining 
that pole, or the pole of the front, with the optic axes, inas
much as those sides are equally inclined to the quadrants 
joining that pole with the two angles of the first triangle 
where the front of the wave meets the circular sections.

125. The form into which the wave must be supposed to 
diverge is determined as in (113), by finding the forms of the 
surfaces where the perpendicular to the tangent plane is pro- 
port'onal to one of the velocities found in (121). After a very 
troublesome algebraical process it is found that the equation



expr&sing the two surfaces (which are in fact one continuous 
surface) is

(x2 +  f  +  z-) (a V  +  + cV ) -  a2 (Z,2 +  c2) x2
-  F  (a2 +  c2) y2 -  c2 (a2 +  Z>2) s2 +  a W  =  0.

This cannot he resolved into factors, and therefore cannot 
express a sphere and any other surface, as in (111) and (113). 
Consequently neither of the rays is subject to the law of 
ordinary refraction. This conclusion might also have been 
drawn from the observation that neither o f the velocities 
found in (121) is constant. The direction, &c. of the two 
rays when light is incident on a surface of the crystal arc 
found exactly as in (114), using the surface above mentioned 
instead of the sphere and spheroid, and finding the two posi
tions of the tangent plane passing through the line projected 
in A ', fig. 30.

The properties of this wavc-surface are however so- im
portant, and one of the deductions from them so singular, 
that we shall devote some subordinate articles to a statement 
of them, referring for complete discussion to tlio Transactions 
o f  the Royal Irish Academy, Vol. x v i i .

125 (a). I f  in the equation above we make 3 =  0, we find 
for the section in the plane of xy

(F  +  f )  ( a V  +  Fif) -  c2 ( a V  +  F f )  -  FF  ( x 2+ y 2) +  a W  =  0 ;

or (x2 +  ?/2 — c2) (a2x2 +  F y2 — FF) =  0.
That is, the curve of intersection of the plane of xy  with the 
surface is in fact two separate curves: one a circle while 
radius is c, the other an ellipse whose semi-axes are a and h. 
In like manner, the curves of intersection with yz will be, 
a circle whose radius is a, and an ellipse whose scmi-axas. 
are h and c : and the curves of intersection with xz y ill be, 
a circle whose radius is b, and an ellipse whose semi-axes 
are a and c.

125 (IS). Suppose now that a is greater than b, and h 
greater than c. '''hen, on the plane yz, the circle of radius a 
will completely inclose without touching' the ellipse of semi- 
axes b  and c : and, on the plane x y , the ellinse of semi-axes



a and b will completely inclose without touching the circle of 
radius c. But on the plane xz, the ellipse of semi-axes a and 
c will cut the circle of radius Z> .at four points. These propo
sitions are due to Fresnel.

125 (c). 'When the nature of the waye-surface is ex
amined with particular reference to these four poims (which 
was first done by Sir "W. It. Hamilton) it is found that, as 
viewed from the outside, there are four conical depressions; 
and, as viewed from the inside or center, there are four cones 
projecting towards the outside. The surface, in fact, consists 
o f two quasi-cllipsoidal sheets or surfaces, one completely in
closed within the other; but at these four points, the inner 
surface is drawn outwards, and the outer surface drawn in
wards, so as to establish a connexion between the two sur
faces.

125 (d). On examining the nature of the ring (very 
nearly circular) which forms the external base of any o-ne of 
the depressed cones, it is found that it is in one planq: that, 
in fact, at that part, a tangent-plane touches the external sur
face in a ring; and that the plane of the ring and tangent its 
parallel to one of the circular sections in (122).

125 (e). Remarking then the construction for determining 
the course of a refracted ray in (114) and (115), it will he 
seen that, if a wave of light enter the crystal with its front 
normal to the optic axis, or parallel to the circular sections of 
the surface of elasticity (122), or parallel to the tangent-plane 
of the conical depression; its front will continue parallel to 
that tangent-plane; and the direction of the ray will be the 
direction of a line from the center of the wave-surface to some 
point of the tangent-ring. A t first, there appears to be no 
reason why the course of the ray should »£leet one point of 
the ring rather than another; this is determined by the fol
lowing consideration.

125 ( / ) .  A  construction similar to that o f (124) deter
mines the plane of polarization of the ray. It seems that’"',

* For a ray which falls exactly in any part of the ring, the wave-front is 
exactly normal to the optic axis. But for a ray which falls by the smallest 
quantity external (for instance) to the ring, the front o f the wave is inclined us



in tliis case, (in which the construction of (124) fails), the 
plane of polarization is thus determined: Draw one plane 
through the ray and through one optic axis, and draw an
other jilane through the ray and through the other optic axis; 
and the plane of polaiization bisects the angle formed by 
these two planes. To one plane of polarization thus deter
mined, there corresponds only one ray. Consequently, if 
polarized light be incident, only one ray is formed: but if 
common light be incident (which, not improbably, consists 
of successive series of waves polarized in every conceivable 
plane), rays will be formed directed to every point of the ring, 
each ray having the polarization proper to its point of the 
ring; and a conical sheet of light will bo formed within the 
crystal. On emerging at a plane surface parallel to the sur- 
face'*of entrance, the emergent rays will be parallel to the 
first incident ra y ; and a cylindrical sheet of light will be 
formed in air, still preserving in every part its peculiar polar
ization.

12.5.(g). This very singular result of the theory of undu
lations has been verified by Dr II. Lloyd, as regards both 
the distribution of light and its polarization. And the agree
ment of the prediction and the observation is undoubtedly 
one of the most remarkable proofs of the general correctness 
of the considerations by which the laws of double refraction 
are determined.

125 (7i). I f  a ray of light, consisting of light polarized in 
different planes, be made to pass through the crystal in the 
direction of the line from the center of the wave-surface to the 
vertex of the cones (which will he done by permitting light 
from all directions to fall upon the crystal, and limiting its 
course through the crystal by plates with very small holes on 
its opposite sides), each differently polarized beam will re-

from the center o f the ring. Applying tliis consideration to the construction 
o f  (124); and remarking that the intersection o f the front of the wave with the 
nearest circular section will be determined by bisecting the space between those 
two intersections ; it is easily seen that the rotation o f the plane o f polarization 
is half as rapid as the rotation o f the intersection with the near circular section; 
that is, half as rapid as the revolution o f the ray round the ring. This amounts 
nearly to the construction in the text.



ccivc a different refraction at thJ second surface, and an ex
ternal conical sheet of light will be formed. This also is 
verifted by experiment.

*125. Before leaving this investigation we must remark 
that this theory is imperf6€t in the same degree as the ex
planation of refraction. Iu every uniaxal crystal, we believe, 
the axis is the satne for all the colours, but the ratio of a to c 
is not the same for different colours. In biaxal crystals gene
rally the direction of the three axes is the same for different 
colours, but the ratio of a. b, c, is not the same, and con
sequently the position of the optic axes ( lA )  is not the same 
for different colours, though the optic axes for. all colours are 
in the same plane And it has been discovered by Sir John 
Hcrsehcl that the direction of the three axes is in some in
stances different for different colours, and then the optic axes 
for different colours are not all in the same plane.

P rop. 25. L ight polarized in the plane o f incidence falls 
on a refracting surface o f glass, & c .: to find the intensity o f 
the reflected and the refracted ray.

12G. The three next investigations which we offer to the 
readejugcannot be considered as wholly satisfactory. The ex
treme difficulty of mathematical investigation into the state of 
particles at the confines of two media prevents us from mak
ing them more complete. It is however gratifying to know 
that they are fully supported by experiment, and that they 
have given a law to phenomena, of which some appeared in
explicable, and others would never have been reduced to laws 
by observation alone.

127. Suppose that the pai deles of ether, retaining the 
same attractive forcet, are in the inside of glass, &c. loaded 
with some matter which Increases their inertia in the ratio 
of 1 : n, without increasing their attract ;on. The equation of 
(103) would be changed to this :

*h Perhaps this supposition is hardly reconcileable n ith that made in the
last proposition.



I f  the solution before wore u =  cj> (v t—x), the solution would 
now be

u =  (f> (vt — x  \fn).

The velocity o f transmission is diminished therefore in the 
ratio of \J(n) : 1. But we have supposed that the velocit 
is diminished in the ratio of ft : 1. Consequently n =  /A.

128. Now suppose that we have a series of equal quanti
ties of the ether in a line, and that a transverse motion is 
given to the first, which, from the constitution described in 
(103) it has the power of transmitting to the second, tjc. 
When we arrive at the surface (pf the glass, wc must take, 
volumes of the denser ether, whose dimensions are determined 
in the direction of the transmission of the wave by lengths 
proportional to the velocity of transmission, and in the other 
directions by their correspondence with the quantity of ether

which puts them in motion. Thus in fig. 32, if  D F — -,

the ether in A B D C  may be considered as putting C D FF  in 
motion. Put i  for the angle of incidence, % for that of refrac
tion. The proportion of the lengths in the direction of the 
ray is ft : 1, or sin i : sin i'. The proportion of the breadths 
is cos % : cos / .  The proportion of densities is 1 : /A, or 
sin2 i' : sin21. Combining these proportions, the proportion of 
the masses is

sin % . cos i  : sin i  . cos i .

Vow if an elastic body impinges on an equal elastic body it 
loses its own velocity and communicates to the other a velo
city equal to its own: this is similar to the action of one mass 
of the ether in vacuum on the next. Supposing the simila
rity of action to apply to the different states of ether at the 
confines at the medium, we must compare this with the mo
tion of two unequal elastic bodies^, and B  after the impact of 
A  with the velocity V  on B  originally at rest. It is known

A  — Bthat A  retains the velocity ,̂ V, and that B  receives the 
2A

velocity ^  V. Substituting for A , sin i". cos i, and for B,
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sin i . cos i', we find for the motion retained by the external

ether, -S!n ^  x its previous motion ; and for that commu- ’ sin (i +  %) ^ ’

external ether. JSTow by a succession of numerous impulses of 
this kind, following a given law, a series of waves with any 
law of displacement may be produced: and every impulse 
produces parts in the two media ha'v ing the proportions given 
above. I f  then the original displacement be represented by

that retained by the external ether, and which produces the 
reflected raj7, must be

and that transmitted to the internal ether, and which produces 
the refracted ray, must be

These formulae apply equallj7 to refraction from air into glass, 
and from glass into air, giving i  and i' their proper values. 
The intensities of the rays will be represented by the squares 
of the coefficients.

P rop. 2G. Light polarized perpendicular to the plane of 
incidence falls on a refracting surface: to find the intensity of 
the reflected and the refracted ray.

129. W e cannot here use the same kind of reasoning as 
in (128), because the motion of displacement (being in the 
plane of incidence and perpendicular to the patli o f the ray) is 
not in the same direction for any two of the three rays. To 
overcome this difficult)7, M. Fresnel has adopted the following 
hypotheses. First he supposes that the law of vis viva holds: 
that is, that the sum of the products of each mass by the square 
o f its velocity is constant. (This is certainly true if as in

nicated to the internal ether. 2 sin i . cos i x previous motion ofsin (i' +  i)



(128) masses are. supposed to act nearly as elastic bodies 
And in all eases of mechanical action it is equal to the sum of 
all the integrals of force x space through which it has acted, 
which is constant in all the cases of undulation that ,ve can 
strictly examine, and is probably constant in this.) Next lie 
supposes that the resolved parts of the motion perpendicular 
to tlie refracting surface will preserve after leaving the surface 
the same relation which they have there, and which, if they 
follow the same laws as those of the impact of elastic bodies, 
would be thus connected: the relative motions before and 
after impact will be equal in magnitude but opposite in sign. 
(This is confessed by M. Fresnel to be purely empirical.) 
Adopting these hypotheses, and considering the masses to 
be as

sin %'. cos i  : sin i . cos

and representing the displacements in the incident, refracted, 
and reflected ray, (estimated positive in that direction per
pendicular to their respective rays which is nearest to that 
of a body falling perpendicularly from vacuum on the re
fracting surface,) by a, h, c ; we have the following equa
tions :

sin i ' . cos i .a r  =  sin i . cos %'. Z>2 +  sin i ' . cos i . 6l 
a cos i —b cos i' +  c cos i.

Idliininating h,
(sin 2?" +  sin 2i) c2 — 2 sin 2i . ac — (sin 2i -  sin 2*) a2 =  0,

or (c — a) {(sin 2% +  sin 2i) c +  (sinfit" — sin 2i) a} == 0.
This equation is satisfied by c — a : but that would give 
I =  0, and therefore expresses only total reflection, vfncli 
would require exactly the same mathematical conditions as 
those that we have used, but would not correspond to the 
physical circumstances of the problem now before us. The 
other is the only solution which we want: it gives

tan [i' — i)



expression is obtained by makmg i ’ +  i =  90°. The displace
ment produced by the reflected wave is then =  0. Suppose 
now light consisting of transversal vibrations in all directions 
to be incident at this angle on a surface of glass, llesolve 
the vibrations' into two sets, one parallel to the plane of in
cidence and the other perpendicular to it. The former (as 
we have just seen) will furnish no reflected ra y : the latter, 
by  (128), will produce a reflected ray. Consequently the 
reflected light will consist solely of vibrations perpendicular 
to the plane of reflection. The condition i' +  i  =  90 gives

which (95) defines the polarizing angle. Thus the angle of 
incidence at which, according to theory, the vibrations of the 
reflected ray are entirely perpendicular to the plane of in
cidence, is the same as the angle at which, in experiment, 
the reflected ray is entirely polarized in the plane of inci
dence. And we have found from theory in (111) that the 
ray of a uniaxal crystal which undergoes the ordinary refrac
tion, and which (94) is said to be polarized in the principal 
plane, is produced by vibrations perpendicular to the prin
cipal plane. These are two reasons which induce us to say, 
as in (100), that light polarized in a particular plane consists 
of vibrations perpendicular to that plane.

Hence if the displacement produced by the incident wave is

that produced by the reflected wave is

and that by the refracted wave is

130. One of the most remarkable inferences from this

sin %' =  cos i, or —n-  =  cos i, whence tan i  =  fj,:

131. Another remarkable inference is this. I f  the two



surfaces of a glass plate are parallel, i  and i' at tlie second 
surface are tlie same as % and i  at the first. Consequently, 
if the light reflected from the first surface is polarized, or if 
*’ + * ' at the first surface =  90°, i + i '  at the second surface 
also =  90*, and therefore the light reflected internally from 
the second surface is alsoBolarized. This is true in experi
ment.

Many investigations applying to these problems are to be 
found in the Cambridge Transactions and other Transactions, 
the Philosophical Magazine, and the Comptes Rendus of the 
French Academy.

P kop. 27. Light polarized in a plane inclined by the 
angle a to the plane of incidence falls on the surface of a 
refracting medium : to find the position of the plane of polar
ization of the reflected light.

132. The displacement of a particle of ether before inci
dence may be represented by

in the direction making with the plane of incidence an angle

parallel to the plane of incidence. And these expressions 
will apply fhe reflected ray, giving x  the same alteration 
in both, and altering the coefficients in the ratios determined 
in (128) and (129). Hence w e 'Shall have after reflection,

Displacement perpendicular to the plane of incidence

(90° -  a) :
and this may be resolved into

perpendicular to the plane of incidence,



Displacement parallel to tlie plane of incidence
tan (*' — *’) . (27t , .— a sm a   jt, sm —  {vt — x)tan B +  *) (A, v 1

Since these are in the same ratio whatever be the value of x, 
it follows that the displacement compounded of these is en
tirely in one plane, and therefore the reflected light is polar
ized. And if /3 is the angle at which the new plane of polar
ization is inclined to the plane of incidence, or 90° — (3 the 
angle at which the new direction of vibration is inclined to 
the plane of incidence, we have

sin ({' — i)
a  COS a   y r , w  , . ,

. n sm if -M ) . cos u — i)cot /3 =  — — — - — it— rr =  -  cot a  7-77----- ,tan (i — i) cos (i + t )— a sm a  )-r,-----  ̂ 'tan (t +  i)
cos (*' +  i) or tan p  =  — tan a. ;  g-.
COS [ t  — l )

W hen i  and i are both small, f3 and a have different signs : 
this shews that the pianos of polarization before and after 
reflection are inclined''’ on opposite sides of the plane o f in
cidence. I f  i  +  i' =  90°, that is, if the angle of incidence is 
the polarizing angle, /3 =  0, or the plane of polarization of the 
reflected ray coincides with the plane of incidence: and if i
be further increased, f3 and a have the same sig^s. These
results have been verified by numerous observations and care
ful measures of M. Arago and Sir David Brewster.

P rop. 28. L iglit is incident ou tlie internal surfaee of 
glass at an angle equal to or greater than that o f total reflec
tion ; to find the intensity and nature o f the reflected ray.

133. The expressions in (128) and (129) become impos
sible. Yet there is a reflected ray, whatever be the nature 
of the vibrations in the incident light. And on the principle 
of vis viva the intensity of the reflected ray ought to be equal 
to that of the incident ray, since there is no refracted ray to

* The inclinations are considered to be on the same side when (supposing 
for facility o f conception the angle o f incidence to be considerable) the upper; 
parts o f both planes are on the same side o f the plane o f incidence.



consume a part o f the vis viva. And indeed in the last state 
of the expressions of (128) and (129) before becoming impos
sible, that is when i — 90°, each o f them becomes =  1. After 
this the expression for the coefficient o f vibrations perpen
dicular to the plane of i icidence (putting ^ s in i  for sin 1', 
and V(— 1) • V (/“ '" sin2 i  — 1) for cos i'\ becomes

fx sin i . cos i — sin i a/(— 1) a/(/a2 sin2 i  — 1) 
jx sin i . cos i  +  sin «V (— 1) V (/^ sm2 V — 1) ’

or cos 26 — \J{— 1) sin 20,

where ten g =  l } ,
fl cos %

and that for the coefficient o f vibrations parallel to the plane 
o f incidence becomes

sin i . cols i  — fx sin i  \J{— 1) a/(p? sin2 i  — H
sin i . cos i  +  /x sin i  V (— 1) V (/** si®2 i — l )  ’

or cos 2(f> — a/(— 1) sin 2<fi,

w i l e  tan^  =  ^ sin: i ^ .
cos %

It is improbable that these formulas are entirely without mean
ing : wliat can their meaning be ?

134. M. Fresnel seems to have considered that as the di
rection of the reflected ray and the nature and intensity of the 
vibration were already established, there remained but one 
clement winch could be affected, namely, the phase of vibra
tion. And it seems not improbable that this may be affected, 
inasmuch as the incident vibration, though it cannot cause a 
refracted ray, must necessarily cause an agitation among the 
particles of the ether outside the glass. It would seem to us 
most likely that the ray would be retarded (though the phe
nomena to be hereafter described compel us to admit that it is 
accelerated): and in all probability differently according to the 
direction in which the vibrations take place. Nothing then 
seems more likely than that 20 and 2cj> should express these



accelerations*: anti as they are angles, they must be com
bined with the angles in the expression for the vibration. 
Thus for instance, if

(2tt }
a sin \ —  (vt — x) >

I a  )
were the expression for the vibrations perpendicular to the 
plane of incidence on the supposition that they were not 
accelerated,

a sin 1^" (vt — x) +  2#j

would be the expression on the supposition that they were 
accelerated.

135. The only thing which concerns us experimentally 
is the difference 2<f> — 28 (which we shall call 8) o f the afjjpPc- 
rations, for vibrations perpendicular to and parallel to the 
plane of incidence. Now

' fj, sur«

. 5. 1 — tan2 (<p — 6) 2/j? sinS" -  (1 +  fj?) sin2 i  +  1
whence cos b =  ——— w =  ------ , s i-- - *- •— :----------.1 +  tan (tp — 0) (1 + / t ) sm t — 1

* M . Fresnel’s reasoning is o f  this kind. In  several geometrical cases, the 
occurrence of an imaginary quantity indicates a change o f 10° in the position 
o f the line whose length is multiplied hy V  -  1. It is probable then that here 
the multiplication hy V i - ! )  denotes that the phase of the vibration which it 
affects is to be altered (suppose increased) by f(J°. Thus the expression

(cos 20 +  V ( -  1 ) s'n • B*a f t - *) j
is to be interpreted as signifying

cos 20 . sin (rf-tc) j + sin  2 0 . sin j~  {v t-x )  +90° j ,

t 27r ) (2tt )
or cos 20 . sin j (vt — x)J +sin  2 0 , cos j (v t - x ) j ,

( A  ) l A J

or sin j ~  ( v t -x )+  20^ .

And similarly for the other.
Q o



It appears from this expression that S =  0 when sin i  =  — , or 

when sin i  =  1 : and that S is greatest when

• 2 . 2s m  i =
the value of cos S being then

1 -\- fjj

8/j? 1.
( 1 + ^ ) 2

I f  wo assume S =  45°, we have this equation :

^  ; = 1  +  V i :(I -f /B) cosec2 i  — cosec4 i
the solution of which, supposing /j, =  1,51, gives

4 =  48°. 37'. 30", or 54°. 37'. 20".
I f  then light he incident internally on the surface of crown 
glass at either of these angles, the phase of the vibrations in 
the plane of incidence is accelerated more than that of the vi
brations perpendicular to the plane o f incidence by 45°. I f 
the light be twice reflected in the same circumstances and with 
the same plane of reflection, the phase o f vibrations in the 
plane of incidence is more accelerated than that of the other 
vibrations by 90°.

136. I f  then we construct a rhomb of glass, fig. 33, 
two of whose sides are parallel to the plane of tlie paper, 
and the others perpendicular to tlie paper and projected in 
the liisgs A B , B  0, CD , D A ; and if the angles at A  and G 
are 54°. 37': then light incident perpendicular to the end 
at F  will be internally reflected at 6f and. II, making at 
those points angles of incidence 54°.37', and will emerge at 
I  in the direction parallel to that in which it entered at F. 
The immersion at F  and the emersion at I  will produce no 
alteration in the light, but the effect of the two reflections 
at G and I I  will be to accelerate the phases of vibration 
in the plane of the paper more than those perpendicular to 
that plane by 90°. A  rhomb thus constructed we shall call 
Fresnel's rhomb.



P rop. 29. Polarized liglit is internally reflected in a 
refracting medium at an angle of incidence greater tlian that 
necessary for total reflection: to find the nature of the re
flected ray.

137. Let the plane of polarization make 'with the plane 
o f incidence the angle a. Then the vibration, represented by

is performed in a direction making the angle 90° — a with the 
plane of incidence. Consequently the resolved vibrations are

parallel to the plane o f incidence. The latter of these, by 
(135), is more accelerated than tlie former by S. I f  then after 
reflection we use

to express the vibration perpendicular to the plane of inci
dence, we must take

same expression holds if  the light is internally reflected any 
number of times, (the planes o f incidence being always the 
same,) if we take care to give the proper value to S.

138. Now let us examine the motions of a particle of 
ether in the reflected pencil. W e will take y  for the ordi
nate in the plane of reflection, and z for that perpendicular 
to it, both measured from the place o f rest o f the particle, 
in the plane transverse to the direction of the reflected ray.

perpendicular to the plane of incidence, and

a sin a . sin j - — (yt — x) +  dj- 

for the vibration parallel to the plane o f incidence. The



(1) Let a =  45°, and S =  DO11. (This represents the case 
o f Frcsncl’s rhomb when the plane of polarization is 
inclined 45° to that of reflection). Here

y  =  a V i  • cos j 2̂  (vt -  x) J , z =  a . sin j 2’ ’" (vt -  a) j  ,

and f + z *  J J .

That is, every particle describes a circle whose radius 
a

1S V 2 ’

(2) Let a have any value, 8 being =  90°. (This is the 
general case of Fresnel’s rhomb). Here

(27T . .1
y  =  a sin a . cos j —  (vt — x) j-,

z — a cos a . sin (vt — £c)|,

ffp P
and ■ „ „ + — —  =  1.

a sin a a cos a

That is, every particle describes an ellipse, whose 
semi-axes are a sin o. parallel to the plane of reflec
tion, and a cos.a perpendicular to that plane.

(3) In the general case, a and 8 having any values,

y  =  a sin a sin j —  (vt — cc) j  cos S

+  cos j —  (vt — cc)| sin 8

■ f2w / Jz =  a cos a . sm 1—  (vt — x) j-.and

Hence sin ^  (vt — x)
\ a cos a



and (y  — tan a . cos 8 . z)~

=  dr (sin2 a . sin2 8 . cos2 j Ẑ  (vt — a) j-

=  ar. sin2 a . sin2 8 1 — sin2 (vt — a) j

=  a~. sin2 a . sin2 8 — tan2 a . sin2 8 . z~:

the equation to an ellipse whose axes are inclined to 
the plane of reflection.

(4) I f  we compare the expressions for y  and z in tlie first 
case with the equations to a circular helix (t being 
considered constant), we find that they exactly co
incide. That is, a series of particles which were 
originally in a straight line, will be at any subse
quent time in the form of a circular helix. In the 
other cases, the position of the particles will bo what 
may by analogy be called an elliptic helix.

(5) For all values of 8, if  a =  0 , or if a =  90°, the re
flected light has the same polarization as the incident 
light.

139. The nature o f the light in the reflected ray may 
then be generally expressed by saying that it is ellipticalhj 
polarized: and in the first case by saying that it is cirmlarh/ 
polarised. Wherever after this we speak of common polar
ized light we shall for the sake of distinction call it plane- 
polarized, light. 'From the investigation of the second case it 
appears that Fresnel’s rhomb, by proper adjustment o f posi
tion with respect to the plane of polarization, is capable of 
producing clliptically polarized light of every degree of cllip- 
ticity. W e will therefore suppose that the circularly or cllip
tically polarized light is produced by Fresnel’s rhomb*. For 
use, it is convenient to have it mounted iu a frame which, 
without stopping the light, admits of its turning round the 
axis HI, fig. 38 : this frame may be placed on the board in

* W e shall hereafter mention another contrivance which produces nearly 
hut not exactly the same effect, and which lias been used more extensively than 
Jfresnel’s rhomb.



fig. 24: then the light plane-polarized by A  is by the rhomb 
converted into circularly or elliptically polarized light, and 
emerges from the end 1 )0  opposite to the analyzing plate B  
in fig. 24. I f  the mounting be graduated so as to determine 
the angle made by the plane of polarization with the plane of 
reflection, then when this angle is 0, 90°, 180°, 270!>, the plane- 
polarized light is not altered: when it is 45", 135°, 225°, 315", 
the emergent light is circularly polarized: when it has any 
other value, the light is ellipjtically polarized.

140. Now it is evident that circularly polarized light 
may be resolved, into two vibrations parallel and perpen
dicular to any arbitrary plane, and that the .magnitudes of 
those vibrations are always the same. Consequently this 
light, when examined only by the analyzing plate B, shews 
no sign of polarization (97), (99), &c. This is experimentally 
true. But if elliptical iy polarized light is resolved in the 
same way, though neither of the resolved parts ever vanishes, 
yet their magnitudes v a ry : and therefore when examined 
with the analyzing plate it will appear to be partially po
larized. This is also true.

141. Between two kinds of circularly polarized light 
there is an important distinction which wc have not yet 
pointed out. We have seen that if a — 45" in Fresnel’s 
rhomb, the light is circularly polarized: it is also circularly 
polarized if a =  — 45". For in the latter case

The d’fference consists in the difference of direction of each 
particle’s motion. In the former case,

and therefore
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in the latter

-  =  — tan [vt — x) 
y  (X

I f  we suppose the plane of reflection vertical, y  measured 
upwards, and z to tlie right liand (looking in the dirfestion of 
tlie wave’s motion), then in the former case the revolution 
will he in tlie same direction as that of the hands of a watch, 
and in the latter case in the opposite direction. In the former 
case the expressions shew that the particles which were ori
ginally in a straight line will he at any time arranged as in 
a left-handed spiral; in the latter case, as in a right-handed 
spiral. A  similar distinction exists between two kinds of 
elliptical polarization.

142. One of the most remarkable proofs of the correct
ness of the theory is th is; if a secfoiid Fresnel’s rhomb be 
placed to receive the light coming from the first, and if its 
position be similar, the emergent light is plane-polarized, but 
the new plane of polarization is inclined 2a to the former 
plane of polarization. The theoretical explanation is this ; 
the vibrations in the plane o f incidence are accelerated 90° 
by the first rhomb and 90° again by the second rhomb, move 
than those perpendicular to the plane of incidence. Conse
quently {taking up the investigation of (137)}, the vibration 
perpendicular to the plane of incidence being

-*)]•>

that parallel to the plane will be

As these are always in the same proportion, the vibration is 
entirely in one plane, or the light is plane-polarized. But as 
the tangent of the angle made with the plane of reflection 
is — tan a, instead of tan a, which was its value before inci-

a sin a . sin <j -~ (vt — x) +  180"

a  c o s  a . s i e
27r 
X (vt



dence, the plane o f polarization is inclined on the side of the 
plane of reflection opposite to that on which it was before, and 
by the same angle; the change of position therefore is 2a.

I f  the second rhomb is placed in a position 90° different 
from that of the first, the emergent light is similar to the in
cident light. For, the vibrations which were most accelerated 
by the first rhomb are least accelerated by the second rhomb, 
and vice versd, so that the relation o f their phases is not 
altered.

143. It is remarkable that in the only other case of re- 
flaction unaccompanied by refraction whose laws are well 
known to us, namely reflection at the surfaces of metals, the 
reflected ray appears to possess properties similar to thefle of 
light totally reflected within glass: if the incident light is 
plane-polarized, the reflected light is in fact elliptieally po- 
larieed, and the difference of the phases varies with the angle 
of incidence. It is not however certain that we can refer the 
physical explanation to the same principles: all that we can 
seem able to conclude from it is that the reflection from me
tallic surfaces is not strictly analogous to the reflection of 
sound from a wall, but has a closer relation to reflection from 
a surface terminating a dense medium*. Whether any ex-

* I t  appears from Sir David Brewster’s experiments that, in reflection from 
metals, the proportion of the vibrations parallel to the plane o f reflection in the 
reflected ray to those in the incident ray, is less than the proportion of the 
'vibrations perpendicular to the plane o f  reflection in the reflected ray to those 
in the incident ray. Consequently, after a great number o f reflections from 
metallic surfaces, the reflections being all performed in the same plane, the 
vibrations parallel to that plane are diminished in a rapidly-decreasing geome
trical series, and are soon insensible, and therefore the light appears to be polar
ized in the plane o f reflection. This happens with a much smaller number o f 
reflections from steel than from silver. It  appears also that the alteration of 
phases o f tlie two sets o f  vibrations is somewhat different for different metals, 
and different at different angles o f incidence ; beginning to be sensible at the 
incidence 40° nearly, and amounting at its maximum (which it has at an inci
dence o f nearly 70°) to about 90° ; perhaps to more, but Kir D . Brewster’s state
ments leave it doubtful. I t  is also doubtful whether the phase of the vibrations 
parallel to the plane of incidence is accelerated or retarded. See Brewster on 
Elliptic Polarization, Phil. Trans. 1830. The nature of elliptically-polarized light 
had been sufficiently indicated in a few words by Fresnel, and the merit o f this 
valuable paper consists entirely in shewing that the reflection of polarized light 
at a metallic surface produces light o f  that kind. The result o f these laws, on 
the principles of the text, may be thus stated. If the incident vibration per
pendicular to the plane o f  incidence is a .  sin (v t -o o + A ) ; the multiplier o f the



planatlon could he founded on the supposition that the ether 
is absolutely terminated at the reflecting surface, or that the 
ether within the metal is in a rarer state than that external 
to it, is a point that has not been examined.

ON TH E COLOURED R.INQS PRODUCED BY INTERPOSING A  
CRYSTALLINE BODY BETW EEN A  POLARIZIN G PLATE 

AND AN A N A LYZIN G  PLATE.

144. In (97) wo have mentioned as one of the funda
mental facts of polarization that if the planes of reflection of 
A  and B in fig. 24 are at right angles to each other, the 
angles of incidence at both being the polarizing angles, the 
light reflected from A  is incapable of being again reflected 
from 13. I f  the eye be placed near 13 so as to observe tlie 
image of A , a very dark spot is seen at its center, and the 
whole image, though not quire so black as the central spot, 
is very obscure.

145. How if  we interpose between A  and 13 a plate which 
possesses double refraction, the mage of A  is generally seen 
bright, but sometimes crossed by one or more dark brushes, 
and sometimes by rings of circular or more complicated 
figure, richly coloured. On inclining the plane of die in
terposed plate, the rings generally shift their places and are 
succeeded by others; shewing that the peculiar arrangement 
of colours and brushes depends on the relation of the direc
tion of the rays to some fixed lines in the interposed plate. 
There are few substances which when interposed present 
exactly the same phenomena, but nearly all exhibit appear
ances of the same general character: gorgeous colours, arrayed 
in symmetrical forms, generally shifting with every change in 
the position of the interposed plate, and always altering as 13

coefficient in the reflected ray p  : the corresponding quantities for the other 
vibration b . sin (vt -  x-\- B) and q : and the acceleration of the latter 5 : then 
after n  reflections the vibration perpendicular to the plane o f incidence is

a . p n. sin (vt ~~ x + A ) ,

and that parallel to the plane o f  incidence
6 . qn , sin (vt -  x +  B  -|-



is turned round its spindle. This class of pliamomena is far 
the most splendid in Optics.

146. The interposition of a piece of common glasS pro
duces no effect. And even a doubly refracting substance 
produces no effect, if it be placed to receive the light either 
before it is polarized at A , or after it is analyzed at B. It 
seems therefore that a doubly refracting substance has gene
rally the power of altering polarized light, in such a manner 
that the light, either from losing the character of polariza
tion, or from a change in the plane of polarization, acquires 
according to certain complicated laws the capability of reflec
tion. It appears however that it exerts no influence on com
mon light which makes it incapable of polarization as usual, 
and that it does not alter polarized light so as to produce any 
alteration in the impression made on the eye unless it is sub
sequently analyzed.

P kop. 30. To explain generally the origin o f the co
loured rings.

147. The general explanation may be given thus. From 
experience*, as well from the theory of (106) &c., it appears 
that, whatever be the nature of light incident on a doubly
refracting crystal, the two rays which it produces are polar
ized, one in one plane, and the other in the plane perpen
dicular to the former. That is, the vibrations of the inci
dent ray are resolved into two sets, one in one direction
and the other in the direction perpendicular to ‘that, which 
produce waves that describe different paths; and one of these 
forms the Ordinary ray and the other the Extraordinary 
ray. And from the theory of (108) it appears- that these 
two sets of waves v. ill pass through the crystal with different 
velocities, and therefore on coming out of the crystal will 
be in different phases. Their union therefore will produce 
a kind of light not necessarily plane-polarized, or not neces
sarily polarized in the same plane as before passing through 
the crystal: and therefore their capability of reflection at the

* Quartz is the only well-established exception to this rule. I t  appears 
that neither the ordinary nor the extraordinary ray o f quartz is strictly plane- 
polarized.



analyzing plate is, generally, restored. But, as the positions 
of the two planes of polarization, as well as tjfog difference 
o f velocity of the two rays, will depend upon the direction 
of the paths through the crystal, the nature of the light 
produced by the union of tlie two emergent streams will 
vary as the directions vary; and consequently tlie intensity 
of the light coining to the eye after analyzation will vary 
with the direction of the ray. Thus bright patches or curves 
o f different intensity will be seen. The difference, o f phases, 
it may be easily conceived, is generally a function of X, 
and thus the form or size of the curves may be different 
for differently coloured light. From the mixture of these 
differently sized and differently coloured curves, curves will 
be produced in which the mixture of colours is different 
at almost every point, as in the fringes of interference and 
in Newton’s rings.

148. \ Te have supposed here that neither plane of polar
ization of the rays in the crystal coincides with the plane of 
polarization of the light reflected from A . But conceive 
that in one direction of the ray, the plane of polarization 
o f the ordinary ray coincides vitli the plane of polarization 
o f light reflected from A . In that case the light reflected 
from A  will produce in the crystal only the ordinary ray, 
(92) and (95), and consequently the crystalline separation 
of the rays is of no consequence, because only one of the 
rays exists. The ordinary ray emerges therefore from tlife 
crystal just as it entered, unmixed with any other ray, and 
therefore falls upon B  in the same state as if it had not 
passed through the crystalline plate, and therefore, is not 
reflated. The same would be true, mutatis mutandis, if for 
another direction of the ray tlie plane of polarization of the 
extraprdinary ray in the crystal coincided with the plane of 
polarization of light reflected from A . Thus if we deter
mine all the directions of rays in which the plane of polar
ization of either the ordinary or the extraordinary ray co
incides with the plane o f reflection from A , the rays passing 
in those directions wjjl not be capable of reflection from B, 
and the appearance presented to the eye by the rays pass
ing in all these directions will be that of one or more black



lines not necessarily straight, cutting the coloured curves 
before mentioned.

149. I f  B  be turned round i s spindle till its plane of 
reflection coincides with that of A , the positions determined 
by the conditions of (148) wi 11 define the directions in which 
the light is most highly susceptible of reflection from B, 
and therefore one or more bright lines will be seen cutting 
the curves. I f  B  be turned to any intermediate position, 
it will be found in the same way that tlie directions of 
rays, which make the plane of polarization of either the 
ordinary or the extraordinary ray to coincide with the plane 
of reflection either at A  or at B, determine the form of 
lines which cut all the rings, and in which the intensity 
o f light is uniformly the same as if the crystal were not in
terposed.

These particular cases are pointed out merely as mat
ters of interest in the general explanation. The determi
nation of the form of the uncoloured curves will be included 
in the general investigation o f the intensity of light reflected 
in all directions from B.

P rop. 31. A  plate of Iceland spar (or other uniaxal 
crystal, except quartz) is bounded by planes perpendicular 
to the axis of the crystal: light is incident nearly in the 
direction of the axis ; to find the position of the front, and 
the velocity perpendicular to the front, of the ordinary and 
extraordinary waves : and the retardation of each produced by 
passing through rhe plate.

150. First, for the extraordinary ray. In fig. 34 let A B  
be the normal to the front of the incident wave, or the direc
tion of the incident ray: B  G the normal to the front of the 
extraordinary wave, which is not generally the same as the 
direction of the extraordinary ray : CD the direction o f emer
gence parallel to A B : i  the angle of incidence made by A B, 
i' the angle of refraction made by B G : v the velocity before 
incidence, v the velocity of the extraordinary wave perpen
dicular to its front: T  the thickness of the plate. The time

. . .  I 1of describing B  G is — the space which the wave would
v cos i 1



Tvin tlie same time have described in air is —  . But since
v cos i

the front of the Weave .at incidence was perpendicular to A lt  
at B, and at emergence perpendicular to C L  at C, the whole 
space which the wave really has advanced is

r  r c ° 8 ( » . - » ')
cos i

and therefore it has been retarded by a space in air equal to

T (v . ...................\ 7} -7 — cos i . cos 1 — sin 1 . sin 1 .cos t \v J

V151. Now sin 7' =  —sin 7. If or if  G H  be a position of

the front before incidence and B K  after entrance, GB  and 
U K  must have been desc’-ibcd in the same time; and there
fore QB : I I K  (or sin i  : sin i') :: velocity of incident wave 
: velocity of extraordinary wave perpendicular to its surface 
:: v : v .  And as the perpendicular to the refracting surface 
coincides with the axis of the crystal, we have by (112)

v' =  (a2 cos2 i' +  c2 sin21 ).

From these equations we find
., a sin i

Sm * =  V{'«2- ( c 2- « a)sin 27j ’

., V lv2 — c2 sin2 i)
CO S t  —  77 2 7 2 "  2\ * 2 J

V \v — (c ~  a ) sm

' av 
V V I1-'2 — (°2 — a'2) si11-2 *}"

Substituting, the retardation

=  y fV(u2- c 2sin27 )_ c o s .l
I “  j

152. Next for the ordinary ray. This may be deduced 
from the last by putting a for c. l o r  the expression in (112)



is changed to that in (111) by this alteration. Consequently 
the retardation for the ordinary ray is

153. The only quantity that concerns us is the excess* 
of the latter above the former. Its value is

W hen i  is small, this is nearly

This we shall call I.

154. In estimating then the displacement in the ether 
produced by these. two separate pencils after emergence from 
the plate of crystal, if we represent that which is produced by 
the ordinary ray by a multiple of

we must represent that produced by the extraordinary ray by 
a multiple of

For, the extraordinary ray is less retarded than the ordinary 
ray by the space I  in air, and therefore the displacement 
really caused by the extraordinary ray will correspond to that

T
{V (v* — a* sin2 *) ~  V («2 — C2 sin2 i )}.a

sin --- {vt — (x — I ) )  , 
A,

* c is greater than a  for Iceland spai’, beryl, and all the crystals termed by 
some writers negative;  and less than a  for some varieties of apophyllite, and all 
crystals o f their positive class.



which would have "been produced at a space less advanced 
by i f  if they had been equally retarded.

I
P rop . 32. A  plate of Iceland spat &c. bounded by planes 

perpendicular to the axis of the crystal (as in Art. 150) is 
placed between the polarizing and analyzing plates, fig. 24 : 
to investigate the intensity of the light in various parts of the 
image seen after reflection at B.

155. In fig. 35 conceive the direction o f any ray to be 
perpendicular to the paper: let the plane passing through 
this ray and through the axis of the crystal {which in (111) 
we have termed the principal plane for that ray} make with 
the plane of first polarization the angle <j) : and let the plane 
of polarization at the analyzing plate (which we shall call the 
plane o f  analyzation) make with the plane of first polarization 
the angle a. Let the vibration in the rays as first polarized 
be represented by

perpendicular to the plane of first polarization. On entering 
the crystal this is resolved into

perpendicular to the principal plane (which produces the 
Ordinary ray), and

parallel to the principal plane (which produces the Extra
ordinary ray). The former of these expressions may be as
sumed to be true after the Ordinary ray has emerged from 
the crystal, provided that we make the proper alteration n

* The same expression applies when two plates cut in the same way from 
crystals either of the same or o f  different kinds are applied together, I  being 
now the space by which in the combination the extraordinary ray is less retarded 
than the ordinary ray. I f  in both plates the extraordinary ray is less retarded 
than the ordinary ray, or in both more, the effect o f  the combination is that o f 
a thick plate: if in one it is less and in the other more retarded, the effect is 
that of a thin plate.

a sin J—  (W — a ;)}, 
I A  J



the value of x  or t : hut then for the Extraoruinary ray ive 
must, hy (151), take the expression

I f  the rays entered the eye in this state, there would he no 
variation o f intensity in the light coming in diiferent direc
tions through the crystal. For the intensity of the ordinary 
wave

the sum o f which, or a2, represents the intensity o f the united 
waves (102), and tliis is constant. Now the analyzing plate 
-feeing applied, those resolved parts only of the vibrations are 
preserved which are perpendicular to the plane of analyzation. 
That* furnished hy the ordinary ray is

The sum of these represents the displacement produced hy 
the wave that enters the eye. Adding them, and expanding-

* A s the analyzing plate does not transmit to the eye the whole of the 
vibrations perpendicular to its plane of polarization, we ought in strictness to 
multiply these expressions, in this and similar investigations, by a constant. 
The omission is of no consequence in comparing the intensities of different parts 
o f  the image.

=  a2 cos2 <f>,
and that of the extraordinary wave 

=  a2 sin2 (f>,



a sin cj>. sin (<f> +  a ) . sin — .

Tlie sum of tlie squares of these coefficients is to be taken 
for the measure of the intensity {as in (17) and (2<j)}. This 
sum is

« 2 cos2. <f>. oos2 (<£ +  «) +  « 2 sin2 <p . sin2 (tj> +  a)

156. This gives the intensity of the light that enters the 
eye in a given direction, or the brightness of one point of the 
visible image. To determine what point of the image it is, 
we have only to rcma.vk that this ray makes the angle i  with 
the ray that passes in the direction of the axis, in a plan* that 
is inclined <f> +  a to the plane of analyzation (supposing that 
we look in the direction of the ray’s motion), measuring from 
the top to the right. B y the reflection at the analyzing plate, 
this course of the rays is invei'ted with regard to im and doum, 
while it is not altered with regard to right and left: but then, 
as the eye is placed to receive the light in the direction oppo
site to that in which we look in studying figure 35, them iS 
another inversion with regard to right and left, but none with 
regard to up and down. On the whole therefore, this ray 
comes from a point whose apparent angular distance from a 
certain point through which the rays puss parallel to the axis 
is i, which distance is measured in a direction that makes 
the angle <f> +  a. or -vjr with the plane of analyzation, mea
suring from the upper part of the plane to the right. I f  a 
plate of tourmaline or a Nicol’s prism were used for analysing

-f- 2a2 fin (f>. cos <b. sin (<f> +  a ) . cos (<f> +  a ) . cos — — ,
A.

+  sin 2<f>. sin (2<h +  2a). cos

or «2 -Icos2 a — sin 2 . sin (jl<p +  2a) . sin2 —- r .



plate, the angular measure would he made from tlie upper 
part to the left. In the image presented to the eye, i  may 
be considered as a radius vector, and the angle that it 
makes with the upper part of the line that represents the 
plane o f analyzation. The brightness, putting ip for <f> +  a, is

157. Let a =  90°, or let the analyzing plane be in the 
position in which no light is reflected without the interposition 
of the crystal. The expression becomes

This is 0, whatever be the value of A and of I, when

that is, when
■f =  0, or =90°, or =  180°, or =270°.

This shews that, whatever be the colour o f the incident light, 
there is a black cross, passing through that point of the image 
which is formed by the light that is parallel to the axis. For 
all intermediate values of <p it vanishes only when

ir l—  =  0, 7r, 27r, &c., or 1 =  0, A. 2A, &c.,A

c l j cos2 a — sin (2yjr — 2a ) . sin 2yp. "in2 - j-.

a2 sin2 2yjr. sin2 —  - .
A

sin2 2^  =  0 :

or

sin i  =  0,
? - a ' ) T

2avK
2 * r n  3 le - a  B i

6«uA
,  , & G .,



lie four spaces between tlie arms of the cross are therefore 
occupied by bright and dark rings, the radii of the bright 
rings being as a/ 1 ,  \/3, \/5, &c. and those o f the dark rings 
as \/i2, a/1 , a/3, &c. The radii are inversely as aJT, and the 
rings are therefore smaller with a thick plate than with a

/ c 2 — a 2thin one. The radii are also inversely as » /  *: andJ v av
as this expression may conveniently be taken as a measure 
" f  the doubly retracting power of the crystal, the rings are 
less with a powerful doubly refracting crystal than with one 
which has that property in a feeble degree. The radii vary

also as a / A  (considering - as independent o f A), and

thus are larger for red light than for blue light. This pro
duces exactly the same effect which we have noticed in speak
ing o f interference fringes and Newton’s rings, (51), (66), 
and (72): the rings which at first are black and white have 
very soon a mixture of colours, different at every successive 
ring, and finally disappear from the mixture of all in almost

( t v  •equal proportions. I f  —  2 were constant, the proportion
C ( t

o f the radii for different colours, and consequently the mix
ture of colours, would be nearly the same as in Newton’s

(X Vrings. Rut 2 is generally a function o f X : the radii

of rings o f different colours vary therefore as > / ;  , and
the colours are not the same as those o f Newton’s scale. To 
such an extent, and so differently in different crystals, does

vary with X, that in one variety of the uniaxal apo- 

phyllite Sir John Ilerschel found that - * . was almost
C ( t

exactly constant, so that more than 35 rings were visible: 
while in another variety c2 — a2 was positive for the rays from

* The reader must not infer from this expression that there are no rings 
when e2 is less than a2. On going through the whole o f the investigation it 
will be seen that the very same expressions will apply, putting only 
instead of c2 -  a\



one end of the spectrum and negative for those from the other 
end, and =  0 for the intermediate rays, and only one or two 
rings were visible.

108. Let a =  0°, or tlie plane o f reflection at the analyz
ing plate, coincide with that at the polarizing plate. The 
expression for tlie intensity is

This expression, added to that discussed in (157), produces a 
sum a2. Consequently the intensity at any point of die image 
in this case is complementary to that in tlie case of (157). 
Thus, instead of a black cross interrupting the rmgs, there is 
a bright cross interrupting ' the rings: instead of the dark 
rings having radii

the bright rings have the former and the dark ones the latter.

tensity with different values of I  or i, (that is, there is a brush 
of some sort ivith light o f uniform intensity throughout, inter
rupting the rings), when

.For, the succession of rings depends on the alteration o f values

and tlie bright rings having the radii

159. In the general case, there is no variation of the in-

sin (2-iJr — 2a) . sin 2 =  0.

7t I  . .o f sit —-  : and this is removed by the evanescence of its mul

tiplier. This equation gives

— 0, or =  90°, or =  180°, or =  270°, or — a, or =  90° +  a, 

or =  180°+ a, or =  270° + a.



Consequently tliere are two rectangular crosses, inclined a to 
eacli other, which interrupt tlie rings. I f  a Nicol’s prism is 
used, it is easily seen that one of these crosses has respect to 
the plane of polarization of the polarizing plate, and the other 
to that of the Nicol’s prism. The intensity of the light in 
these crosses is a2 cos2 a. For the parts between ijr =  0, 

=  a, or between r/r =  90°, ijr =  90° +  a, or between ■>fr =  180°, 
i/r =  180° +  a, or between i/r =  270°, i/r=270° +  a, the muiti- 

' . 7tT .plier of sin2 —— is positive, and the light is therefore greatest 
A.

A 3Awhen I  =  - ,  =  — , &c., and least when I  =  A, =  2A, & c .: these 
2 2

four sectors are therefore occupied by portions of rings nearly 
similar to those in (157), the intensity for the portions of the 
bright rings being

a2— {1 +  cos ( 4 — 2a)}, or a2cos2 ( 2 — a),

and that for the portions of the darker rings a2 cos2 a.

But for the parts between ijr =  a, ijr =  90°, &c., the multi

plier of sin2^— is negative: the light is least when / =  ^ , A 2
3A— , &c., and greatest when 7 =  A, 2A, & c.: these sectors there-
A

fore are occupied by portions of rings nearly similar to those 
in (158), the intensity of the portions of the bright rings 
being a2 cos2 a, and that of the fainter rings

a2 cos2 (2i/r — a).

The brighter rings in the last-mentioned sectors have the 
same radii and the same brightness as the darker ”ings 'n 
those first mentioned: and this brightness is the same as the 
brightness in the eight rays of the crosses.

P rop. 33. In the last experiment, Fresnel’s rhomb is 
placed between the polarizing plate and the plate of crystal, 
with its plane of reflection inclined 45° to the plane of polar
ization, so that fhe light incident on the crystal is circularly



polarized. to find the intensity of tlie light after reflection 
from B, and the form of the coloured rings.

160. Resolve the vibration
. (27T . J

a sin -j —  (vt — x) 1,

which is perpendicular to the plane o f first polarization,

a  . (27r , .)into sin j —  [vt — x )| ,

perpendicular to the plane of reflection in the rhomb

, a . (277- , J
and V 2 S m j  x  {Vt~ X)\

parallel to that plane. The latter of these, by (136), has its 
phase increased by 90°, and therefore on coming our of the 
rhomb the vibrations may be represented by

perpendicular to the plane of reflection

and -^ c o s | ^ ( v t - x )

parallel to that plane. Resolving these in directions perpen 
dicular and parallel to the principal plane of the crystal, 
we find;

Vibration which produces Ordinary ray

=  cos (45° — <£). sin (vt — x)

+  -in (45° — <f>). cos (vt — x)

=  j'z  sIn 1Y  ^  ~ X') +  45° ~  4  *
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A ibration wbich produces Extraordinary ray

— sin (45° — <p) . sin (vt — a;) j
+  ~  cos (45° — <f>) . cos (vt — a;)|

a
=  V2 C 0 S '

On emerging from tlie crystal, the Ordinary vibration being 
represented by the same expression, the Extraordinary vibra
tion must be represented by

a  ( 2 ? r  I t  \ i A -  0 J . 2 7 7 - /1—  cos Eip (vt — x) +  4o —<p +  -7T— t .
2t A< A  j

The resolved parts of these perpendicular to the plane of 
analyzation (which are the only parts that reach the eye) 
are

cos (a +  (j>). sin (vt — x) +  45° — <£j

+  ^  sin (a +  ^ ) . cos (vt — x) +  45" — <f> +  j  .

Expanding the last term, the coefficients of 

sin (vt — x) +  45° — <p

and cos j^ "  (vt — x) +  45" — <̂ j ,

are
a , a  . , 27tIcos (a +  <P) -  sin (a +  <£).sm -— ,

. a . , 27r l
and sin (« +  <p). cos ,Y Z A

and the intensity of the light, or the sum of the squares, is
a2 ( . , . . 2tt/1
— j 1 — sin (2a +  2<f>) . sin —  1,



a2 f . . 27r l j
°r — -j 1 — sm 2t]r. sm >■.

161. Since a does not enter into this Expression, the ap
pearance will not be altered on turning B  round its spindle. 
W hen sin 2 ^  =  0, that is when ^  =  0, or 90°, or 180°, or 270°, 

a2the intensity is : this shews that there is a cross with light
A

of mean mtensity interrupting the rings. W hen 
f i s > 0 <  90°, or >  180° <  270°, 

the expression is maximum when
27t I  37r 77r „

T ’ &c'
and minimum when

27tI  7r 5tt

or maximum when

&c.
X 2 ’ 2 ’

T 3\ 7X p J = - 4 , — , &c.

and minimum when

J = 4 >  T  ’ &c-
W hen ijr is >  90° <  180° or >  270° <  360°, the expression is 
maximum when

and minimum when

—- X oX p
x - l ’ t  ¥ ■

T a  i x  p
I = T ’ T ’ &c-

Thus it appears that o f the four quadrants into which the 
cross divides the image, each opposite pair is similar, but 
each adjacent pair is dissimilar: 1 he bright rings i one quad
rant having the same radii as the dark rings in tlie next 
quadrant. And on comparing these expressions with those 
in (157), it will be seen that the effect of placing Fresnel’s



rhomb has been to push the rings outward by £ of an order 
in two opposite quadrants, and to pull them in by ^ of an 
order in the other two opposite quadrants. A t the same time 
the cross which was perfectly black has now some light. 
The most important difference o f character however which 
the use of Fresnel’s rhomb produces is the unchangeability of 
appearances as B  is turned round.

I f  we compared the rings produced with the same position 
of Fresnel’s rhomb by two crystals, in one of which c2 was 
>  a? and in the other of which c2 was <  a2, then for a given

order of rings, that is for those in which the magnitude of ^ ,
A,

2771without respect to its sign, is the same, sin —— woiild be
, , A,

positive for the first and negative for the seebnd, or vice versd. 
Consequently the bright rings of one crystal would correspond 
to the dark ones of the other. But we have seen that the 
bright rings of one quadrant correspond to the dark rings of 
the neighbouring quadrant. Consequently the rings pre
sented by one of the crystals would be the same as those pre
sented by the other, supposing the latter lings turned round 
90°. This affords a convenient method of determining whether 
the double refraction of a uniaxal crystal is of the same kind 
as that of a standard crystal (for instance Iceland spar) or o f 
the opposite kind.

PROr. 34. A  plate of a biaxal crystal whose optic axes 
make a small angle with each other (as nitre or arragonite) is 
bounded by planes perpendicular to the plane passing through 
the axes and nearly perpendicular to each axis ; light is in
cident at a small angle of incidence: to find the difference of 
retardation of the two rays.

162. The accurate solution of this problem leads to some 
rather complicated expressions: and we shall therefore con
tent ourselves with a very approximate solution analogous to 
that found in (153). W e  have found there that the difference 
of retardation was nearly

„ c 2 — a2 . „ .  . ■ „ v ( e 2—a2) ■.=  T  - —  sm i, or nearly =  T  - A — s —  sm i *2a3 -, ’



where the difference of the squares of velocities of the two 
waves was (c2 — a2) sin2 % : or that the difference of retardation 

Tvwas nearly = —j x difference of squares of velocities of the
Z(X

two waves. As the difference o f retardation arises solely 
from the difference of velocities, we shall suppose the same 
proportion to be true here. Now by (125) neither of the rays 
undergoes Ordinary refraction, or has a constant velocity. 
Still, even in extreme cases, the velocity o f one is so nearly 
a constant = a , that in a calculation depending almost -wholly 
on the difference there will be no sensible error in considering 
one as constant and = a. And by (123), putting v for the 
velocity of the other,

a2 — v'2 = Ca* . sin rri. sin ri,
where tri and ri are the angles made by the normal to its 
front with the two optic axes of the crystal (C being always 
small).

Ilcnce the difference of retardations
TCav . , . ,— —-— sin m . sin n.

J*

Now let us consider the system of rays In air which on 
entering the crystal will pass in the directions that we have 
described. Let m and n be the angles made by the same ray 
in air with the rays which on entering the crystal will pass 
in the directions of the optic axes. As all the refracted rays 
(represented by the normals to the fronts of the waves) are 
■ ri the same planes perpendicular to the refracting surface as 
the incident rays, and as all the angles of refract! m are very 
nearly in the same proportion to the angles of incidence, it 
follows that all the other small angles depending on them, and 
their sines, are nearly in the same ratio.

Hence
„in tri = -  sin m nearly, and sin ri = -  sin n nearly v J v



and therefore the difference of retardations is
TCki .- sm m . sm n.

2u
This as before we shall call I.

P rop. 35. A  plate cut from a biaxal crystal, as in (162), 
is placed between the polarizing and analyzing plates: to in
vestigate the intensity of the light in different points of the 
image seen after reflection from B.

163. Let cf> be taken now to represent the angle made by 
the plane of polarization of either ray with the plane of first 
polarization, and the expression of (155), which is founded on 
no supposition except that the planes of polarization of the 
two rays are perpendicular to each other, will apply to this 
case. The intensity of light is therefore

a~ jcos2 a — sin 2<£. sin (2<p +  2 a ). sin2 .
Conceive fig. 36 to be tlie projection o f the directions of the 
rays and planes on a sphere (or rather on the tangent plane 
to a sphere) of which the eye is tlie centre and whose radius 
is r. Let A , B, thus represent the optic axes, P  any ray 
under consideration, B E  the plane of first polarization. Put 
/3 for the angle made by the plane passing through the optic 
axes of the crystal with the plane of first polarization. Let 
PQ  bisect the angle A P B : then, by (124), P Q  represents the 
plane of polarization of one ray, and therefore

P Q A  — (f> +  /3.

. . .  AP- . B P  .Also sm m —  nearly, sm n =  - nearly,

and therefore
TA.3

1 =  . A P . BP.2 vr

164. Now the form of the brushes interrupting the rings
. 7 tIwill be discovered by making the multiplier o f sin2 —  = 0 .

A



This gives
sin 2$> =  0, or sin (2<p +  2a) =  0.

Consequently
tan (2<j) +  2/3) =  tan 2/3, or =  tan (2/3 — 2a).

How refer P  to the point G bisecting- A B , by rectangular co
ordinates, x  being measured in the direction CA  and y  per
pendicular to i t ; let CA =  b. Then

tan P A F =  tan P B F =  - V , :
x  — b x  +  a

whence tan (2(f> -+- 2,3) =  tan 2PQ A  =  tan (P B F +  P A F )

(because PQ  bisects the angle at P )
2 xy

Hence the brushes are determined by these equations: 

or (x* — P — y 2) tan 2/3 — 2xy  =  0 ;

or (x2 — P  — y~) tan (2/3 — 2a) — 2xy  =  0.

These are evidently equations to hyperbolas, of which G 
is the center. As in both of them y  — 0 when x  =  F b, the 
hyperbolas defined by both equations pass through A  and B. 
The position of the asymptotes will be determined by sup
posing x  and y  very great compared with b : this give's iu the 
first equation

^ +  2 cot 2/3 — •— 1 =  0, or -  =  +  tan /3 or — cot /3,x  x  x.

and similarly in the second

-  -= +  tan (/3 — a) or — cot (/3 — a).cv



This shews that both hyperbolas are rectangular, and that the 
asymptotes of one are parallel and perpendicular to the plane 
of first polarization; and those o f the other inclined to rhem 
by a, or (if N icol’s prism is used) parallel and perpendicular 
to the plane of polarization of the N icol’s prism. The in
tensity o f light in the brushes is

a2 cos2 a.

1G5. W h e n /?= 0 , or =  00°, tan 2/3 =  0, and the first hy
perbolas are changed into two straight lines, one in the direc
tion of FGr, and the other perpendicular to it, passing through 
G. Similarly when /? =  a, or =90° + a, the second hyper
bolas are changed into a similar cross. Whatever be the 
value of /?, if a =  0 or =  90°, the two pairs of hyperbolas 
coincide : but the value a =  0 gives for the .ntensity a2, or the 
brush is bright: and the value a =  90° gives for the intensity 
0, or the brush is black.

1GG. The nature of the rings is determined by the varia
tions of value of the last term

. „tt I  ■— sin 2<p. sm (2<p +  2 a ). sin2 —- .
A

W hen <£>0<90°  — a, or > 9 0 ° < 1 8 0 ° —a,
or >  180° <  270° -  a, or >  270° <  360° -  a,

(the limits of which are determined by the hyperbolas already 
described) the brightness is greatest when

1 = 0, or =  X, or =  2X, &c.
and least when

W hen <f>>90°—a<90°, the brightness is greatest when >

, &c. and least when 1 = 0 ,  X, 2\, &c.

The cases when a = 0  or a. — 00° will be very easily investi
gated by the reader.



167. It is plain then tliat the general appearance will 
he rings, interrupted hy the brushes, in such a way that the 
bright rings on one side of the brushes correspond to the dark 
rings on the other side (except a =  0 or a =  90°, when the 
number of brushes is diminished, and tlie- rings on opposite 
sides correspond); and that the form o f these rings will be 
determined by the equation I = \ x  constant; or, by (163),

TCnz
 r  A  P. B P  =  X x constant,‘2vr2 ’

or A P . B P  = ‘7* 7̂  x constant,
TGa3

where the constant determines the order o f the rings. The 
curves determined by this equation are of the kind called 
lemniscates. I f  the constant is small, they will be nearly
ci: cles of w hich A  and B  are centers. As the constant is in
creased, the circles become elongated towards G : at last they 
become a single curve like the figure 8 crossing at C : then a 
single curve like a ring nipped so as almost to meet in the 
mil Idle : and afterwards a ring slightly flattened. Combining 
this determination with thosfe of (164) and (166) it is seen 
that, supposing values of /3 and a similar to those in figs. 35 
and 36, the general appearance is that of fig. 37, where the 
curves represent the dark rings.

168. Since A P . B P cc constant that determines the order, 
the radii of the successive rings, when they are small and 
nearly circular, are as 1, 2, 3, &c. nearly. In this respect they 
differ from those of a uniaxal crystal, which are as y l ;  V2, V3,

&c. (157). And since A P . B P c c i ,  the rings are smaller

with a thick plate of a given crystal than with a thin plate.

And since A P .  B P  cc ~  , the rings are smaller with a crystal

that produces a great difference in the velocity of the two rays 
than with one whose energy is feeble. And since A P .  B P cc \

/V~\i
or rather cc , the curves are caiteris paribus larger for red 

than for blue rays.



169. There is however one difference between the curves 
for the different colours which in its nature is unlike any 
thing else that we have yet seen. It is, that the optic axes 
for different colours do not coincide. In every instance how
ever the alteration of place is symmetrical with regard to the 
two axes. Thus the two red axes may be less inclined than 
the two blue axes, or vice versa, but the angle between one 
red and one blue axis is the same as that between the other 
red and the other blue. In one or two instances this angle 
amounts to nearly 10°. The consequence is that the colours 
are not the same in different parts of the rings of the same 
order. Suppose for instance (as in nitre) the red axes are 
less inclined than the blue. As the red rings are larger than 
the blue, Ave shall, on taking points exterior to A  and B, find 
positions Avdiere all the colours are mixed or all are absent, 
and therefore the" rings are nearly white and black. I f  wo 
trace the same rings to the positions between A  and B , the 
red rings will very much overshoot the blue rings, and there
fore the rings have the colour peculiar perhaps to a high order 
in NeAvton’s scale.

170. It was till very lately supposed that the axes o f the 
different colours arc all in the same plane. Sir J. Herschel 
has discovered that in some instances (in borax for example) 
this is not true: the planes, however, as far as yet observed, 
all pass through the line bisecting the angle formed by the 
two axes. The reader will have little difficulty in conjectur
ing the nature of the alteration which this irregularity pro
duces in the colours of the curves.

P rop. 36. In the experiment of Prop. 35, Art. 163, 
Fresnel’s rhomb is interposed between the polarizing plate 
and the crystal: to find the form, &c. of the coloured 
curves.

171. As in (160), the intensity of light at any point is

There is a brush interrupting the rings where 
sin (2(j> +  2a) =  0 :



this is the same equation as that which determines the second 
hyperbolas in (164), and which when j3 =  a or =90° + a 
becomes a cross. When sin ( 2 +  2a) is positive, the in-

These spaces are separated by the brush. consequently the 
bright rings on one side of the brush correspond to the dark 
rings on the other side. The form of the rings is just the 
same as in (167).

P r o p . 37. A  plate of nniaxal or Liaxal crystal, cut in 
any direction different from those of (150) and (162), is placed 
between the polarising and analyzing plates. to find the ap
pearance presented to the eye.

172. The general expression for the brightness in (155),

^  j l  +  cos 2<f>. cos (2(f> +  2a) +  sin 2<f> . sin (2(p +  2a) . cos |

applies to this case. To confine ourselves to the most im
portant instances we will make a =  90°, which reduces the ex
pression to

B y I  is meant here the space that one ray (which whether in 
nniaxal or biaxal crystals wre shall call the Ordinary ray) is 
retarded more than the Extraordinary ray, and to which the two 
expressions in (162) still apply, observing only that in the 
former i is the angle made with the axis. The essential dif
ference between this case and that of (155) and (162) is, that 
here I  is large for all rays which pass nearly perpendicular to 
the plate.

(1) I f  the pdate be thick, all traces of colours will dis
appear (as rve have seen m several cases of inter
ference where one ray had gained many multiples of 
X on another), “ or, I  being considerable, a very

tensity is maximum if > pj~> an<l  minimum if / = -  ,

, &c.: and the contrary when sin(2<£ +  2a) is negative.



small variation o f A, w ill make -- vary by  27r : andA-
thus, for the various rays hicluded in every small

27tIportion of the spectrum, co s -^ - will have all its

values, positive and negative, and the sum of all these 
values will be =  0. The intensity of light will there
fore be sin2 20 x incident light, a proportion which is 
the same for all the colours. On turning the plate 
round in its plane, 0  will \ary from 0 to £60°, and 
the light will disappear four rimes. Ir will be 
greatest when 0  =  45°, 135°, &c.

(2) Colours may however be produced by crossing two 
plates of very nearly the same thickness cut in the 
same manner from the same crystal. For let I  be 
the retardation of the Ordinary above the Extra
ordinary ray in the first, I  that in the second; T  
will be very nearly equal to I. And, the plates 
being at right angles to eaeli other, the Ordinary ray 
of the tirst will be the Extraordinary ray of the 
second. I '  therefore will be the acceleration in the 
second plate of the same vibrations for which I  was 
the retardation in the first: and therefore the whole 
retardation is 1 — I ,  and the brightness is now

The space I  — I  may be so small that the arc

of 7r or a small multiple of nr) for differently coloured 
rays, and then there will be vivid colours.

(3) Colours may also be produced by applying together, 
with their axes parallel, two plates cut from uniaxal 
crystals, one o f  the positive and one of the negative 
class (as quartz and beryl). For in one of these the

2 ' 2<r* J * 2 )or a  sm 2(p . sm — -------
A.

may differ little (not more than a fraction



Ordinary ray is most retarded; and in the other the 
Extraordinary ray is most retarded : and as die Ordi
nary ray in one forms the Ordinary ray in the other, 
the ray which is most retarded in the first is least 
retarded in the second, and thus the difference of re
tardations may be made as small as we please.

(4) From the bodies which crystallize in laminm it is 
frequently possible to detach a plate so thin that 
it will exhibit colours: for instance sulphate of lime, 
or mica. Both these are biaxal: in the former the 
axes are in the plane of the laminae: in the latter 
they are in a plane perpendicular to it, but widely 
separated.

(5) In all these cases, the colours do not form small rings, 
as in the cases that we have treated at length, but are 
diffused in broad sheets. This arises merely from 
the circumstance that the expression for I  or I —I' 
varies very slowly with the vaiiation of incidence. 
In  sulphate of lime, for instance, a ray perpendicular 
to the laminae makes

m -  90°, n =  90° :

a ray inclined to this will produce very little altera
tion in sin in'. sin n on which I  depends. The same 
is true in mica, where the ray makes equal angles , 
with the two axes. I f  it be inclined in the plane 
of the axes, sin in . sin n’ is diminished : if perpen
dicular to that plane, sin m . sin n will be increased.

173. I f  the thickness of a lamina of sulphate of lime or 
mica is such that, for a ray perpendicular to the lamina,

J  =  ^ for mean rays, the lamina may be used instead of Fres-

nel’s rhomb. For here the light which is incident is resolved 
into two sets of vibrations at right angles to each other, and 
one of these is retarded in its phases by 90° more than the 
other; which is preeisely the effect of Fresncl’s rhornl >. There 
is however this difference between them. In Fresnel’s rhomb, 
whatever be the colour of the light, the retardation of the



phase is exactly 90°, or tlie corresponding retardation in space 

is exactly  ̂ whatever* the value o f X may be. In the crys

tallized plate, on the contrary, the retardation for mean rays is 

exactly but it is greater than — for blue rays, and less

than ^  for red rays. This is seen most distinctly on putting

several .such laminfc together, when the light which is reflected 
from the analyzing plate is coloured: viicreas on putting to
gether several Fresnel’s rhombs, there is no such colour. It 
is plain that, in substituting such a lamina for Fresnel’s 
rhomb, the plane of vibration of that ray which is least re
tarded corresponds to the plane of reflection in the rhomb.

I f  a thicker plate (for instance one that produces a differ
ence of retardations amounting to 6A, for mean rays) be placed 
with its planes of polarization inclined 45° to that of first 
polarization, the effect on the rings of a uniaxal crystal is 
very remarkable. In two opposite quadrants, the ray which 
is most retarded furnishes the Ordinary ray, and in the other 
two the same furnishes the Extraordinary ray. In two oppo
site quadrants therefore the difference o f the paths o f the rays 
of the uniaxal crystal is increased, and in the others dimi
nished ; and therefore in two tlie colours are those belonging 
to distant rings, while in the other two the colours of the fifth 
or sixth ring are pure white and black, as if they were close to 
the center.

174. The investigations which we have given will apply 
to all the crystalline bodies whose laws of double refraction 
are accurately known. Quartz has been mentioned as an ex
ception to the common laws of uniaxal crystals. It appears 
that the phsenomcna which it exhibits may be perfectly repre
sented by supposing the Ordinary ray to consist of elliptically 
polarized light whose greater axis is perpendicular to the 
piincipal plane, and the Extraordinary ray to consist of ellip

* This is not strictly true, as the same angle o f incidence in the rhomb does 
not produce exactly the same effect for all rays : but it is much more exact than 
the other.



tically polarized light whose greater axis is in the principal 
plane: these two rays having also the difference* mentioned 
in (141): and the ell pses being changed to circles when the 
direction of the rays coincides with the axis of the crystal. 
It is also necessary to suppose that the axis of revolution 
o f the spheroid (prolate for quartz) in which the Extraordi
nary wave is supposed to diverge (115) is less than the radius 
o f the sphere into which the Ordinary wave diverges. For 
these investigations we must refer the reader to tlie Cambridge 
Transactions, Vol. IV .

P rop. 38. In every case where the interposed crystal 
resolves the light into two rays polarized in planes at right 
angles to each other, on turning the analyzing plate 90° the 
intensity of the light at each point is complementary to what 
it was before.

175. This is seen from the expression o f (155). On put
ting 90° +  a for a, the expression becomes

— |l — cos 2<f) . cos (2$. +  2a) — sin 2<£. sin (2cj> +  2a). cos —̂  j  ,

which adcTed to that in (155) makes cd. Thus if  in one case 
there is black, in the other there 'will be white : if in one there 
is an excess of red at any point and an absence of blue, in 
the other there will be an absence of red at the same point and 
an excess of blue, &c.

I f  instead of an analyzing plate we use the doubly refraet- 
,ng prism described in (117), two images are seen at once in 
different positions, every part o f one of which is comple

* The crystal is right-handed or left-handed according as tlie Ordinary or 
the Extraordinary ray is of the first o f these kinds. Sometimes (as in mach'd 
quartz, or amethyst) the two species o f quartz are m ixed : the optical pliamo- 
mena which the mixture presents are very remarkable. I t  is to be observed (as 
a  consequence of what is stated in the text) that in the direction of tlie axis the 
two rays, circularly polarized in opposite ways, are transmitted with different 
velocities: 110 mechanical theory lias yet been formed which will completely 
account for this. (See however M r Tovey’s papers in the Philosophical Maga
zine.) I t  is remarkable that several fluids (as turpentine, sugar and water, &c.) 
possess this property, and even the vapour o f turpentine: and apparently in all 
directions.



mentary to tlie corresponding part of the other. For, one 
pencil emerging from the prism consists only of vibrations 
perpendicular to the plane of refraction of the prism, and 
therefore presents to the eye the same image as the analyz
ing plate in a given position: the other consists only of vi
brations hi the plane of refraction, and therefore presents the 
same image as the analyzing plate in the position differing 90° 
from the former.

P rop. 39. Glass under pressure possesses double refrac
tion.

176. This was experimentally shewn by AT. Fresnel in 
the following manner. A  number of prisms were placed as 
in fig. 38, and to prevent loss of light a fluid of nearly the 
same refractive power was dropped between the adjacent sur
faces. The ends of A, B, G, I), were then violently pressed 
by means of screws. On passing a ray of light through the 
combination it was di\idcd into two, one polarized in the 
plane of the paper and the other in the perpendicular plane.

177. It is found also that pressure affects the separation 
of the two rays in crystals which possess the property of double 
refraction. This leads to the presumption that double refrac
tion is produced generally by a state of mechanical constraint 
in the particles of bodies.

178. According to our preceding theories, since com
pressed glass possesses double refraction, it ought, when pro
perly interposed between the polarizing and analyzing plate, 
to exhibit colours. This may be seen on squeezing by means 
o f a screw a piece of glass and holding it in the apparatus. 
But it may be best exhibited by talcing a thick piece of plate 
glass which is polished at the edges, and bending it by  a 
weight or a screw pressing the middle, and in that state 
placing it edgeways between the polai’zing and analyzing 
plates at an angle of 45° to each plane of reflection. A  black 
line is seen along the middle extending the whole length, 
with, stripes more and more coloured on each side: the num
ber of stripes is greatest in the middle of the length (per
haps six dark and as many bright): towards the ends the



stripes become broader and fewer, and the ends are wholly 
black. It is plain here that the central black line is seen in 
those parts which suffer no strain; and that those which are 
extended as well as those which are compressed possess double 
refraction. On putting a plate of mica across it, with the 
plane of its axes, either parallel or perpendicular to the plane 
of the glass, and comparing its effects on the fringes with 
its effects on the rings of Iceland spar, &c., it is found that 
the double refraction of the compressed parts is of the same 
kind as that of a negative crystal, and that of the extended 
parts of the same kind as that of a positivflcrystal, the 
axis being supposed to lie in the direction of the length of 
the plate glass.

179. It is found also that if glass is heated in one part, 
or if it is heated generally and cooled in one part, or if it is 
made nearly red hot and suddenly cooled by placing between 
cold irons, &c., it possesses the property of exhibiting beau
tiful colours divided by black brushes, &c., when placed be
tween the polarizing and analyzing plates. There is no doubt 
that the glass is here in a state of mechanical constraint. On 
turning the glass, the black brushes are seen to pass by turns 
over every part. This determines the plane of polarization 
of the rays at every part of the glass, since at that point (172) 
<f> must =  0, 90°, & c .: that is, the two planes of polarization 
are then parallel and perpendicular to the plane of first polar
ization.

180. Between constrained glass and crystals there is 
however one important difference. The rings, &c. exhibited 
by crystals respect a direction which is independent of the 
size of the specimen or the part from which it is taken. The 
smallest fragment of crystal properly shaped may be made to 
exhibit the rings as well as the largest. I ft constrained glass, 
on the contrary, the rings and brushes cannot be seen, except 
the specimen is placed so far from the eye that the whole can 
be seen at once: and then we perceive an effect, not similar 
to that produced by rays passing in different directions through 
the same crystal, but to that produced by a number of crystals 
of different doubly refractive power arranged in different posi
tions and then united into one system.



181. It may be useful to examine tlie effects of the three 
agents which are necessary, and in a particular order, for the 
exhibition of these appearances : namely tlie polarizing plate, 
the analyzing plate, and the interposed crystal. W e shall 
begin with the last.

It is necessary that there should be an interposed body 
for the purpose of altering the nature of the ray in order to 
make it rcficxible at the analyzing plate. W e know of only 
two ways in which this can be done. One is, by  resolving 
.lie vibrations into two parts and suppressing one of them. 
This is done if a plate of tourmaline with its axis inclined 45° 
to both planes of reflection is interposed; light is then re
flected from the analyzing plate. The other is, by resolving 
the vibrations into two parts and retarding on e; the retard
ation being either constant (measured by its effect on the 
phases), or varying with the colour of the light and with the 
direction of the ray. The first of these is done when Fresnel’s 
rhomb is interposed : the second when a crystal or any body 
possessing double refraction is interposed. In either of these 
cases, the nature of the light compounded of these two parts 
as they emerge is different from that of the light which 
enters. But, in the former case, the change in the nature of 
the emergent light is sensibly the same for all rays nearly 
in one direction; in the latter case, it is very different even 
for rays whose inclinations did very little. W hen the planes 
of reflection at the polarizing and analyzing plate coincide, 
the same contrivance is necessary in order to make the light 
less capable or wholly incapable of reflection at the analyzing 
plate.

It is necessary for the exhibition of coloured rings that 
there should be an analyzing plate; because, in all the cases 
of resolution that we know, the intensity of the light pro
duced by the union of the resolved parts, after one of them 
has been retarded, is constant (155), and equal to that of the 
light before it was resolved. But by again resolving this 
united light according to a certain law into two parts, and 
preserving one, it is probable that in different directions the 
preserved part will have different values, inasmuch as tin) 
nature of the light emerging from the crystal in different



directions is different. And tliis in fact is the origin of the 
coloured curves. But there is no necessity that the resolution 
should be (as we have commonly supposed) into 1 wo sets of 
vibrations at right angles to each other, of which only one is 
preserved. For instance, if  Fresnel’s rhomb is interposed 
between the crystal and the analyzing plate, coloured rings® 
of a different lend are seen. This artifice amounts to the 
same as resolving the light when it emerges from the crystal 
into two rays, both elliptically polarized, of the opposite kinds 
mentioned in (141), and preserving only one. I f  any other 
kind of resolution could be conceived, it would serve as well 
for exhibiting coloured rings, of forms probably different.

With respect to the necessity for a polarizing plate, there 
is a little more difficulty. We see from theory, as well as 
from observation, that light consisting of vibrations parallel 
to a certain plane will, after passing through the crystal and 
undergoing analyzation, exhibit coloured rings. But we see 
also that other kinds of light will do as well. For instance, 
circularly or ellipiically polarized light (of which one lias lost 
all trace of pokuization according to tlie usual tests, and the 
other lias but imperfect traofts) vs ill exhibit rings. Common 
light however will not exhibit rings.

182. It becomes then a matter of interest to inquire what 
is the difference between common light, and the class com
prehending plane-polarized, circularly polarized, and ellip
tically polarLed light. Now for a given colour of light, (that

* There is no difficulty in investigating their form. Each o f the rays 
emerging from the crystal is to be resolved into two sets o f  vibrations, one 
parallel and one perpendicular to the plane of reflection in the rhom b: the phase 
o f the former is to be accelerated 90° ; and the light emerging from the rhomb 
is to be resolved as usual at the analyzing plate. I f  the incident light is circularly 
polarized, and a uniaxal crystal is interposed, the rings are circular without any 
brush or cross : the center is bright or black according as the two Eresiiel’s 
rhombs have their planes o f reflection coincident or at right angles to each 
other. I f  a biaxal crystal is interposed, the rings are uninterrupted, as there is 
no brush of any kind. This experiment is worthy o f notice, as being the only 
one (so far as we know) in which the rings, and especially the lemniseates, are 
seen in their whole extent without interruption. Instead of placing a Eresriel's 
rhomb between the crystal and the analyzing plate, it is more convenient to use

a plate o f mica which retards one ray more than the other by ^ : and to place

it with the plane of its axes inclined 45° to the plane o f polarization.



is, where the length of waves is invariable), and foi a given 
intensity of light (that is, where the coefficient of vibration is 
invariable), the most general kind of light that we can con
ceive is elliptically polarized light; inasmuch as the union of 
any number ot vibrations in any directions and following each 
other at any intervals will prljdn.ee ellrptically polarized light. 
Common light therefore must be clliptically polarized (in
cluding in this term plane and circularly polarized). The 
phenomena of interference, which are exhibited in every re
spect as well with common light as with polarized light, 
require us to allow that many successive vibrations are ex
actly similar to each other. For instance, on examining 
Newton’s rings, when the incident light is that of a spirit- 
lamp, or that from any one point o f the solar spectrum (which 
are nearly homogeneous), fifty or sixty rings may be seen 
very well, and perhaps more in favourable circumstances. 
Since the sixtieth of these rings is produced by the inter
ference of a wave with the sixtieth following wave, we must 
conclude not only that sixty successive waves are exactly 
similar, but that a large multiple of sixty successive waves 
are exactly similar. The state of the investigation then at 
present is this. The phenomena of interference, combined 
with our most general ideas on the nature of light, compel us 
to suppose that common light consists ot elliptic vibrations, 
many of which in succession are exactly similar. Tlie dif
ference between the phenomena of polarization (with a crystal 
and an analyzing plate) exhibited by common light end by 
ellrptically polarized light, shews that common light”' loes 
not consist of an indefinite succession of similar elliptic vibra- 
tionsv

183. The only supposition that seems able to reconcile 
these conclusions is this. Common light cotrsists o f  successive

* W e have not mentioned here the law discovered by the French philoso
phers, that if two streams o f common light from the same source were polarized 
in planes perpendicular to each other, and afterwards brought to the same plane 
o f  polarization, they would not interfere ; but if  two streams o f  polarized light 
from the same source were treated in the same way, they would interfere. The 
fact is, that the observing o f rings, &c, in crystals is far the best way of making 
the experiment: the crystal which has double refraction exhibits the two rays 
polarized in perpendicular planes and the analyzing plate brings them to the 
same plane of polarization.



series o f elliptical vibrations (including in this term plane and 
circular vibrations), all the vibrations o f  each series being 
similar to each other, but the vibrations o f  one series having 
no relation to those o f  another. The mimber o f  vibrations in 
each series must amount to at least several hundreds;  but the 
swies must be so short that several hundred series enter the eye 
in every second o f  time.

It must be observed tliat a gradual change in the nature 
of the vibrations is inadmissible. I f  for instance, we sup
posed the vibrations elliptical, and supposed the ellipse to 
revolve uniformly about its center, it would be found that 
the vibrations in each plane could be resolved into two whose 
lengths of wave were different; and compounding the cor
responding vibrations in perpendicular planes, we should 
have two rays of elliptically polarized light of different co
lours.

As a simple instance of our general supposition, suppose 
1000 similar vibrations in one plane to be followed by 1000 
vibrations, of magnitudes equal to the former, in the plane at 
right angles to the former plane; then 1000 in the same plane 
as at first, &c. The succession of similar "waves ■would be 
sufficient to give all the phenomena of interferences in per
fection. A t the same time, no colours would be exhibited 
with a crystal and an analyzing plate. For the first series 
alone would give rings and colours, but the second would 
give rings, &c. with intensities exactly complementary* to 
the former: and as these would enter the eye in such rapid 
succession that we could not distinguish them, we should 
only perceive the combined effect, which would be a uniform 
white.

184. W e bave always spoken of the colour o f a ray as if 
it alone were sufficient to identify the nature of the ray. 
Perhaps, however, it would have been better to consider a 
ray as defined by its re f  Tangibility. The remarkable expe
riment of Fraunhofer (84), from which it appears that the 
interruptions in the spectrum formed by interference corre

* This is seen in our expressions (155) by putting <j> +  90° instead o f 0 , and 
a -  90° instead of a.



spond exactly to those in the spectrum formed hy refraction, 
seems decisive as to this point, that rays o f the same re- 
frangihility are produced by waves of the same length. It 
has, however, long been the opinion of some philosophers 
that there are rays of different colours' which have the same 
degree of refrangibility, and that there are rays of the same 
colour with different degrees of refrangibility. Taking this 
as established, the conclusion seems to be, that colour docs 
not depend on the length of a wave, but probably on some 
other circumstance, as perhaps the nature of the vibration. 
The law of vibration may be, not that of a cycloidal pendu
lum (as wc have all along supposed), but something slightly 
different. It may be that the effect of an absorbing medium 
is to suppress all that part of the vibration which follows that 
law, and to allow only the other to pass. These, however, are 
very vague conjectures, which can scarcely be examined till 
our knowledge of the subject in question is much more exten
sive than it is at present.



T . \  B L E  o f '  t h e  N U M E R I C A L  V A L U E S  o f  t h e  I N T E G R A L S .  

Js c o s  ~ s8 a n d  / s  s i n  Z s2
u A

[referred to in Article 74].

Limits of 
fl integration.

r r  ■>/ ,  COS - 8“ 
2 f ,  sin ^ S" Limits of 

integration.
J, cos -  s- •" 2 ! /•s!n i  s~ 

i 2

1 F r o m  s =  0 
1 to  s =  0 ,1 0 ,0 9 9 9 0 ,0 0 0 6

F r o m  s =  0 
to  s  =  2,9 0 , 5 0 2 7 0 , 4 0 9 8

0 ,2 0 , 1 9 9 9 0 ,0 0 4 2 s i ( i j f i i l 0 ,4 9 5 9
0 ,3 0 , 2 9 9 8 0 , 0 1 4 0 3,1 0 ,5 6 2 1 0 ,5 8 1 5
0 ,4 0 , 3 9 7 4 0 , 0 3 3 2 3 ,2 0 ,4 6 0 8 0 ,5 9 3 1
0 ,5 0 ,4 9 2 3 0 , 0 0 4 4 3 ,3 0 ,4 0 0 1 0 ,5 1 9 1
0 ,0 0 ,5 8 1 1 0 ,1 1 0 1 3 ,4 0 , 4 3 8 8 0 ,4 2 9 4
0 ,7 0 ,6 5 9 7 0 , 1 7 1 0 3 ,5 0 ,5 3 2 8 0 ,4 1 4 9
0 ,8 0 ,7 2 3 0 0 ,2 4 8 7 3 ,0 0 4 )8 8 3 0 ,4 9 1 9
0,9 0 ,1 6 5 1 0 ,3 8 9 1 3 ,7 0 ,5 4 2 4 0 ,5 7 4 6
1,0 0 , 7 8 0 3 0 ,4 3 7 0 3 ,8 0 ,4 4 8 5 0 ,5 6 5 4
1,1 0 ,7 6 4 3 0 ,5 3 5 9 3 ,9 0 ,4 2 2 6 0 ,4 7 5 0
1 ,2 0 ,7 1 0 1 0 ,6 2 2 9 4 ,0 0 , 4 9 8 6 0 ,4 2 0 2
1 ,3 0 ,0 3 9 3 0 ,0 8 5 9 4,1 0 , 4 7 5 4
1 ,4 0 , 5 4 3 9 0 , 7 1 3 2 4 ,2 0 , 5 4 2 0 0 ,5 6 2 8
1,5 0 ,4 4 6 1 0 , 0 9 7 3 4 ,3 0 , 4 4 9 7 0 ,5 5 3 7
1,6 0 , 3 0 6 2 0 , 6 3 8 8 4 ,4 0 ,4 3 8 5 0 ,4 6 2 0
1 ,7 0 , 3 2 4 5 0 , 5 4 9 2 4 ,5 0 ,5 2 0 1 0 ,4 3 3 9
1 ,8 0 , 3 3 4 2 0 ,4 5 0 9 4 ,6 0 , 5 6 7 4 0 ,5 1 5 8
1 ,9 0 ,3 9 4 9 0 , 3 7 3 2 4,7 0 , 4 9 1 7 0 ,5 6 6 8
2 ,0 0 ,4 8 8 6 0 ,3 4 3 2 4 ,8 0 ,4 3 4 0 0 ,4 9 6 5
2 ,1 0 ,5 8 1 9 0 ,3 7 3 9 4 ,9 0 ,5 0 0 3 0 ,4 3 4 7
2  2 5 0 , 0 3 6 7 0 , 4 5 5 3 5 ,0 0 ,5 6 3 8 0 , 4 9 8 7
2 ,3 0 , 0 2 7 1 0 , W 2 8 5,1 0 , 5 0 0 0 0 , 5 0 2 0
2 ,4 0 ,5 5 o 6 0 , 0 1 9 4 5 , 2 0 , 4 3 9 0 0 , 4 9 6 6
2 ,5 0 ,4 5 8 1 0 , 6 1 9 0 5 ,3 0 , 5 0 7 8 0 ,1 4 0 1
2 ,6 0 , 3 8 9 5 0 , 5 4 9 9 5 ,4 0 , 5 5 7 3 0 , 5 1 3 0
3 ,7 0 ,3 9 2 9 0 , 4 5 2 8 5 , 5 0 , 4 7 8 5 0 , 5 5 3 3
2 ,8 0 , 4 6 7 8 0 , 3 9 1 3 to  S =  OO 0 ,5 0 ,5



T \.b l e  o f  t l i e  N u m e r i c a l  V a l u e s  o f  t h e  D e f i n i t e  I n t e g r a l  

4

<f> (n) =  -  fw a /  ( 1  —  uf) c o s  nw, f r o m  w =  0 t o  n =  1, 

f o r  d i f f e r e n t  v a l u e s  o f  n ;

[referred to in Article 86].

n 4> (n) n 0  00 n <p(n)

0 ,0 + 1 ,0 0 0 0 4 ,0 ,0 3 3 0 8 ,0 + , 0 5 8 7
0 ,2 + , 9 9 5 0 4 ,2 — , 0 6 6 0 8 ,2 + , 0 6 2 9
0 ,4 + ,9 8 0 1 4 ,4 — , 0 9 2 2 8 ,4 + , 0 6 4 5
0 ,6 + , 9 5 5 7 4 ,6 — , 1 1 1 6 8 ,6 + , 0 6 3 4
0 ,8 + , 9 2 2 1 4 ,8 — , 1 2 4 4 8 ,8 + , 0 6 0 0
1,0 + ,8 8 0 1 5 ,0 _ , 1 3 1 0 9 ,0 + ,QS45
1 ,2 4- , 8 8 0 5 5 ,2 — , 1 8 2 0 9 ,2 + , 0 4 7 3
1 ,4 + , 7 7 1 2 5 ,4 — , 1 2 7 9 9 ,4 4- , 0 3 8 7
1 ,6 + , 7 1 2 4 5 ,6 — , 1 1 9 4 9 ,6 4- , 0 2 9 1
1 ,8 + ,6 4 6 1 5 ,8 — , 1 0 7 3 9 ,8 -1- , 0 1 9 0
2 , 0 + , 5 7 6 7 6 ,0 — , 0 9 2 2 10 .0 -L , 0 0 8 7
2 ,2 + , 5 0 5 4 6 ,2 — , 0 7 5 1 10 ,2 — , 0 0 1 3
U + , 4 3 8 5 6 ,4 — , 0 5 6 8 1 0 ,4 — , 0 1 0 7
2 ,6 + , 8 6 2 2 6 ,6 — , 0 3 7 9 1 0 ,6 — , 0 1 9 1
2 ,8 + , 2 9 2 7 6 ,8 _ ,01ft2 1 0 ,8 _ , 0 2 6 3
3 ,0 + , 2 2 6 1 7 ,0 — , 0 0 1 3 1 1 ,0 _ , 0 3 2 1
3 ,2 4- , 1 6 3 3 7S + , 0 1 5 1 1 1 ,2 — , 0 8 6 4
3 ,4 4- , 1 0 5 4 7 ,4 + , 0 2 9 6 1 1 ,4 — , 0 3 9 0
3,6 + , 0 5 8 0 7 ,6 + , 0 4 1 9 11 ,6 _ , 0 4 0 0
3 ,8 , 0 0 6 7 7 ,8 + , 0 5 1 6 1 1 ,8 — , 0 3 9 4
4 ,0 — , 0 3 3 0 8 ,0 + , 0 5 8 7 12 ,0 ,0 3 7 2
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With Selections from his Rf|w j-s 
and Correspondence, and a Sketch 
o f Prison-Discipliue in England. 
By his *011, the Rev. W . L. C L A Y , 
M .A . 8vo. 15s.

CLAY.—THE .POWER OF 
T H E  KEYS. Sermons preached 
in Coventry. By the Rev. IV. L. 
C L A Y , M .A . Leap. Svo. 3c 6d.

C L E R G Y M A N ’ S SELF-
K X AM IN A TIO N concerning tlie 
A P O S T L E S ’ CREE D . Extra 
fcap. Svo. D-. 6d. _



CLOUGH.—The POEMS of 
A R T H U R  H U G H  C L O U G H , 
sometime Fellow o f Oriel College, 
Oxford. W ith a Memoir by F. 
T . P A L G R A V K . Second E d i
tion, Fcap. 8vo. 6s.

COLENSO.— W ORKS by the
Right Rev. J. W . COLEN SO ,
D .D . Bishop o f N atal:—

T H E  C O L O N Y  OF N A T A L . A  
Journal o f Visitation. W ith a 
Map and Illustrations. Fcap. 
Svo. 5.0

V IL L A G E  SERM ON S. Second 
Edition, Fcap. Svo. 2s. 6d.

F O U R  SERM O N S on OJLDI- 
N A T IO N , and on M ISSIO N S. 
iSmo. is.

C O M PA N IO N  T O  T H E  H O L Y  
CO M M U N IO N , containing the 
Service, ajad Select I-SPidings from 
the writings o f  Mr. M A U R IC E . 
Fine Edition , morocco, antique 
style, 6s. or in cloth, 2s. fid. 
Common Pa pci', Ir.

ST. P A U L ’ S E P IST L E  T O  T H E  
R O M A N S. Newly Translated 
and Explained, from a Missionary 
point o f View. Crown Svo. 7-r. 6d.

L E T T E R  T O  HIS G R A C E  T H E  
A R C H B IS H O P  OF C A N T E R 
B U R Y , upon the Question o f 
Polygamy, as found already exist
ing in Converts from I Ieathenism. 
Second Edition. Grown Svo. 
is. 6d.

C Q O K F /R Y  F O R  E N G 
LISH  H 0 US1 H O L D S. By a 
FR E N C H  L A D Y . Extra fcap.

C O O P E R . A T H E N A  E 
C A N T  A 1! ft 1 (; T E N S E s. By 
C H A R L E S  H E N R Y  C O O PER, 
F. S. A . and T H O M P SO N  
CO O PER, F .S .A . Vol. I. Svo. 
1500- -S5, iSr. Vol. II. 15^6—  
1609, I Sr.

COTTON.— SERMONS and
A D D R E S S E S  delivered in M arl
borough College duringiSw Years, 
by d iO R G I i  E D W A R D  
L Y N C H  C O T TO N , D .D . Lord 
Bishop o f Calcutta. Crown Svo.
1 or. 6d.

COTTON.— A CHARGE to 
the C L E R G Y  o f  the D IO C E S E  
and r R O V lN C E o f C A L C U T T A  
at the Second Diocesan and First 
Metropolitan Visitation. By 
G E O R G E  E D W A R D  LY N C H  
C O T T O N , D .D . Svo. 3r. 6d.

C O T T O N . — S E R MO N S ,
chiefly connected with Public 
Events o f 1S54. I'cap. Svo. 3r.

COTTON.— EXPOSITORY 
SE R M O N S on the E P IST L E S  
for the Sundays o f  the Christian 
Year. By G E O R G E  E D W A R D  
EY.NCH C O T T O N , D .D . Tw o 
Vols. crown Svo. I5r.

C R A I K.— M Y F I R S T  
TQ U RN AL. A  book for the 
Young. By G E O R G IA N A  M. 
CRA.IK, Author o f  “  River- 
ston,” “ Lost and W on ,”  &c. 
Royal i6mo. cloth, gilt leaves, 
3r. 6d.

CROCISER.— A NEW PRO- 
P O S A L fora  G E O G R A P H IC A L  
SY ST E M  o f Mlfc!|$tJRES and 
W E IG H T S  conveniently Intro- 
ducible, generally by retaining 
familiar notions by familiar names. 
T o which are added remarks on 

systems o f Coinage. By JAM E S 
C R O C K E R , M .A . Svo. Sr. 6d.

CROSSE.—AN ANALYSIS 
OF P A L E Y ’ S E V ID E N C E S. 
By C. H . C R O SSE , M .A . 
241110. 2r. 6d.



D A N T E .  —  D A N ' i  E ’ S
C O M E D Y , 3 C  H fll. Trans
lated by AV. M . R O SE T T E  
Fcap. 8vo. cloth, 5-n

DAVIES.— ST. PAUL AND 
M O D E R N  T H O U G H T : Re
marks on some o f the Views 
advanced in l ’rofessor Jowetds- 
Commentary on St. Paul. By 
Rev. J. L l .  D A V IE S , M .A . 
Svo. 2S. (id.

DAVIES.— SERMONS ON 
T H E  M A N IF E S T A T IO N  OF 
T H E  §<)N OF G O D . W ith a 
Preface addressed to 'Laymen on 
the present position o f the Clergy 
o f  the Church o f England; and 
an Appendix on the estimony 
o f Scripture and the Church as to 
the possibility o f  Pardon in the 
Future State. By the Rev. J. 
L l .  D A V IE S , M .A . heap. Svo.
6 s. 6 d.

DAVIES.— THE WORK OF 
C H R IS T ; OR T H E  AVORLI) 
R E C O N C IL E D  T O  GOD. 
AVith a Preface on the Atone
ment Controversy. By the Rev. 
J. L l -  D A V IE S , M .A . Fcap. 
Svo. 6s.

D A V I E S . — B A P T I S M ,  
C O N F IR M A T IO N , A N D  T H E  
L O R D ’ S SU PPER, as inter
preted by their outward signs. 
Three Expository Addresses for 
Parochial Use. By the Rev. J. 
L l .  D A V IE S , M. A . Limp cloth,
I .r. (id.

DAYS OF OLD : STORIES 
F R O M  O L D  E N G L IS H  H IS 
T O R Y . By the Author o f “ .Ruth 
and her Friends.” N ay F.ihtknt. 
i8m o. cloth, gill leaves, 3-r. 6d.

DEMOSTHENES DE CO
R O N A . The Cijeek Text with 
English Notes. By 13. D R A K E , 
M .A  Sc&<mi( Edition, to which 
is  p re fix ed  AF.sCHXftKs a g a j w s t  
C t e s i p h o n , with English Votes. 
Fcap. Svo. 5 ‘’.

DE TEISSIER.—'VILLAGE 
SE R M O N S, by G. I ’. DE 
T E IS S IE R , B .D . Crown Svo. gr.

Second Series. Crown Svo.
cloth, 8.:. (id.

DE V^RE.— TH E INFANT 
B R ID A L , A N D  O T H E R  
POEM S. By A U B R E Y  D E  
AUIRE. Fcap. S'v'o. 7s. (d .

DICEY. — SIX MONTHS 
IN  TPIE FED  ERA I, ST AT E S. 
By F.DAVARD D IC E Y . 2 Vols, 
crovm Svo, 12s.

DICEY.— ROME IN i 860. 
By E D W A R D  'D ICB Y . Crown 
Svo. 6s. (d .

DONALDSON.—A CRITI
C A L  H .ISTO R Y O F C H R IS 
T IA N  L IT E R A T U R E  A N D  
D O C T R IN E , from the Death o f 
the Apostles to the Nicene Coun
cil. By JA M E S D O N A L D S O N , 
M .A . Vol. I.— T H E  A P O S
T O L IC  F A T H E R S . 8vo. 
cloth. lor. 6d.
Vols. II. and III. in the Press.

DREW. —  A GEOMETRI
CAL T R E A T IS E  O N  c S u i C  
SE C TIO N S. ByW . 11. D R E W , 
M.A. Third Edition. Crown Svo. 
4_r. (id.

DREW.— SOLUTIONS TO 
PR O B LE M S C O N T A IN E D  IN  
M R. D R E W ’S- T R E A T IS E  ON 
COM IC SE C TIO N S. Crown 
Svo. 4s. 6d.



EARLY EGYPTIAN HIS
T O R Y  F O R  T IIK  Y O U N G . 
W ith Descriptions 'i>f the Tom bs 
ancl Monuments. N ew E dition, 
with. Frontispiece. Fcap. 8vo. 5x.

EnE l ISi-T . IDYLLS. By
JA N E  E LLIC E . Fcap. Svo. 
cloth. 6s.

FAWCETT.— MANUAL of 
P O L IT IC A L  E C O N O M Y. By 
H E N R Y  F A W C E T T , M. A . 
Second Edition. Crown 8vo. 12.r.

FERRERS.— A TREATISE 
OF T R  [.LIN EAR 
NjCnESi the Method o f R eci
procal 1 mid the Theory o f
Projections. By the .Rev. N. M. 
F E R R E R S, 'M.A. Y row n  8vo. 
6s. 6 d.

FISPIER. —  CONSIDERA
T IO N S O'N T H E  T O i  
O F  T H E  A M ERICA N  W A R , 
By H E R B E R T  F IS H E R . Ecp. 
Svo. 2S. 611.

FLETCHER. — t h o u g h t s  
FROM  A G IR L 'S  L IF E . By 
L U C Y  F L E T C H E R . Fcap. 
Svo. 4.0 (id.

F O R E  E S.—L I F E O F  
E D W A R D  FO RBES, F .* # £ . 
By G E O R G E  W IL SO N , M .D . 
F .R .S  : and A R C H IB A L D
G Ll LIE, P\ G. S. Svo. with Por
trait, 14.11.

FORSHALL.— 'THE FIRST 
T W E L V E  C H A P T E R S  OF 
T H E  GOSPEI. A C C O R D IN G  
T O  S T  M A T T H E W , in the 
Received Greek Text, with various 
Readings, and Notes Critical and 
Expository. By the late Rev. 
JOSTAH F O R S H A L L , M .A .
F .R .S . iox. 6H.

FREEMAN.— HISTORY of 
F L D .F R A L  G O V ER N M  E N T , 
from the F oundation o f the Achaian 
League to the © isrSb fin  o f the 
United States. By EDM  VRI>
A . F R E E M A N , M .A . Vol. I. 
General Introduction. —  History 
o f  the Greek Federations. Svo. 
21,1.

F R O S T.— T H E  F I R S T
T H R E E  SE C TIO N S « f  N E W 
T O N 'S  P .RtN CIPIA. W ith 
Notes and Problems in illustra
tion o f the suBfcet. 4117 P E R - 
C IV A L  FRQS'P, M .A . Second 
Edition. Svo. 1 ox. 6i .

FRO ST AND WOLSTEN- 
H O L M E .-  A  T R E A T IS E  ON 
SO L ID  G E O M E T R Y . By the 

iKev. P E R C JV A L E R O S T , M .A . 
and the Rev. J. W O L S T E N - 
H O L M E , M .A . Svo. JS.i.

F U jN IV A L L .-L E  M O R TE
A R T H U R . Edited from the Ilar- 
leiait M .S. 2252, in the British 
afiseum . .By F. ] .  T O R N  I - 
V A L L , M .A . W ith Essay by 
the late H E R B E R T  C O L E 
R ID G E . Fcap. 8vo. cloth, 7.1. 
6 tl.

G A L T O N .—  M F T E O R O -
G R A P IIlC A , or Methods o f 
Mapping the Weather. Illustrated 
by upwards o f 600 Printed Litho
graphed Diagrams. By F R A N 
C IS G A L T O N , F .R .S . 4to. 91,.

GARIBALDI at CAPRERA. 
By C O I.O N E L  VF.CCIjJ. With 
Prefacelfey M rsiA jA SK ILL. Leap. 
Svo. ix. 6V.



G E IK IE .—S T O R Y  OF A
B O U L D E R ; or, Gleanings by 
a Field Geologist. By A R C H I
B A L D  G E IK IE . Illustrated with 
W oodcuts. Crown 8vo. 5̂ .

GEIKIE’S SCENERY OF
S C O T L A N D , with Illustrations 
and a new Geological Map. Cr. 
Svo. cloth, 10s. 6d.

GIFFORD.— THE GLORY
O F  G O D  IN  M A N . By E. IL. 
G IF F O R D , D .D . Fcap. 8vo. 
cloth. 3-f. 6d.

G O L D E N  T R E A S U R Y
SE R IE S . Uniformly printed in 
iSmo. with Vignette Titles by 
J. N o e l  B a t o n , T . W o o l n e r , 
W . I-Io l m a n  H u n t , J. E. M i l 
l a i s , <Src. Bound in extra cloth, 
4s. 6d. ; m orocco plain, *js. 6d. ; 
m orocco extra, 10s. 6d. each 
Volume..

T H E  G O L D E N  T R E A S U R Y  
O F  T H E  B E ST  SON GS A N D  
L Y R IC A L  PO EM S IN  T H E  
E N G L IS H  L A N G U A G E . Se
lected and arranged, with Notes, 
by  F R A N C IS  T U R N E R  P A L - 
G R A V E .

T H E  C H IL D R E N ’ S G A R L A N D  
F R O M  T H E  B E ST  PO ETS. 
Selected and arranged by C O 
V E N T R Y  P A T M O R E .

T H E  B O O K  O F P R A IS E . From  
the best English Hymn Writers. 
vSelected and arranged by R O U N - 
D  E L ’L  P A L M E  R. A  N  ew and 
Enlarged Edition.

T H E  F A IR Y  B O O K  : The Best 
Popular Fairy Stories. Selected 
and Rendered Anew by the 
Author o f “ John Halifax.”  

T H E  B A L L A D  B O O K . A  
Selection o f the Choicest British 
Ballads. Edited by W IL L IA M  
A L L IN G H A M .

T I I E  J E S T  B O O K . The 
Choicest Anecdotes and Sayings. 
Selected and arranged by M A R K  
L E M O N .

B A C O N ’ S E S S A Y S  A N D  
C O L O U R S  O F  G O O D  A N D  
E V IL . W ith Notes and Glossarial 
Index, by W . A L D IS  W R IG H T , 
M. A . Large paper copies, crown 
Svo. 7s. 6d. ; or bound in half 
morocco, rcxr. 6d.

The P IL G R IM ’S PRO G R ESS 
from this W orld to that which is 
to Come. By JO H N  B U N  VAN.

*** Large paper Copies, crown Svo. 
cloth, 7s. 6d. ; or bound in half 
morocco, 10s. 6d.

T IIE  S U N D A Y  BO O K  OF 
P O E T R Y  F O R  T H E  YO U N G . 
Selected and arranged by C. F. 
A L E X A N D E R .

A  B O O K  O F  G O L D E N  D E ED S 
O F  A L L  T IM E S  A N D  A L L  
C O U N T R IE S . Gathered and 
Narrated anew by the Author 
o f  “  The Heir o f Redclyffe.”

T IIE  P O E T IC A L  W O R K S  OF 
R O B E R T  B U RN S. Edited, 
with Biographical Memoir, by 
A L E X A N D E R  SM ITH . 2 vols.

G O R D O N.  — L E T T E R S
from E G Y PT , 1863— 5. %
L A D Y  D U F F  G O R D O N . Cr. 
Svo. cloth, 8s. 6d.

GORST.— T H E  M A O R I
K IN G ; or, the Story o f our 
Quarrel with the Natives o f New 
Zealand. By J. E. G O R ST , M .A . 
W ith a Portrait o f William Thom p
son, and a Map o f the Seat o f 
War. Crown Svo. io j, 6d.



GROVES.—-A COMMEN
T A R Y  ON T H E  B O O K  OF 
GEN ESIS. For the Use o f  Stu
dents and Readers o f  the English 
Version o f  the Bible. By the 
Rev. II. C. G R O V E S, M .A . 
Crown Svo. 9x.

GUIDE TO THE UNPRO
T E C T E D  in Every Day Mat
ters relating to Broperty and 
Income. By a B A N K E R ’ S 
D A U G H T E R . Second Edition . 
Extra fcap. Svo. 3X. 6d.

HAMERTON.— A PAINT
E R ’S C A M P IN  T H E  I-IIGH- 
L A  N D  S ; and Thoughts allout 
Art. By P. G. IIA M E R T O N . 
2 vols. crown Svo. 21s.

HAMILTON. —  THE RE
SO U R C ES O F  A  N A T IO N . 
A Series o f Essays. By R O W 
L A N D  H A M IL T O N . Svo.
I  O f. 6d.

HAMILTON.— On TRUTH
. and E R R O R : Thoughts on the 

Principles o f Truth, and the 
Causes and Effects o f  Error. By 
JO H N  H A M IL T O N . Crown 
S y o . 5 x.

H A R D W IC K - -C  H R IS  T 
A N D  O T H E R  M A S T E R S. A  
Historical Inquiry into some o f 
the Chief Parallelisms and Con
trasts between Christianity and the 
Religious Systems o f the Ancient 
"World. By the Ven. A R C H 
D E A C O N  H A R D W IC K . N ew  
Edition, revised, and a Prefatory 
Memoir by the Rev. F R A N C IS  
P R O C T E R ,^  Tw o vols. crown 
Svo. 15X.

H A R D W I C K .  — A H IS 
T O R Y  OF T H E  C H R IS T IA N  
C H U R C H , during the Middle 
Ages and the Reformation. (A.i>. 
590— 1600.) B yA R C H D E A C O N  
IIA R D W IC K . T w o vols. crown 
Svo. 2 IX.

Vol. I. Second E dition. Edited 
by F R A N C IS  P R O C T E R , M .A . 
History from Gregory the Great to 
the Excommunication of Luther. 
"With Maps.

V ol. II. History o f  the Refor
mation o f  the Church.

Each volume may be had sepa
rately. Price I ox. 6d.

HARDWICK. —  TWENTY 
SE R M O N S F O R  T O W N  CON 
G R E G A T IO N S. Crown Svo. 
6x. 6d.

H A R E.— W O R K S B Y  
JU L IU S  C H A R L E S  H A R E , 
M .A . Sometime Archdeacon o f 
Lewes, and Chaplain in Ordi
nary to the Queen.

C H A R G E S  D E L I V E R E D  
during the Years 1S40 to 1854. 
W ith Notes on the Principal 
Events affecting the Church 
during that period. W ith an 
Introduction, explanatory o f his 
position in the Church with re
ference to the parties which divide 
it. 3 vols. Svo. r/. 1 ix. 6d.

M I S C E L L A N E O U S  P A M 
P H L E T S  on some o f the Leading 
Questions agitated in the Church 
during the Years 1845— 51. Svo.
I2X.

T H E  V IC T O R Y  O F  F A IT H . 
Neno E dition, in the press, with 
Life by Plumptre.

T H E  M IS SIO N  OF T H E  C O M 
F O R T E R . Third Edition. W ith 
Notes, I2x.



V IN D IC A T IO N  O F L U T H E R .
Second Edition. Svo. *js.

P A R IS H  SE R M O N S. Second 
Series. Svo. clotli, I2x.

SE R M O N S P R E A C H E D  ON 
P A R T IC U L A R  O C C A SIO N S. 
Svo. cloth, 12s.

P O R T IO N S  O F  T H E  PSA L M S 
IN  E N G L IS H  V E R S E . Selec
ted for Public Worship. iSmo. 
cloth, 2s. 6d.

* *  T he two following Books are 
included in the Three Volumes 
o f  Charges, but may be had sepa
rately.

TITE C O N T E ST  W IT H  RO M E . 
Second Edition. Svo. cl. icxr. 6d.

C H A R G E S  D E L IV E R E D  in the 
r Vears 1843, 1845, 1846. W ith 
an Introduction. 6s. 6d.

H EARN . —  P L U T O L O G Y ;
or, the Theory o f  the Efforts to 
vSatisfy Human Wants. By W .
E. H E A R N , L L .D . Svo. 14J.

H E B E R T . — C L E R I C A L  
SU B S C R IP T IO N , an Inquiry 
into the Real Position o f the 
Church and the Clergy in reference 
t o — I. The Articles; II. The 
Liturgy; ITT. T he Canons and 
Statutes. By the Rev. C H A R L E S  
H E B E R T , M .A . F .R .S .L . Cr. 
Svo. js . 6d.

H  E M M I N C .—  A N E L  E- 
M E N T A R Y  T R E A T IS E  O N  
T H E  D IF F E R E N T IA L  A N D  
IN T E G R A L  C A L C U L U S . By
G. W . H E M M IN G , M .A . Second 
E dition. Svo. 9 .̂

HERVEY.—'THE GENEA- 
. L O G IE S  OF O U R  L O R D  A N D  
S A V IO U R  JESU S C H R IST , 
as contained in the Gospels o f 
St. Matthew and St. Luke, recon
ciled with eacli^other, aud shown 
to be in harmony with the true 
Chronology o f the Times. By 
Lord A R T H U R  H E R V E Y , 
M .A . Svo. 1 or. 6d.

HERVEY. —  TH  E AAR- 
BE RG S. By R O SA M O N D  
H E R V E Y . 2 vols. crown Svo. 
cloth, 21 s.

HISTORIC US.— LETTERS 
O N  SOM E Q U E ST IO N S OF 
IN T E R N A T IO N A L  L A W . R e
printed from the Times, with con
siderable Additions. Svo. *js. 6d. 
Also, A D D IT IO N A L  L E T 
T E R S . Svo. 2s. 6d.

H O D G S O  N.— M Y T H  O- 
L O G Y  F O R  L A T IN  V E R S I
F IC A T IO N  : a Brief Sketch o f 
the Fables o f  the Ancients, pre
pared to be rendered into Latin 
Verse for Schools. By F. H O D G 
SON, B .D . late Provost o f Eton. 
N ew  Edition, revised by F. C. 
IIO D G SO N , M .A . i8mo. 3̂ . 

HORNER.— The TUSCAN 
P O E T  G IU SE PP E  GTUSTI 
A N D  H IS  T IM E S. By S US A N  
H O R N E R . Crown Svo. 7s. 6d.

HOWARD.— THE PENTA
T E U C H  ; or, the Five Books o f  
Moses. Translated into English 
from the Version o f  the L X X . 
W ith Notes on its Omissions and 
Insertions, and also 011 the Pas
sages in which it differs from the 
Authorized Version. By the Hon. 
H E N R Y  H O W A R D , D .D . 
Crown Svo. G e n e s is , i vol. 
Ss. 6d ,; E x o d u s  a n d  L e v i t ic u s ,  
1 vol. io,r. 6 d .; N u m b e r s  a n d  
D e u t e r o n o m y ,  i  vol. io j . 6d.



H U M P  H fi Y. —  T T I E
h B m A X  SK E L E T O N  (includ
ing the JO IN T S). lly  G EORGE 
M U R R A Y  H U M P H R Y , M I). 
F .R .$ . W ith Tw o llundredand 
Sixty Illustrations drawn from 
Nature. Medium Svo. i/. 8s.

H U M P  I T &  Y. —  T PI E 
H U M A N  H A N D  A N D  T H U  
IT U M A I^F O O T . With Nume
rous Illustrations, l'cp . Svo. 4s. 6d.

HYDE.— HOW TO WIN 
O U R  Y  ORR MRS. An Account 
o f  the Leeds Sewing Schesl. By 
Mrs. H Y D E . Fcap. Svo. ij. 6/i.

H Y M N  I ECCLESIH i.—
Fcap. Svo. cloth, 7s. 6d.

J A M  E S O N.— L I F F / S  
W O R K , IN  P R E P A R A T IO N  
A N D  IN  R E TR O SP E C T . Ser
mons Preached before the Univer
sity o f  Cambridge. By the Rev. 
F . J. JA M ESO N , M .A . Fcap. 
Svo. IS'. 6d.

JAMESON.—BROTHERLY 
C O U N SE LS TO  STU DIJ& TS. 
Sermons preache A In the Chapel 
o f St. Catharine’ s Colfcaa Cam
bridge. By F. J. JA M ESO N , 
M .A . Fcap. Svo. ir. 6d.

JANET’S HOME.—A Novel.
Noiu Edition. Crown Svo. 6s.

JEVONS.— T H E  C O A L
Q U E ST IO N . B yW .K T A N L E Y  
j£ V O N ,S , M .A . Fellow o f Uni
versity College, London. Svo. 
1 ox. 6/1

JONES.— THE CHURCH
o f  E N G L A N D  and C O M M O N  
SENSE. By H A R R Y  JO N E S, 
M .A . Fcap. Svo. cloth, 3s. 6d.

JUVENAL.—JUVENAL, for
Schools. W ith English Notes. 
B yJ. E . B. M A Y O R , M .A . N xo  
am i Cheaper E dition. Crown Svo. 
Reprinting.

KEARY’S TH E LITTLE
W  A N  D E R  L I N  G, and other 
Fairy Tales. iSmo cloth, 3 .̂ 6d.

KINGSLEY.— WORKS BY 
T H E  R E V . C H A R L E S  K IN G S 
L E Y , M .A . Rector o f  Kversley, 
and Professor o f  Modern History 
in the University o f  Cambridge:—

T IIE  R O M A N  and the T E U T O N . 
A  Series o f  Lectures delivered 
before the University o f  Cam
bridge. Svo. 12S.

T W O  Y E A R S  A G O . Third  
E dition. Crown Svo.

“  W E S T W A R D  H O !”  Fourth 
E dition. Crown Svo. 6s.

A L T O N  L O C K E . N nv Edition. 
with a N ew Preface. Crown Svo. 
4s. 6d.

IIY P A T T A ; Fourth E dition. Cm . 
Svo. 6.r.

Y E A S T . Fourth E dition. Fcap. 
Svo. 5J.

M IS C E L L A N IE S . Second Edition. 
2 vols. crown Svo. 12s.

T H E  S A IN T ’S T R A G E D Y . T hird  
E dition. Fcap. Svo. 5«r.

A N D R O M E D A , and other Poems. 
Third Edition. Fcap. Svo. 5s.

T H E  W A T E R  B A B IE S , a Fairy 
Tale for a Land Baby. W ith 
T w o Illustrations by J. N o e l  
P a t o n , R .S .A . N cio Edition . 
Crown Svo. 6j.



G L A U C U S : or, the Wonders o f 
the Shore. N ew and JllustnUed 

' E dition, containing beautifully 
Coloured Illustrations. 5-r.

T H E  H E R O E S ; or, Greek Fairy 
Tales for my Children. With 
Eight Illustrations. Nrzei Edition. 
i8m o. y .  6d.

V IL L A G E  SER M O N S. Sixth 
Edition. Fcap. 8vo. is . 6d.

T H E  G O SREL O F  T H E  P E N 
T A T E U C H . Sjasnd Edition. 
Fcap. 8vo. 4 r. 6d.

G O O D  N E W S  O F  GOD. Third  
E dition. Fcap. 8vo. 6s.

.SERM O N S F O R  T H E  T IM ES. 
Third Edition. Fcap. Svo. 3c. 6d.

T O W N  A N D  C O U N T R Y  SER- 
Fcap. Svo. 60'.

SE R M O N S ON N A T IO N A L  
SU BJECTS. First Series. Seco/ed 
Edition. Fcap. Svo. 5-r.

SE.RMQNS ON N A T IO N A L  
SU BJECTS. Second Series. 
Second Edition. Fcap. Svo. 5-r.

A L E X A N D R IA  A N D  H E R  
SC H O O L S. W ith a Preface. 
Crown Svo. 5r.

T H E  L I M I T S  O F  E X A C T  
SC IE N C E  A S  A P P L IE D  TO  
H IS T O R Y . An Inaugural L ec
ture delivered before the Univer
sity o f Cambridge. Crown Svo. 
is .

P H A E T IIO N ; or Loose Thoughts 
for Loose Thinkers. Tfdrd Edition. 
Crown Svo. is ,

D A V ID .— Four Sermons— David’s 
Weakness— David’ s Strength—  
Dayid’ s Anger— David’s Deserts. 
Fcap. Svo. cloth, is . 6d.

KI NGSLEY.  —  AUST I N 
E L L IO T . B yIIE N R Y  KIN GS- 
L E Y , Author o f “ Ravenshoe,”  
&c. Third Edition. 2 vols. crown 
8vo. 21s.

KINGSLEY. —  THE RE- 
C 0 L I& C T .IO N S O F GEOF-

' F R .E Y 1IA M L Y N . B y ll l 'N R Y  
K IN G S ’J.RV. Second Edition. 
Crown Svo. 6j.

KINGSLEY.— THE HILL-
‘  Y A R S  A N D  T H E  B U R 

TO N S : a R ory o f  Two Families. 
By IIE N R Y  K IN G S L E Y . 3 
vols. crown Svo. cloth, if. 1 is. 6d.

KINGSLEY.— R A V E N SH O E . 
By H E N R Y  K IN G SL E Y . New  
Edition. Crown Svo. 6s.

KINGTON.— HISTORY of 
F R E D E R IC K  the SECOND, 
Emperor o f the Romans. By 
T  I K U S% rO N , M .A . 2 vols. 
demy Svo. 321-.

K I R C F I H O . F F .  — R E 
SE A R C H E S on the SO L A R  
SP E C T R U M  and the SPEC
T R A  of the C H E M IC A L  E L E 
M EN TS. By G .'K IR C H IIO E F , 
oi Heidelberg. Translated by 
IIE N R Y  E. .ROSCOK, B .A . 
4I0. 5-r. Also the Sfpond Part. 
4I0. 5-r. with 2 Plates.

LANCASTER —  EC LO G U E S 
A N D  M O N O -D R A M A S ; or, a 
Collection o f Verses. By W IL 
L IA M  L A N C A S T E R . Extra 
fcap. Svo. 4.0 039

LANCASTER. — PR/ETE- 
R IT A  : Poems. By W IL L IA M  
L A N C A S T E R . Extra fcap. Svo. 
4J. 6 d.



LATHAM. — THE CON
ST R U C T IO N  o f W K O U G I IT- 
IR O N  BR ID G ES, embracing tlie 
Practical Application o f the Prin
ciples o f Mechanics to W  rough t- 
Iron Girder W ork. By J. II. 
L A T IIA M , Esq. Civil Engineer.
8vo. \Yith numerous detail Plates. 
Second E dition. [Preparing.

LECTURES TO LADIES 
ON P R A C T IC A L  SUBJECTS. 
Third Edition, revised. Crown 
8vo. 7s. 6d.

LEMON.— LEGENDS OF
N U M BE R  N IP . By M A R K  
LE M O N . W ith Six Illustra
tions by C h a r l e s  ICe e n e . Extra 
fcap. 5s.

LESLEY’S GUARDIANS:
A  Novel. By C E C IL  IIOM E.
3 vols. crown 8vo. 3IJ. (yd.

L I G B T F O O  T. —  S T.
P A U L ’ S I :? I S * L E  T O  T H E  
G A L A T  IA N  S. A  Revised Text, 
villi Notes and Dissertations. 
By J. 0 . L IG H T E O O T , I f f ) .  
Svo. cloth, 1 o..r. 68.

L 0  W E1, L. —  FI R E s:n  > E
T R A V E L S. Bv JA M E S R U S 
S E L L  L O W E L L , Aiuhctr o f 
“ Tire Biglow Papers.” Leap. 
Svo. 4.1 6d.

LUDLOW and HUGHES.—  
A SK E T C H  of the I d  S T O R Y  
of the U N IT E D  S T A T E S  from 
Independence to SieessiRn. By 
J. M. L U D L O \ <  Author o f 
“  British India, its Races and its 
History,”  “ The Policy o f the 
Crown towards India,”  &c.

To which is added, T H E  
ST R U G G LE  F O R  K A N S A S . 
ByT 11OM A S H U G 11 ES, Author 
of “ Tom  Brown’s School Days,”  
“ Tom Brown at Oxford,” &c. 
Crown Svo. Sr. 6d.

L U D L O W.— B R I T I S H  
I N D I A ; its Races, and its H is
tory, down to 1837. .By JO H N  
M A LC O L M  L U D L O W , Bar- 
rister-at-Law. 2 vols. 9.1

L U S LI I N G T O N .-T  H E 
IT A L IA N  W A R  1848-9, and 
the Last Italian Poet. 'By the 
late H E N R Y  L U S H IN G T O N . 
W ith a Biographical Preface by 
G. S. Vr.NAiii.T5s.'. Crown Svo. 
6s. 68.

L Y T T E L T O  N.— T H E
COM U S OF M ELTON rendered 
into Greek Verse. By L O R D  
LYTTELTOCT. Royal fcap. 8vo. 
51

M A C K E N Z I  E.— T LI E 
C H R IS T IA N  C L E R G Y  o f the

t F IR S T  T E N  C S N T U R IE S , 
and their Influence 01 European 
Civilization. By H E N R Y  aiA C - 
KFJNZ1E, B. A. Scholarof Trinity 
College, Cambridge. Crown Svo. 
6r. 6U.

M ACL AREN. —  SERMONS 
P R E A C H E D  A T M A N C H 'E S - 
T E R . B g jA L E X A N D E R  M A C - 
L VREN. Svconii E dition. lrcp. 
Svo. 4s. 68.

MACLEAR.—A HISTORY 
O.F C H R IS T IA N  M ISSIO N S 
D U R IN G  i’ H E  M ID D l.E  
A G E S. B y G . E. M AC.LEAR, 
M .A . Crown Svo. 1 or 68.

MACLEAR. —  THE W IT
N ESS OF T H E  E U C H A R IS T ; 
or, Tire Institution and Early 
(celebration o f the Lord’RSupper, 
considered as an Evidence o f the 
Historical Truth o f the Gospel 
Narrative and o f the Atonement. 
Crown Svo. 41 68.



M ACLEAR. —  A CLASS- 
B O O K  < 3  O L D  T E S T A  - 
M E N T  H IS T O R Y . By the 
R ev A . F. M ^S iL E A R , M .A . 
W ith Four Maps. i8mo. cloth, 
4j. 6d.

M ACLEAR. —  A  CLASS-
B O O K  O f  N E W  T E S T A 
M E N T  i lK T O R Y , including 
the connexion o f  the Old and 
N ew Testament.

[In  the press.

M A C M I L L A N .— F O O T 
N O T E S FRQ.M T iJ ’E P A G E  
O F  N A T U R E . Iiy the Rev. 
H  U G II M A C M I L I .  A  N, 
F. R. S.E. W ith numerous Illus
trations. Fcap. Svo. 5r.

M A C M ILLA N ’S M AGA
ZIN E . I’ublished Monthly, price 
One Shilling. Volumes I .— X I 
are now ready, 7r. 61. each.

M cCQSH.— The M E TH O D  
o f  the D IV IN E  G O V E R N 
M E N T , Physical and Moral. 
Iiy JAM E S M cC tiS 'II, L E D . 
Eighth E dition. Svo. I or. 6 ti.

M cCOSH — TH K  S U P E R 
N A T U R A L  IN  R E L A T IO N  
T O  T H E  N A T U R A L . By 
J A M E S  M -eC O SH , L L .D . 
Crown Svo. 7s. 6d.

M cCOSPL— T H E  IN T U I
T IO N S  OF T H E  M IN'D. By 
JA M E S M cC O SH , L L .D . A  
N ew E dition. Svo. cloth, ior. 6ii.

M cC O Y .— C O N T R I B U -  
T IQ N S  T O 'B R IT IS H  PALAE
O N T O L O G Y ; or, First Descrip
tions o f several hundred Fossil 
Radiata, Articulata, Mollnsca, and 
Pisces, from the Tertiary, Creta
ceous, Oolitic, and Palaeozoic 
Strata o f Great Britain. With 
numerous W oodcuts. By FR ED . 
M cC O Y , F .G .S . Professor o f 
Natural History in the University 
o f  Melbourne. Swu. 91.

M A N S F IE L D . —  P A R A 
G U A Y , B R A Z IL , A N D  T H ] 
P L A T E  With a Map, and nume
rous Woodcuts. By C H A R L E S  
M A N SF IE L D , M .A . W ith a 
Sketch o f  his Life. By the
R P . C H A R L E S  K IN G S L E Y . 
Crown Svo. 12s. Gd.

M A R R IE D  B E N E A T L I 
IIIM . By the Author o f “  Lost 
Sir Ma&singberd.”  3 vols. crowu 
Svo. cloth, 11, n r . 6 d.

M A RR IN E R. —  SERMONS 
P R E A C H E D  at LYM.E REG IS. 
By E. T. M A R R IN E R , Curate. 
Fcap. Svo. 4s. Gil.

M ARSTON.— A LA D Y  IN 
i t e r  q W n  R i g h t ,  j v w e s t -
L A N D  M A R ST O N . Crown Svo. 
6s.

M A R T IN .— TH E  STATES
M A N ’ S Y E A R B O O K  for 1865. 
A  Statistical, Genealogical, and 
Historical Account o f the Civilized 
W orld for the Year 1S65. By 
F R E D E R IC K  M A R T IN . Cr. 
Svo. 1 or. 6d.

M ARTIN. —  STORIES OF
.BANKS A N D  B A N K E R S. By 
F R E D E R IC K  M A R T IN . Fcp. 
S\o. cloth, ,j.r. p tf



M A RTIN .— T H E  LIFE  OF 
JO H N  C LAR K . By F R E D E 
R IC K  M A R T IN . Crown Svo. 
cloth, Js. 67.

M A S S O N.— E S S A Y  S, 
B IO G R A P H IC A L  and C R IT I 
C A L  ; chiefly on the English 
Poets. By D A V ID  M A SSO N , 
M .A . Svo. 12s. 67.

M A S S O N . — B R I T I S H  
N O V E L IS T S  A N D  T H E IR  
S T Y L E S ; being a Critical Sketch 
o f  the History o f  British Prose 
Fiction. By D A V ID  M A SSO N , 
M .A . Crown Svo. 7s. 67.

MASSON.— LIFE  o f JOHN 
M IL T O N , narrated in Connexion 
with the Political, Ecclesiastical, 
and Literary History o f his Time. 
Vol. I. with Portraits, I Sr.

M A S S 0  N.— R  E C E N T  
B R IT IS H  P H IL O S O P H Y . A  
Review, with Criticisms. By 
D A V ID  M A SSO N . Crown Svo. 
cloth, 7r, 67.

M AU RICE.— W ORKS BY 
T H E  R E V . F R E D E R IC K  
D E N ISO N  M A U R IC E , M .A .

T H E  C L A IM S OF T H E  B IB LE  
A N D  OP' S C IE N C E ; a Corre
spondence on some questions re
specting the Pentateuch. Crown 
Svo. 4r. 67.

D IA L O G U E S on F A M IL Y  W O R 
SH IP. Crown Svo. 6s.

E X P O S IT O R Y  I )IS  C O U R SE S 
on the H oly Scriptures :—

T H E  P A T R IA R C H S  and L A W 
G IV E R S  o f  the O L D  T E S T A 
M E N T . Second Edition. Crown 
Svo. 6s.

This volume contains Discourses on 
the Pentateuch, Joshua, Judges, 
and the beginning o f  the First 
Book o f  Samuel.

T H E  P R O P H E T S  and K IN G S  o f 
the O L D  T E S T A M E N T . Second 
E dition. Crown Svo. ior. 67.

This volume contains Discourses on 
Samuel I. and IL , Kings I. andII. 
Am os, Joel, Hosea, Isaiah, Micah, 
Nahum, II abakkulc, Jeremiah, and 
Ezekiel.

T H E  G O S P E L  O F T H E  K IN G 
D O M  O F  G O D . A  Series o f 
Lectures on the Gospel o f  St. 
Luke. Crown Svo. 9s.

T H E  G O S P E L  O F ST. JO H N  ; 
a Series o f  Discourses. Second 
Edition, Crown Svo. 10s. 67.

T H E  E P IST L E S  O F ST. JO H N  ; 
a Series o f  Lectures on Christian 
Ethics. Crown Svo. 7s. 67.

E X P O S IT O R Y  SE R M O N S O N  
T H E  P R A Y E R -B O O K

T H E  O R D IN A R Y  S E R V IC E ^ . 
Second E dition. Fcap. Svo. 5s. 67.

T H E  C H U R C H  A  F A M IL Y . 
Twelve Sermons on the Occa
sional Services. Fcap. Svo. 4r. 67.

L E C T U R E S  O N  T H E  A P O 
C A L Y P S E , or, Book o f  the 
Revelation o f  St. John the Divine. 
Crown Svo. I or. 67.

W H A T  IS  R E V E L A T IO N ?  A  
Sei ics o f  Sermons on the Epiphany, 
to which are added Letters to a 
Theological Student on the Hamp
ton Lectures o f  Mr. H a n s e l . 
Crown Svo. ior. 67.

SE Q U E L  T O  T H E  IN Q U IR Y , 
“  W H A T  IS R E V E L A T IO N ?”  
Letters in Reply to Mr. Hansel’ s 
Examination o f “  Strictures on 
the Bampton Lectures. ”  Crown 
Svo. 6s.

L E C T U R E S  O N  E C C L E S IA S 
T IC A L  H IS T O R Y . Svo, 1 or. 6a.



T H E O L O G I C A L  E S S A Y S . 
Second E dition. Crown Svo.
I OS. 6d.

T H E  D O C T R IN E  O F S A C R I
F IC E  D E D U C E D  F R O M  T H E  
S C R IP T U R E S . Cr. Svo. ys. 6d. 

T H E  R E L IG IO N S  O F T H E  
W O R L D , and their Relations to 
Christianity. Fourth E dition. 
Fcap. Svo. 5-r.

O N  T H E  L O R D ’S P R A Y E R . 
Fourth E dition. Fcap. Svo.
2S. 6d.

O N  T H E  S A B B A T H  D A Y ; the 
Character o f the W arrior; and 
on the Interpretation o f  History. 
Fcap. Svo. 2s. 6d.

L E A R N IN G  A N D  W O R K IN G . 
— Six Lectures on the Foundation 
o f  Colleges for W orking Men. 
Crown Svo. 5 -̂ 

T H E  IN D IA N  C R ISIS . Five 
Sermons. Crown Svo. 2s. 6d. 

L A W ’S R E M A R K S  O N  T H E  
E A R L E  O F  T IIE  REES. With 
an Introduction by F. D. M A U 
R IC E , M .A . Fcap. Svo. 4s. 6d,

M AYO R.— A U TO B IO G R  A- 
IMIY O F  M A T T H E W  R O B IN 
SON. By JO H N  E. B. M A Y O R , 
M .A . Fcp. Svo. 5s. 6d.

M AYOR. —  E A R LY  STA
T U T E S  o f ST. JO H N ’ S C O L 
L E G E , C A M B R ID G E . W ith 
Notes. Royal Svo. 18s.

MELFBCEUS IN LONDON. 
By JA M E S P A Y N , M .A . Fcap. 
Svo. 2s. 6d.

M ERIVALE. —  SALLUST 
F O R  SCH O O LS. By C. M E R I
V A L E , B. D. Second Edition. 
Fcap, Svo. 4-f. 6d.

'**  The Jugurtha and the Catalina 
may be had separately, price 
2s. 6d. each.

M E R I V A  L E. —  K E A T S ’
11Y PE R I ON  Rendered into Latin 
Verse. ByC. M E R IV A L E , B.D. 
Second Edition. Royal fcap. Svo. 
3j. 6d.

M O O R  COTTAGE.— A  Tale
o f  llo m c  Life. By the Author 
o f  “  Little Estella.”  Crown Svo. 
6s.

M O O R H O U S E . — S O M E
M O D E R N  D IF F IC U L T IE S  
respecting the F A C T S  o f N A 
T U R E  and R E V E L A T IO N . 
By JAM E S M O O R H O U SE , 
M .A . Fcap. Svo. 2s. 6d.

M O R G A N .— A COLLEC
T IO N  O F  M A T H E M A T IC A L  
P R O B LE M S and E X A M P LE S. 
By II. A . M O R G A N , M .A . 
Crown Svo. 6,r. 6d.

MORSE.— W O R K IN G  FOR
G O D , and other Practical Ser
mons. By F R  A  N CI S M 0  R S 1C, 
M .A . Second Edition. Fcap. Svo. 
5-r.

M O RTLO CK . —  C H R ISTI
A N IT Y  A G R E E A B L E  TO 
R E A SO N . By the Rev. E D 
M U N D  M O R T L O C K , B.D. 
Second E dition. Fcap. Svo. 
3 s. 6d.

N O E L .— B E H IN D  T H E
V E IL , and other Poems. By the 
Hon. R O D E N  N O E L. Fcap. 
Svo. 7s.

NO RTH ERN  C IR C U IT . 
Brief Notes of Travel in Sweden, 
Finland, and Russia. W ith a 
Frontispiece. Crown Svo. 5̂ .

NORTON.— T H E  LAD Y of 
LA G A R A Y E . By the Hon. 
M rs. N O R T O N . W  ith Vignette 
and Frontispiece. JVcw Edition. 
4-r. 6d. j



O’BRIEN.—  An A TT E M P T  
to E X P L A IN  and E S T A B L IS H  
the D O C T R IN E  o f JU ST 1FI 
C A T IO N  BY F A IT H  O N L Y . 
By JAM ES TFIQS. O ’B R IE N , 
D .D . Bishop o f Ossory. Third 
Edition. Svo. I2.r.

O’BRIEN.— CHARGJ&, deli
vered at the Visitation in 1863. 
§fcond Edition. Svo. 2s.

O L I P H A N  T.— A G N E S
H O P .E T O U N ’ S S C H Q jp L S  
A N D  H O L ID A Y S . By M R S. 
OI.'H I I A NT. Royal i6m o.cloth, 
gilt leaves. 3s. 6d.

OLIVER. —  LESSONS IN 
ELEM  E N T A I^ f 3 0 'TjfcNY. 
With nearly 200 Illustrations. 
By D A N IE L  O L IV E R , F .R .S
F .L . 0. iS'mo. 4-f. (id.

O P P E N. — F R  E N C H 
R E A D E R , for the Use o f C ol
leges and Schools. By E D W A R D
A . O FTEN . Fcap. Svo. cloth,
4-f. (id.

ORW ELL.— The BISHOP’S 
W A L K  A N D  T H E  B IS H O P ’S 
T IM E S . Poems on the Days; o f 
Archbishop Leighton and Uie 
Scottish Covenant. By O R W E L L . 
Fcap. Silo. 5j.

OU R YEAR. —  A  Child’s
Bowk, in Ifrose and Verse. By 
the Author o f “ John I-Ialifaat, 
Gentleman.”  Illustrated by 
C l a r e n c e  D O v ii l l . Royal 
i6m o. cloth, 31-. 6d.

P A L G R A V E . — H ISTORY 
OF N O R M A N D Y  A N D  OF 
E N G L A N D . By Sir F R A N C IS  
P A L G R A V E . Completing the 
History to the Death o f W illiam 
Rufus. Vols. I. to IV . Svo. 
each 2 ij.

PALGRAVE.— A  N A R R A 
T IV E  OF A  Y E A R S  J O U R 
N E Y  ’T H R O U G H  C E N T R A L  
A N D  EASTERN* A R A B IA , 
1S62-3. By W IL L I -.M Cj.ll-'- 
F A R D  P A L G R A V is (late o f the 
Eighth Regiment Bombay N [.). 
2 vois. Svo. cloth. 2Sf.

PALM ER.— T H E  LOOK of
P R A IS E  : from the Hest English 
Hymn Writers. Selected and 
arranged by R O U N D  EI-1, P A L 
M ER. W ith Vignette b y  W o o l - 
KIsR. I.ot'ys Type E dition, demy 
N o . ior. (id. ; morocco, 28.;. 
R oyal E dition, civ on  Svo. (s . ; 
morocco, 12s. 6d.

PARKIN SON .— A T R E A 
T IS E  ON E L E M E N T A R Y  
M E C H A N IC S . ’ For the Use o f 
the Junior Classes at the Ilf nrver- 
sity and the Higher Classes in 
Schools. W ith a CtfUection o f 
Examples. By S. PA RIvIN -

‘ SON , ILL). Third iidition, re
vised. Crown Svo. 9.9 tv/.

PARKINSON. — A  T R E A 
T IS E  O N  O PTICS. By S. 
P A R K IN S O N , .BIO. Crown 
Svo. I os. (id.

PATERSON. —  TR  I'ATISE 
O N  TFIE F IS H E R Y  L A W S 
o f the U N IT E D  K IN G D O M , 
including the 'Laws o f Angling. 
By JAMIES P A T E R SO N , M .A . 
Crown Svo. ior.

PATM O R E .— The ANGEL 
IN  T H E  H O f f iE . Book I. 
The Betrothal.— Book 11 The 
Espousals.— Book 111. Faithful 
for Ever. W ith Tamerton Church 
Tower. By C O V EN TR Y  P A T 
M O R E . 2 vols. fcap. 8»b. 121-.
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PATM ORE. —  T H E  V IC 
T O R IE S  OF LO VK . Fcap. 
Svo. 4j. 6d.

PAU LI. —  PICTU RES OF 
O L D  U W SLA N D . By Dr. 
R E JN H O L D  'PA U LI. Trans
lated by E. C. O T T E . Crown 
Svo. Ss. 6d.

PEEL.— JUDAS M \CCA-
BLEUf. An Heroic Poem. By 
E D M U N D  PE E L. Fcap. Svo. 
7s. 6d.

PH E A R .— ELEM EN TARY 
H Y D R O S T A U iq g . By J. 15. 
R IIE A ’R, M .A . Third E dition. 
Crown Svo. 6d.

P H IL IJM O R E .—P R IV A T E
L A W  among the Til-)M A N S. 
'From the Pandects. By JOH N 
G E O R G E  P IirL 'L IM O R ^ Q .C . 
Svo. 16.r.

PHTLITPS.— LIFE  on tlie 
L A  R 'i 'h l : its Origin and Succes
sion. By JO H N  P H IL L IP S , 
M .A . L L .D . F .R .S . W ith Illus
trations. Crown Svo. 6r. 61.

PH ILO LO G Y.— The JOUR- 
N A L  #  S A C R E D  A N D  
C L A S S IC A L  P H IL O L O G Y . 
Four vols. Svo. I2x. 6d. each.

PLA TO .— The REPUBLIC
O F  P L A T O . Translated into 
English, with Notes. By T w o 
Fellows o f  Trinity College, Cam
bridge (J. Ll. Davies, M .A . and 
D . J. Vaughan, A t.A .). Second 
Edition . Svo. iox. 6d.

PLA TO N IC  DIALOGUES,
The. F or English Readers. I)y 
W . W IIE W E L L , D .l) .  F .R .S . 
Master o f  Trinity College, Cam
bridge. Vol. I. Second Edition, 
containing 7 'he Socratio Dialogues, 
fcap. Svo. Js. 6d. Vol. IT. con
taining The Anti-Sophist D ia- 
logucs, Ox. 6d. Vol. III . con
taining The Republic, fcap. Svo. 
7x. 6d. \

PLEA for a NEW  ENGLISH 
V E R S IO N  o f  T H E  SC R IP
T U R E S . By a Licentiate o f the 
Church o f  .Scotland. Svo. 6s.

P O TTE R .— A V O IC E  from 
the C IIU R C II in A U S T R A 
L IA  : Sermons preached in Mel
bourne. By the Rev. R O B E R T  
P O T T E R , M .A . Royal fcap. 
Svo. 4x. 6d.

PR A T T.— TRE ATISE  ON 
A  T T  R  A  C TT O N S, La Place’s 
FU N CTIC)N S, and the FT GU RE 
o f  the E A R T H . By J. II. 
P R A T T , M .A . Second Edition. 
Crown Svo. 6x. 6d.

PRO CTE R.— A H ISTORY 
o f the B O O K  OF COM M ON 
P R A Y E R  : with a Rationale o f 
its Offices. By FRANCES 
P R O C T E R , M .A . Fifth E di
t i o n revised and enlarged. Cr. 
Svo. iox. 6d.

PRO CTER.— An ELEM EN
T A R Y  H IS T O R Y  o f  the BOOK 
o f  COM M O N  P R A Y E R . By 
F R A N C IS  P R O C T E R , M .A . 
iSmo. 2s. 6d.

PRO PERTY and INCOME. 
— G U ID E  to the U N P R O T E C 
T E D  in Matters relating to Pro
perty and Income. Second E di
tion. Crown Svo. 3x. 6d.



PU CK LE.— AN ELEM EN
T A R Y  T R E A T IS E  011 COf-IIC 
SE C TIO N S and A L G E B R A IC  
G E O M E TR Y , especially designed 
for ihe Use o f  Schools and 
Beginners. By G. IIA L E  
BU CK LE, M .A . .Second E d i
tion. Crown Svo. Js. 6d.

RAMSAY. —  T H E  CATK-
C H IS E R ’S M A N U 4 L ;  or, the 
Church Catechism illustrated and 
explained, for the Use o f Clergy
men, Schoolmasters, and Teach
ers. By A R T H U R  R A M S A Y , 
hi.A . Second E dition. iSmo. 
To. 6d.

RAW LINSON.— ELEM EN
T A R Y  ST A T IC S . By G. 
RA W LTN SO N , M .A . Edited
igiiilJWAfEI.) s t u r g e s ,m .a .
Crown Svo. 4s. 6d.

RAYS o f SUN LIGH T for
D A R K  D A Y S. A  Book o f 
Selectwns for the Suffering. W ith 
a Pre&ce by C. J. V A U G H A N , 
D .D . 1 lij nr). Edition.
30'. 6+ ; morocco, old style, 9s.

R O B E R T  S.— D I S C U S-
SIO.NS O N  T H E  GOSPELS. 
By R E V . A L E X A N D E R  R O 
B ERTS, D. D. Second E dition. 
revised and enlarged. Svo. cloth, 
16s.

R O B Y . — A N  E L E M E N 
T A R Y  L A T IN  -G R A M M A R . 
By II. J. R O fiY , M .A . iSmo.
2 s. 63

R O B Y .— S T O R Y  O F  A 
H O U SE H O L D , and Other 
Poems. By M A R Y  K. RO'BY. 
Fcap. Svo. Jr.

R O M A N I S .-S E R M O N S  
P R E A C H E D  at ST. M A R Y 'S , 
R E A D IN G . By W IL L IA M  
R O M A N IS , M .A . Firsttj&r/es. 
Fcap. Svo. 6s. A lso, Second 
Series. 6s.

R O S S E T T I . - G O B L I N  
M A R K E T , and other Poems. 
B y C H R IS T IN A  R O S S E T T I. 
Av-ith T w o pcsigns by D. G. 
R o s s e t t i . Second E dition. F c a p . 
Svo. 5r.

R O S S E T T I .  -  T H E
P R IN C E ’ S PR O G R E SS, and 
other Poems. By C H R IS T IN A  
R O L E T T E  W ith Two Designs 
by D. G. R o s s e t t i . / «  the press.

R O S S E T T I . — D A N T E ’ S 
C O M E D Y  : The f/cll. Trans
lated into Literal Blank Averse. 
B>y AV. M. R O S S E T T I. Fcap. 
Svo. cloth. Sr.

R O U T H .— TR E A TISE  ON 
D Y N A M IC S  QiF R IG ID  B O 
D IE S . AA'ith Numerous Exam 
ples. By Ii. J. R O U T H ,.M .A . 
Crown Svo. ior. 6d.

ROWSF.LL.—The ENGLISH 
U N IA TiR SIT IK S A N D  T H E  
E N G L IS H  P ® l j u  Sermons 
preached before the University o f 
Cambridge. Be T. J. ROAV- 
t>ELL, M .A . Fcap. Svo. 2r.

R O W S  E L I,. —  M A  N ’ S
LA.fS£&nS and G O D ’ S EIA.R- 
ATIST. Sermons preached before 
the University owdam bridge in 
Lent, 1861. Fcap. Svo. jS.

RU FFIN I. —  VIN CEN ZO ; 
or, S U N K E N  R O C K S. By 
JO H N  R U F F IN I. Three vols. 
crown Svo. 3IJ. 6d.
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RUTH and her FRIENDS. 
A  Story for Girls. W ith a Fron
tispiece. Fourth Edition. Koyal 
r 61110. 31. 6d.

SCOURING of the WHITE
H O R£'E  ; or, the Long Vacation 
Ramble o f a London Clerk. By 
the Author o f “ T o m  Brown’s 
School Days.”  Illustrated by 
D o y l e . Eighth Thousand. Im p . 
161110. 81. 6d.

SEEM ANN . — V IT I  : an
Account o f a Government Mis
sion to the Vitian or Fijian Group 
o f Islands. By 'B E R T H O L D  
J K M A N N , P h .D . F. L. S. 
With Map and Illustrations. 
Dem y Svo. 141.

SELWYN. —  TH1£ WORK 
o f C H R IS T  ill the W O R L D . 
By G. A . S E L W Y N , D .D . 
Third Edition. Crown Svo. 2s.

S H A K E S P E A R E .— T H E  
W O R K S  OF W IL L IA M  

' S H A K E S P E A R E . Edited by
w m . g e o r g e  Cl a r k , m .a .
and W . A L O IS  W R IG H T , 
M, A . Vols. 1 to 6, Svo. 1 or. 6d. 
each. T o  be completed in Eight 
Volumes.

SH A K E S P E A R E .— T H E  
■ C O M P L E T E  W O R K S  OF 

W IL L IA M  SIIAfCESI’E A M i. 
The C/Jfc E dition. Edited by 
W . G. C L A R K  and W . A. 
W R B £H T . Royal Fcap. 31-. 6d.

SHAKESFEARE’S TEM
PEST. W ith (Spssarial and Ex
planatory m #es. By the Rev. J. 
M. JE PH SO N . 181110. sr. 6d.

SHAlRP. —  K ILM AH O tt:
and other Poems. By J. C A M P 
B E L L  S lIA I'R P . Fcap. Svo. 5r.

SHIRLEY.— ELIJAH; Four
University Sermons. I. Samaria.
II. Carmel. — 111. K in m .— IV. 
I-Iorcb. By W . W . S H IR L E Y , 
D .D . Fcap. Svo. 2s. 6ii

SIMEON.— STRAY NOTES 
O N  .F IS H IN G  A N D  ON 
N A T U R A L  H IS T O R Y . By 
C O R N W A L L  SIM EO N . Cr. 
Svo. 71. 6d.

SIMPSON.— AN EPITOME 
OF '1 1-IE H IS T O R Y  OF T H E  
CHRISTliA-N C IIU R C H . By 
\VH X1AM  SIM PSO N , M .A . 
Eotertk Edition. Fcp. Svo. 31. 6;/.

SKETCHES FROM CAM- 
. BR ID G E . I3y A  1 tPlN. Crown 

Svo. cloth, 31. 6d.

SMITH.—A IT EE DRAMA.
and other Poems. ID* A L E X 
A N D E R  SM ITH . Fcap. Svo. 
2 s. 6 d.

SMIT IT. —  CITY POEMS. 
By A L E X A N D E R  SM ITH , 
Fcap. Svo. 51.

S M I T H .-E D W I N  O F
DEI RA. Second Edition . By 
A L E X A N D E R  SM IT H . Fcap. 
Svo. Sr.

SMITH.— A LETTER TO 
A  W H IG  M EM BER o f the 
S O U T H . RN  IN D E P E N - 

' D E N C E  A S S O C IA T IO N . By 
G 0 L D W 1N SM IT H . Extra 
fcap. Svo. 2r.

SMITH. — ARITHMETIC
' A N D  1 A L G E B R A . By B E R 

N A R D  S M IT H , M .A . N inth 
Edition. ■jCr. Svo. cloth, ror. (u'i.

SMITH. —  ARITHMETIC 
for the U S E  o f SC H O O LS. 
N m oEdition. Crown Svo. 4r. 6d.



SMITH.—A KEY to the 
A R IT H M E T IC  for SC H O O L S. 
Second Edition. Crown 8vo. 
8s. 6d.

SMITH.— EXERCISES IN 
A R IT H A IK T IC . By B A R 
N A R D  SM IT H . With Answers. 
Crown Svo. limp cloth, 2s. 6d. 
C tfjold  separately, as follows :—  
Part I. ir. Part II. is. Answers, 
6rf.

SMITH.—SCHOOL CLASS 
B O O K  of A R IT H M E T IC . By 
B A R N A R D  SM IT H . iSmo. 
cloth, 3.5. Or solo separately, 
Parts I. and II. iod . each, Part
I I I .  Is.

SNOWBALL. — THE E L E 
M ENTS. o f P L A N E  and S P H E 
R IC A L  T R IG O N O M E T R Y . 
By J. C. S N O W B A L L , M .A . 
Tenth Edition. Qrown Svo. 'Js. 6d.

SPRING SONGS.— By a 
W E S T  H IG H L A N D E R . With 
a Vignette Illustration by-SoU R- 
l a y  S t e e l e . Fcap, 8vo. is. 6d.

STE P H E N . —  GENERAL 
V IE W  of the CRIM  IN A L  L A W  
o f  E N G L A N D . By J. E IT Z- 
JA M E S S T E P H E N . Svo. iSr.

STORY.— MEMOIR of the 
Rev. R O B E R T  jj irO R Y . By 
R. II.S T O R Y . Crown Svo. Js.6d.

STRICKLAND.— ON COT
TAGE: C O N ST R U C T IO N  and 
D E S IG N . By C. W . S T R IC K 
L A N D . With Specifications and 
Plans. Svo. "Js. 6d.

SWAINSON. — A HAND
BOOK to B U T L E R ’ S A jS A -

. LOGY. B y C . A . S W A IN S O N , 
D .D . Crown Svo. Ir. 6d.

SWAINSON.— TheCREEDS
o f  the C H U R C H  in their R E 
L A T IO N S  to H O L Y  S C R IP 
T U R E  and the C O N SC IE N C E  
o f  the C H R IS T IA N . Svo. 
cloth, 9r.

SWAINSON.— TheAUTHO- 
R IT Y  o f  the N E W  T E S T A 
M E N T , and other Lectures, 
delivered before the University o f 
Cambridge. 8vo. cloth, I is.

TACITUS.— The HISTORY 
o f  T A C IT U S  translated into 
E N G L ISH . By A  ,J . C H U R C H , 
M .A ., and W . J. B R O D R IB B , 
M .A . W ith a Map and Notes. 
Svo. I or. 6d.

TAIT AND STEELE.— A
T R E A T IS E  O N  D Y N A M IC S , 
with numerous Examples. By 
P. G. T A IT  and W . J. ST E E L E . 
Second E dition. Crown Svo. 
I or. 6 ll.

TAYLOR.—WORDS AND 
P L A C E S ; or, Etymological Illus
trations o f History, Ethnology, 
and Geography. By the Rev. 
IS A A C  T A Y L O R . Second E d i
tion. Crown Svo. I 2r. 6d.

TAYLOR.— TH E RESTO
R A T IO N  O F B E L IE F . New 
and Revised Edition. By IS A A C  
T A Y L O R , Esq. Crown Svo. 
Sr. 6d.

T A Y L O R . — B A L L A D S  
A N D  S O N G S  O F  B R I T 
T A N Y . By T O M  T A Y L O R . 
W ith Illustrations by T is s o t , 
M i l l a i s , T e H h e l J  K e e n e , and
H . K. B r o w n e . Small 4to. 
cloth gilt, I2r.

TAYLOR. —  GEOMETRI
C A L  C O N ICS. B y C .T A Y L O R , 
B .A . Crown Svo. 7r. 6d.



T E M P L E .  —  S E R M O N S  
'PR E A C H E D  in the C H A P E L  
o f  R J G B Y  SC IIO O t . By E. 
T E M P L E , D .D . Svo. 10s. 6d.

T H R IN G .— A  CONSTRU
IN G  BO O K . Compiled by 
E D V A R D  T U R IN G , M .A . 
Fcap. 8vo. 2s. 6d.

T H R IN G .— A  LA TIN  GRA
D U A L . A  First Latin Constru
ing Book for Beginners. E'cap. 
Svo. 2 s. (>d.

T H R I N G .— TH E ! E L E 
M E N TS o f  G R A M M  A R  taught 
in Eli^KLISH. Third E ditim . 
iSmo. 2s.

T H R IN G .— T H E  C H IL D ’S 
G R A M M A R . A  N ew Edition. 
iSmo. ir.

T H R I N G .  —  S E R M O N S  
D E I IV E R E D  at U P P IN G H A M  
SC H O O L . Crown Svo. 5-r.

T H R I N G . — S C H O O L
W ith die Music ar

ranged for four Voices. Edited 
by die Rev. E D W D . T U R IN G , 
M .A . and II. R jC C IU S . Small 
folio, Is. 6d.

TH R IN G . —  E D U C ATIO N
and sU H O O ’I .. By the Rev. 
E D W A R D  T IIR IiY G ; M .A . 
Crown Svo. 6s. 6J.

T H R U P P.— The SONG of 
S Q M 1S. A  New Translation, 
with a Commentary and an In 
troduction. By the Rev. J. F. 
T H R U P P . Crown Svo. ys. Ql.

T H R U P P .  —  A N T 1 E N T
JE R U S A L E M  : a New Investi
gation into the History, T op o 
graphy, and I’lan o f  tlie City, 
Environs, and Temple. W illi 
M ap and Plans. Svo. 15J.

TH R U PP. —  IN TR O D U C 
T IO N  to the S T U D Y  and USE 
o f the P SALM S. 2 vols. 21 s.

TH R U P P — PS HALS AND 
H Y M N S  for PU BLIC  W O R - 
SH IP . Selected and Edited by 
the Rev. J. E. T H R U P P , M .A . 
181110. 2r. common paper, is. 4d.

T O C Q U E V I L L E .  —  ME
M O IR , LE T PERS, and R E 
M A IN S  o f  A L E X IS  HE TOC- 
Q W E V IL L E . Translated from 
th( Erencli by the Translator o f 
‘ ‘Napoleon’ s Correspondence with 
King J ose.pl).”  W ith Numerous 
additions, 2 vols. crown Svo. 211.

T O D D .— T H E  BOOKS OF
T il  E V A U D O IS . The Yfelden- 
sian Manuscripts preserved in the 
Library o f  Trinity College, Dub
lin, with an Appendix by J A-MLS 
llE N T H O R R  T O D D , D .D . 
Crown Svo. cloth, 6s.

TO D H U N TE R . —  W ORKS 
by IS A A C  T O D H U N T E R , 
M .A . E .R .S .

E U C L ID  F O R  CO LLE G ES 
A N D  SC H O O L S. NewEiHlion. 
181110. 3-u 6iL

A L G E B R A  F O R  B t G l N N q f t .  
W ith numerous Examples. iSmo. 
2 s. 6d.

A  T R E A T IS E  ON T H E  D IF 
F E R E N T IA E  C A L C U L U S. 
W itli numerous Examples. Fourth 
E diiioff. Crown Svo. iox 6d.

A  T R E A T IS E  O N  T H E  IN - 
T E G R A E  C A L C U L U S . Stcontl 
Edition. W ith numerous Exam
ples. Crow'll Svo. I Or. 6d.

A  T R E A T IS E  ON A N A L Y T I- 
C A L  S T A T IC S . SesortdEdition. 
Crown Svo. I os. 6 d.



A  T R E A T IS E  ON CONIC, SjftC- 
TIO N  S. Third Edition. Crown 
Svo. 7s. 68.

A L O C B R A T H E  USE OF 
CO LLEG E S A N D  SCH O O LS. 
Third Edition. Crown 8vo. Js. 68.

P L A N E  T R IG (JfC 1M E T R Y  for 
C O L LE G E S and -SC H O O LS. 
Third Edition. Crown Svo. 51

A  T R E A T IS E  O N  S P H E R IC A L  
TR IG O N O -M E TR Y  for the U SE 
o f  CQJ LEGES and SC H O O LS. 
Second Edition. Crown Svo. 4168.

C R IT IC A L  H IS T O R Y  OF T H E  
PRO G RE S S o f the C AI -C U LUA 
o f  V A R IA T IO N S  during the 
N £ s  ETE'EN TH  C E N T U R Y . 
Svo. I2X .

E X A M P L E S  OF A N A L Y T IC A L  
G E O M E T R Y  of T H R E E  1) 1- 
M E N SIO N S. Second Edition. 
Crown Svo. 4x.

A  T R E A T IS E  on the T H E O R Y  
o f E Q U A T IO N S. Crown Svo. 
cloth, 7x. 68.

M A T H E M A T IC A L  T H E O R Y  
‘ © F  P R O B A B IL IT Y . Svo. cloth, 

i8x.

TOM  BROW N’S SCH OOL 
D A Y S . By an D L L  B O Y. 29*4 
Thousand. Lea]). Svo. 5x. 
(People's E dition, is .)

TOM  BROWN-*t_OXFORD.
By the Author o f “ Tom  Brown’s 
School Days.”  yVeso Edition. 
Growl? Svo. 6x.

TRACTS FO R  P.RIESTS 
and PEOPLE. By V A R IO U S  
’W R IT E R S.

T H E  F IR S T  SE R IES, Crown 
Svo. Sx.

T H E  S E C O N D  SE R IE S, Crown 
Svo. 8x.

The whole Series o f  Fifteen 
Tracts may be had separately, 
price One .Shilling each.

TRE N C H . —  W O RK S BY 
R. C H E N E V IK  T R E N C H ,
D .D . Archbishop o f  Dublin.

N O T E S  O N  T H E  P A R A B L E S  
O F  O U R  L O R D . N inth E d i
tion. 8vO. I2X.

N O T E S O N  T H E  M IR A C L E S  
O F 'O U R  L O R D . Seventh E d i
tion. SvO. I 2 X .

S Y N O N Y M ^  OF T H E  NEW ’ 
T E S T A M E N T . N ew E dition. 
I vol. Svo. cloth, 1 ox. 68.

O N  T H E  S T U D Y  OF W O R D S . 
Eleventh E dition. Fcap. 4X.

E N G L IS H  P A S T  A N D  P R E- 
SHSTT. Fifth E dition. Fcap. 
Svo. 4x.

P R O V E R B S and their LE SSO N S. 
I f  tip Edition. Fcap. Svo. 3X.

S E L E C T  G L O S S A R Y  OF E N 
G L IS H  W’ O RD S used form erly  
in SEN SES different from the 
P R E SE N T . Stc$Md\%edfitwn. 4X.

ON  SO M E D E F IC IE N C IE S  IN  
our E N G L IS H  D IC T IO N 
A R IE S . Second E dition. Svo. 3X.

SE R M O N S P R E A C H E D  IN  
W’E S T M IN S T E R  A B B E Y . Sc- 
cond E dition. 8vo. iox. 68.

TPIE F IT N B S S  OF H O L Y  
S C R lP T U & E forU N F O L D IN G  
the S R IR lT  U A L  LIFF, o f M A N : 
Christ the Desire o f all Nations; 
or, the Unconscious Prophecies 
o f  Heathendom. Ilulsean L ec
tures. Fcap. Svo. Fourth E d i
tion. 5x.



ARCHBISHOP TRENCH’S
W O R K S  {continued)—

O N  T H E  A U T H O R IZ E D  V E R 
SIO N  o f  the N E W  T E S T A 
M E N T. Second Edition. Js.

JU S T IN  M A R T Y R  and O T H E li 
POEM S. Fifiic Edition. Fcap. 
8vo. 6s.

POEM S F R O M  E A S T E R N  
SO U R C E S, G E N O V E V A , and 
other Poems. Second Eitition.
5-r. 6d.

E L E G IA C  PO E M S. ThirdEdition. 
is . 6d.

C A L D E R O N ’ S L IF E ’S A  
D R E A M  : the Great Theatre o f 
the W orld. W ith an Essay on 
his Life and Genius. 4A 6d.

R E M A IN S  O F  T H E  L A T E  
M RS. R IC H A R D  T R E N C H . 
Being Selections from herjournals, 
Letters, and other Papers. Second 
E dition. W ith Portrait, 8vo. 15-r.

C O M M E N T A R Y  O N  T H E  
E P F  T L E S T O  T H E  SE V EN  
C H U R C H E S  IN  A S IA . Sfcond 
Edition. 8r. 6d.

S A C K E D  L A T IN  P O E T R Y . 
Chiefly Lyrical. Selected and 
Arranged for Use. SfacndEdition. 
Corrected and Improved. Fcap. 
Svo. 7r.

TRENCH— BRIEF NOTES 
on the G R E E K  of the N EW  
T E S T A M E N T  (for English 
Readers). By theRev. F R A N C IS  
T R E N C H , M .A . Crown Svo. 
cloth, 6s.

TRENCH.— FOUR ASSIZE 
SE R M O N S, Preached at York 
and Leeds. By the Rev. F R A N  CIS 
T R E N C H , M .A . Crown Svo. 
cloth, 2s. 6d.

T R E V E L Y A  N.— T H E 
C O M P E T IT IO N  W A L L A H . 
By G. O. T R E V E L Y A N . Cr. 
Svo. 9r.

T R E V E L Y A N .— CAWN- 
I'O R E . By G. O. T R E V E L 
Y A N . Illustrated with Plan and 
two Engravings. Crown 8vo. 
tor. 6d.

T U D O R .— T H E  D E C A 
L O G U E  V IE W E D  A S T H E  
C H R IS T IA N ’S L A W , with 
Special Reference to the Ques
tions and Wants o f the Times. 
By the Rev. R IC H . T U D O R , 
B. A . Crown Svo. ior. 6d.

TULLOCH.— The CHRIS'! 
O F  T H E G O S P E L S  A N D  T H E  
C H R IS T  OF M O D E R N  C R I
T IC IS M . Lectures on M. R e 
n a n ’ s “  Vie de Jesus.”  By 
JO H N  TU LLO C TI, D .D . Prin
cipal o f the College o f St. Mary, 
in the University o f St. Andrew. 
Extra fcap. 8vo. 4s. 6d.

TURNER.— SONNETS by 
the Rev. C H A R L E S  T E N N Y 
SON T U R N E R . Dedicated to 
his brother, the Poet Laureate. 
Fcap. 8vo. 4r. 6d.

T Y R W H I T  T.—T H E
S C H O O L IN G  OF LIFE. By 
R. St. JO H N  T Y R W H IT T , 
M .A . Vicar o f St. Mary M ag
dalen, Oxford. Fcap. 8vo. 3r. 6n.

VACATION TOURISTS;
and Notes o f Travel in 18G1. 
Edited by F. G A L T O N , F. R .S. 
W ith Ten Maps illustrating the 
Routes. Svo. 14J.

VACATION TOURISTS;
andNotes o f Travel in 1862 and 3. 
Edited by F R A N C IS  G A L T O N ,
E. R. S. Svo. 16s.



VAUGHAN. —  SERMONS 
P R E A C H E D  in ST. TC&fJN’S 
C H U R C H , L E IC E S T E R , 
during the Years 1855 and 1856. 
By D A V ID  J. V A U G H A N , 
ADA. Vigar o f Sf. Martin’ s, 
Leicester. . Crown Svo. 51. 6d.

VAUGHAN. — SERMONS 
O N  T H E  R E S U R R E C T IO N . 
With a Preface. By f>, J. 
V A U G H A N , M .A . Ecap. 8vo. 
3-f-

V A U G H A  N.— T H R E  E 
■SERMONS ON T H E  A T O N E 
M E N T. By D .J . V A U G IIA N , 
M .A . ij. 6d.

VAUGHAN. —  SERMONS 
ON  S A C R IF IC E  A N D  PRO- 
P I T I A T I S V N .  By D. J. 
V A U G H A N , M .A . 2s. 6d. .

VAUGHAN.— CHRISTIAN 
E V ID E N C E S and the BIBLE. 
By D A V ID  J. V A U G H A N , 
M.A.  Ecap. Svo. cloth, price
3-r. 6d.

VAUGH AN.- -WORKS BY 
C H A R L E S  j-  V A U G I I A N ,  
I). D. Vicar o f Doncaster :—

N O T E S FO R L E C T U R E S  ON 
C O N F IR M  A T I C * . W ith suit
able Prayers. Sixth 'Rtitixmi. 
is. 6d.

L E C T U R E S  on llie E P IST L E  to 
the IT IIL IP iT A N S . Second. 
Etlition. 7s. 6d.

L fcC TU R E S on the R E V E L A 
T IO N  of ST. JO H N V  2 vols. 
crown Svo. 15.0 Second E di
tion. 15 .̂

E P I P H A N Y ,  L E N T ,  A N D  
E A ST E R . A  Selection o f E x
pository Sermons. SecondEdition. 
Crown Svo. ior. 6d.

T H E  B O O K  A N D  T H E  L M E  : 
and other SeriSn s I’reached 
before the University o f  Cam
bridge. Second Edition. Fcap. 
Svo. 4s. 6d.

M E M O R IA L S  O F  H A R R O W  
S U N D A Y S . A  Selection o f 
Sermons preached in Harrow 
■School Chapel. W ith a View o f 
the Chapel. Fourth Edition. Cr. 
8vo. 1 or. 6d.

ST. P A U L ’S E P IST L E  T O  TLIE 
R O M A N S- The Greek Text 
with English Notes. Second 
Edition. Crown 8vo. red leaves,
5-r-

R E V IS IO N  OF TPIE L IT U R G Y . 
Four Discourses. W ith an In
troduction. I. A b s o l u t is m . II. 
R e g b n e r a t i o n . III. A t i-i a n a - 
s i a n  C r e e d . IV . B u r i a l  S e r 
v i c e . V. H o l y  O r d e r s . Second 
Edit. Cr. 8vo. red leaves, 4s. 6d.

LE SSO N S OF’ L IF E  A N D  G O D 
LIN E SS. A  Selection o f Ser
mons Preached in the Parish 
Church o f Doncaster. Third 
Edition. Fcap. Svo. 4r. 6d.

W O R D S  from the G O SPE LS. 
A  Second Selection o f  Sermons 
Preached in the 'Parish Church o f 
Doncaster. Second Em tion. Ecap. 
8vo. 4r.

T H E  'EPISTLE S o f ST. P A U L . 
For English Readers. Part I. 
containing the First Epistle to the 
Thessalonians. 8vo. ir. 6d. Each 
Epistle will be published sepa
rately.

T H E  CPIURCI-I O F T H E  F IR S T  
DA^S :—■

Series 1. The Church o f  Jeru
salem.

,, II. The Church o f  the 
Gentiles.

,, III. The Church o f the 
W orld.

Fcap. 8vo. cloth, 4s. 6d. each.



L IF E ’S W O R K  A N D  <f| D ’S 
D IS C IP L IN E . Three Sermons. 
Fcap. Svo. doth, is . 6k.

V A U G H A N .— M E M O IR  o f 
q R O B E R T  A.  V A U G H A N ,  

Author o f “  TTottrs with the 
Mystics.”  ByROJ:>. V A U G H A N , 
P . D. Second E dition. Revised 
and enlarged. Extra fcap. Svo. 5s.

V IL L A G E  SE R M O N S BY 
A NORTHAMPTONSHIRE 
RECTOR- Wit l  a Preface on 
the Inspiration of Holy Scripture. 
Crown Svo. 6s.

V IR G J L . —  T H E  FEN LID
Translated iuto English Blank 
V E R S E . By JO l IN M IL L E R . 
Crown svo. io j. (id.

V O L U N T K E R 'S  SC R A P  
BOOK. By the Author of “ The 
Cambridge Scrap Book.” Grown 
4to. 7.? ,6k.

W A G E  ER.— M E M O IR  O F 
T H E  R E V . G E O R G E  W A G 
N E R , late o f St. Stephen’s, 
Brighton. Iiy |. 51. S I M P K 1N- 
SON , M.A.  Third am iXtheapcr 
Edition. 5,0

W A T S O N  A N D  R O U T H .—  
C A M B R I D G E  S E N A T E -  
IIO U S E  PR O B LE M S A N D  
R ID E R S . •For the Year i860. 
W ith Solutions by H . W . W A T 
SON, M .A . and E. J. R O U T H , 
M .A . Cr. Svo. 7s. (id. 

AVARREN.— A N  ESSAA7 on 
G Raft It K  F E D E R A L  

• ^ O IN A G E . By the Hon. J. 
L E IC E S T E R  W A R R E N , M .A . 
Svo. 2s. 6d.

AVESTCOTT. —  H IS T O R Y  
o f  the CA'NON o f the N E W  
T E S T A M E N T  during the First 
Pour Snturies. By IiWL)OIvE 
T O S S  W F.STC O TT, M.A.  Cr. 
Svo. I2r. 6rf.

AVESTCOTT. —  CH ARAC
T E R IS T IC S  o f the GOSPEL 
M IR A C I ES. SennAis I ’reached 
before the University o f Cam
bridge. With Notes. .By B. F. 
W E S T C O T T , M .A . Crown Svo. 
4-r. (id.

AV IK 1’ C O T T . - 1 V T R O -  
D U C T IQ N  TO  T H E  S T U D Y  
OK T H E  F O U R  G OSPELS. 
By B. F. W E S T C O T T , M .A . 
Crown Svo. i o j ." 6d.

AVESTCOTT.— The BIBLE 
in the C IIU R C H . \ Popular 
Account o f the Collection and 
Reception o f the Holy Scriptures 
in the Christian Churches. By
B. F .W E S T C O T T , M .A . i8mo.
4-r. (\l.

AVESTMINSTER PLAYS.—
r Sive Tirologi et 1 pilogi ad Fabu- 

las in St‘ Petri Colleg : actast qui 
Enstabant collecti et justa quoad 
licnit annorum serie orclinati, 
quibus accedit Declamationum 
qui vocantur et Epigrammatum 
delectus cur. 16 M U '!® , A .M .,
H. B U L L , A .M ., CARO'LO
B. S C O ^ t , B .I). Svo. 12s. 6if.

AVILSQN.— COUNSELS OF
-AN I N V A L I D  : Letters on R e
ligious Subjects. By G E O RG E  
AVH.SON, M. D. V. itli Vig
nette Portrait. Fcap. Svo. 4s. 6d.

AV 11. S 0  N.— R E L I G I O
( i H EM IC I. By a  EORGE W IL 
SON , M. D. With a Vignette 
beautifully engraved after a D e
sign by NQHl J’Atffit. Crown 
Svo. Sr. (id.

AVIL9DN. —  M E M O IR  OF 
G EO R G E  W IDS ON, M. D.
F. R. $. E. Regius PLaessor o f 
Technology in the University o f  
Edinburgh. By his Sister. Third 
Thousand. Svo. with Portrait. 
I or. 6d. ■



W IL S O N . —  T H E  F I V E  
G A T E W A Y S  01*’ K N O W 
LE D G E. By G E O R G E  WLE- 
SON, M .D . N ew Edit.. Fcap. 
Svo. 2s. 6d. or in l ’ aper Covers, 
i .r .

W ILSO N .— The PR O G R E SS
o f the T E L E G R A P H . Fcap. 
Svo. ix.

W I L S O N  — P R E H I S T O R I C  
A N N A L S  o f S m T L A N D . By 
D A N I E L  W I L S O N ,  ,LT,D. 
Author o f “ Prehistoric Man,” 
&c. 1 vols. demy Svo. New
Edition. W ith numerous Illus
trations. J6x.

W I L S O N .— P R  E H I S  T  ® A l C  
M A N . By D A N IE L  W IL SO N ,
I.L .D . New E dition. .Revised 
and partly re-written, with nume
rous Illustrations. I vol. Svo.
2 I X .

W ILSO N . —  A T R E A T IS E  
.ON D Y N A M IC S . By W . P. 
W IL SO N , M .A . Svo. 9x. 6d.

W IL T O N .— T H E  N E G E B ;
or, “  South Country”  o f  Scrip
ture. By the Rev. E. W I l.T O I^  
M .A . Crown Svo. 7x. 6d.

W O L F E . — O N E  H U N 
D R E D  A N D  F IF T Y  O R IG I
N A L  PSAT.M A N D  H Y M N  
T 0 ,NES. For Four Voices. By 
A R T H U R ' W O L F E , M . A .  
1 ox. 6 d.

W O LFE. —  H Y M N S  F O R  
PU B LIC  W O R SH IP . Selected 
and arranged by A R T H U R  
W O L F E , M .A . iSmo. 2x. Com 
mon Paper Edition, Ix. or twenty- 
five for it.

W O L F E . —  H Y M N S  F O R  
P R IV A T E  U SE .— .Selected and 
arranged by A R T H U R  W O E F E , 
M .A . iSmo. 2x,

W O O D F O R D .— C H R I S 
T IA N  S A N C T IT Y . By JA M E S 
R fJ S S K tL  W O O D F O R D , M. A. 
Fcap. 8vo. cloth. 3X.

W O O D W A R D . —  E.S&AYS,
T H O U G H T S  and R E F L E C 
T IO N S , and T E T T E R S . By 
the Rev. H E N R Y  W O O D - 
11 VRD. Edited by his Son. 
Fifth Edition. 8vo. cloth, iox. 611.

W  O O D W  A  R  D .— T  H  E
SHTJNAM ITE. By the Rev. 
H E N R Y  W O O D W A R D , M .A . 
Edited by his Son, T hom as 
W o o d w a rd , M .A . Dean o f 
Down. E dition. Crown
Svo. cloth, iox. 6d.

W O O I /L E Y . —  L E C T U R E S  
D E L IV E R E D  IN  A U S T R A 
L IA . By JO H N  W O O L L E Y , 
D .CeL. Crown Svo. 8x. 6'/.

W O O L N E R . —  M Y  B E A U 
T IF U L  L A D Y . By T H O M A S  
YvGOT.N EE. Second E dition. 
Fcap. 8vo. 5x.

W O R S H IP  (T H E ) O F  G O D  
AN D F E L L O W S H IP  A M O N G  
M E N — Sermons on Public W or
ship. By M A U R IC E  and Others. 
Fcap. Svo. cloth. 3X. 6d.

W R IG H T .— H .E L L E N IC A ; 
or, a History o f Greece in Greek, 
as related by Diodorus and Thucy
dides, being a.First Greek Reading 
Book, with Explanatory Notes, 
Critical and Historical. By J. 
W R IG IIT , M .A . Sicond E dition,
WITH A VOCAhmARY. 121110.
3x. 6d.



W R I G H T .— A  H E L P  T O
L A T IN  G R A M M A R ;  or, the 
Form and Use o f W ords in Latin. 
AA’ ith Progressive Exercises. Cr. 
Svo. 4-f. 6d.

W R IG H T . — T H E  SE VEN  
K IN G S  O F  R O M E : An Rasy 
Narrative.-abrklged from ihe First 
to o l*  o f Livy by the omisjipn o f 
difficult passages, being a First 
Latin Reading Book, with Gram
matical Notes. Fcap. Svo. 3-f.

W R IG H T . —  A  V O C A B U - 
- L A R Y  A N D  E X E R C ISE S  ON 

T H E  “ 'S E V E N  K IN G S OF 
R O M E .”  Fcap. 8vo. 2s. 6d.

The Vocabulary and Exercises 
may also be had bound up with 
“ The Seven Kings o f Rom e.”
S-f-

W R IG H T .'— D A V ID , K IN G
O F IS R A E L  : Readings for the 
Young. By J. W R IG H T , M .A . 
With Six Illustrations. Royal 
i6m o. doth, gilt. 3r. (id.

AnPRKS B Y  T H E  A U T H O R  OF

“ T H E  H E IR  O F  R E D C L Y F F E .”

A  B O O K  OF G O L D E N  D E E D S. i8m o. 4s. 6d.
T H E  T R I A L ; M ore Links o f  the Daisy Chain. Second Edition. Crown 

8vo. 6s.
H IS T O R Y  O F C H R IS T IA N  N A M E S . T w o Vols. Crown Svo. i /. is. 
T H E  H E IR  O F  R E D C L Y F F E . Fourteenth Edition. Crown Svo. 6ii. 
D Y N E V O R  T E R R A C E . T hirdE dition. Crown Svo. 6s.
T H E  D A IS Y  C IIA IN . Seventh E dition . Crown Svo. 6 .̂
H E A R T ’ S E A SE . Eighth Edition. Crown Svo. 6s.
H O P E S A N D  F E A R S . Second Edition. Crown Svo. 6s.
T H E  Y O U N G  S T E P M O T H E R . Crown Svo. 6s.
T H E  L A N C E S  O F  L Y N W O O D . iSmo. cloth, 6d.
TPIE L IT T L E  D U K E . N eiv E dition. iSmo. cloth, 3s. 6d.
C L E V E R  W O M A N  O F  T IIE  F A M IL Y . 2 vols. 12s.

LONDON: R. CLAY, SON, AND TAYLOR, PRINTERS.










