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There is a wide range of problems in geophysics, from earthquake  

prediction to the driving forces of plate tectonics, where it is necessary to 
understand how the Earth works.  

Despite the large amount of experimental data and the considerable  
effort undertaken, many questions about fracture and physics of earthquakes 
have not yet been answered. Fracture and the physics of earthquakes is 
a subject with many unknowns. It is true that we have a good understanding 
of the propagation of seismic waves through the Earth and that, given a large 
set of seismographic records, we are able to reconstruct a posteriori the his-
tory of the fault rupture. However, when we consider the physical processes 
which lead to the initiation of rupture with a subsequent slip and its growth 
through a fault system to give rise to an earthquake, then our knowledge is 
really limited. Not only the friction law and rupture evolution rules are large-
ly unknown, but the role of many other processes, such as plasticity, fluid 
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migration, chemical reactions, etc., and the couplings between them, remain 
unclear.  

One may wonder about the physics of many earthquakes in a similar way 
as with the physics of fractures. 

How can the collective properties of the set be defined by all earthquakes 
in a given region?  

How does seismicity, which is the structure formed by all earthquakes, 
depend on its elementary constituents – the earthquakes?  

Which kind of dynamical process does seismicity constitute?  

It may be that these collective properties are largely independent of the 
physics of individual earthquakes, in the same way as many of the properties 
of gas or solid do not depend on the constitution of its elementary units. It is 
natural then to consider that the physics of many earthquakes has to be stud-
ied with a different approach than the physics of one earthquake and in this 
sense we can consider the use of statistical physics to be not only appro 
priate but necessary to understand the collective properties of earthquakes. 

Statistical physics is one of the cornerstones of contemporary physics. It 
establishes a remarkably useful bridge between the mechanical microscopic 
laws and macroscopic description using classical thermodynamics. Its foun-
dation is based on Boltzmann’s famous molecular chaos hypothesis made in 
1871, which relies on nonlinear dynamics and the ergodicity hypothesis. 
However, many important phenomena are not consistent with this simplify-
ing hypothesis. A non-extensive thermodynamics, which recovers the exten-
sive classical Boltzmann–Gibbs approach as a particular case, was proposed 
by Tsallis (1988) and might correctly cover at least some of the known 
anomalies.  

In Earth’s physics, a significant attempt was made in a series of works 
(Main 1996, Main and Henderson 2000, Rundle et al. 2003) that use classi-
cal statistical physics to describe seismicity. Then a natural question arises: 
What type of statistical physics is appropriate to commonly describe effects 
from fracture level to seismicity scale? Generalizing and integrating the 
question What type of statistical physics is appropriate to commonly  
describe the Earth’s dynamics and natural hazards is a challenge. 

An answer to the above question(s) could be the application of non  
extensive statistical mechanics, originally introduced by Tsallis (1988). The 
latter is supported by the fact that this type of mechanics is the appropriate 
methodological tool to describe entities with fractal or multi-fractal distribu-
tion of their elements and where long-range interactions or intermittency are 
important, as in the Earth’s systems are. 

It is well known that Earth’s phenomena are among the most relevant 
paradigms of the so-called self-organized criticality. Despite the Earth’s 
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complexity, some of the known empirical laws are considerably simple, as, 
for instance, the Omori law for temporal distribution of aftershocks and the 
Gutenberg–Richter (GR) law for a relationship between frequency and mag-
nitude. Furthermore, the precise dynamics is most frequently unknown for 
many Earth systems. The modern statistical mechanics offers a consistent 
theoretical framework, to address the problems of Earth physics and to un-
derstand the physics of natural hazards. To this direction, the present issue 
on “Statistical Mechanics in Earth Physics and Natural Hazards” is willing to 
contribute, not giving answers but most important reframing of the tradi-
tional but still open questions.  
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A b s t r a c t  

The celebrated Boltzmann–Gibbs (BG) entropy, SBG = –k∑i pi ln pi , 
and associated statistical mechanics are essentially based on hypotheses 
such as ergodicity, i.e., when ensemble averages coincide with time  
averages. This dynamical simplification occurs in classical systems (and 
quantum counterparts) whose microscopic evolution is governed by  
a positive largest Lyapunov exponent (LLE). Under such circumstances, 
relevant microscopic variables behave, from the probabilistic viewpoint, 
as (nearly) independent. Many phenomena exist, however, in natural, 
artificial and social systems (geophysics, astrophysics, biophysics,  
economics, and others) that violate ergodicity. To cover a (possibly) 
wide class of such systems, a generalization (nonextensive statistical  
mechanics) of the BG theory was proposed in 1988. This theory is based 

on nonadditive entropies such as 
1

1

q
ii

p
q qS k

−

−
∑=  (S1 = SBG). Here we 

comment some central aspects of this theory, and briefly review typical 
predictions, verifications and applications in geophysics and elsewhere, 
as illustrated through theoretical, experimental, observational, and com-
putational results. 

Key words: nonadditive entropy, nonextensive statistical mechanics, 
complex systems. 
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1. INTRODUCTION 

Statistical mechanics constitutes, together with electromagnetism (basically 
Maxwell equations) and classical (basically Newton’s law), quantum (basi-
cally Schroedinger equation), and relativistic (basically Einstein’s special 
and general relativity) mechanics, one of the pillars of contemporary phys-
ics. As its name indicates, statistical mechanics is essentially constructed 
from two ingredients, namely mechanics (including the electro-magnetic 
forces) and theory of probabilities (see Fig. 1). From this level, which is to 
be considered as from first principles, we may construct concepts such as en-
ergy and entropy, including their operational mathematical expressions. How 
to find the expressions for the energy is described in all good textbooks of 
mechanics (classical, quantum, relativistic). What concerns a similar task for 
the entropy, it has proved along 140 years (since the 1860-1870’s, when 
Clausius and Boltzmann first focused on this issue) to be a particularly deli-
cate matter. In principle, it goes like this. Guided by thermodynamics, we  
 
 

 
Fig. 1. Schematic and non-exhaustive connections that exist related with statistical 
mechanics. In red we have what we may call the first-principles or microscopic lev-
el, from where we can, in one or another, derive the concepts of energy and entropy 
(in orange). These concepts lead to statistical mechanics (in green), which, in turn, 
connects to thermodynamics or macroscopic level (in blue) for large systems. Many 
mesoscopic levels exist as well, of which we have indicated here only the most 
common ones. Colour version of this figure is available in electronic edition only. 
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would like the entropy S of a macroscopic system to be extensive, i.e., 
S(N) ∝ N(N → ∞), N being the number of elements of the system. We expect 
this entropic extensivity to be valid for both short-and long-range interac-
tions. For short-range interactions, it is well known that it should be so, as 
explained in any good textbook of thermodynamics. The question is more 
subtle for long-range interactions, for which the total energy U becomes 
nonextensive (more precisely, U(N) is expected to increase faster than N for 
large N). But even in this case, the thermodynamic entropy should remain 
extensive, as lengthily argued and verified in the literature (see e.g., Section 
3.3.1 of Tsallis 2009a). Accepting this general thermodynamic demand, the 
next relevant question is what mathematical connection between S and its 
probabilistic expression (in terms of the admissible microscopic 
configurations) adequately takes into account the correlations existing  
between the N elements of the system in such a way that S(N) is extensive. 
Let us illustrate this crucial point in what follows. 

Assume that we have a system whose total number W(N) of admissible 
microscopic configurations are equally probable, and satisfies  

 ( ) ( , 1) ,NW N Nμ μ∝ → ∞ >  (1) 

Such a hypothesis corresponds to probabilistic independence (or quasi-
independence) of the N elements of the system, since W(N + 1)  µW(N). 

We know of course that the Boltzmann-Gibbs (BG) entropy is given (for 
discrete variables) by 

 
1 1

ln 1 ,
W W

BG i i i
i i

S k p p p
= =

⎛ ⎞
= − =⎜ ⎟

⎝ ⎠
∑ ∑  (2) 

hence, for equal probabilities, we have 

 ln .BGS k W=  (3) 

If we introduce Eq. (1) in Eq. (3), we obtain 

 ( ) ln ( ) .BGS N k W N N= ∝  (4) 

In other words, the BG formula precisely yields the desired extensivity for 
the entropy. 

Let us assume now a system whose elements are strongly correlated in 
such a way that the number of equally probable admissible configurations 
(i.e., configurations whose probability is nonzero) satisfies 

 ( ) ( , 0) .W N N Nρ ρ∝ → ∞ >  (5) 
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Fig. 2. Dependence of qent on the central charge c of pure (Caruso and Tsallis 2008) 
and random (Saguia and Sarandy 2010) one-dimensional magnets undergoing quan-
tum phase transitions at zero temperature, where the entire strongly entangled  
N-system is in its ground state (hence corresponding to a vanishing entropy since the 
ground state is a pure state), in contrast to the L-subsystem which is in a mixed state 
(hence corresponding to a nonvanishing entropy). For this value of q, the block 
nonadditive entropy Sq is extensive, whereas its additive BG entropy is 
nonextensive. Notice that, for the pure magnet, we have  qent ∈ [0, 1], whereas, for 
the random magnet, we have  qent ∈ (−∞, 1]. Both cases recover, in the c → ∞ limit, 
the BG value qent = 1. These examples definitively clarify that additivity and 
extensivity are different properties. The only reason for which they have been con-
fused (and still are confused in the mind of not few scientists!) is the fact that, during 
140 years, the systems that have been addressed are simple, and not complex, ther-
modynamically speaking. For such non-pathological systems, the additive BG  
entropy happens to be extensive, and is naturally the one that should be used. Colour 
version of this figure is available in electronic edition only. 

We cannot use SBG in this case, since it implies ( ) ln ,BGS N N∝ which  
violates thermodynamics. But we may consider instead the following gener-
alized expression (Tsallis 1988): 

 1

1 1 1

1 1ln ln 1 ,
1

W q W W W
i qi

q i q i i q i
i i ii

p
S k k p p k p p

q p
=

= = =

− ⎛ ⎞
= = − = =⎜ ⎟− ⎝ ⎠

∑ ∑ ∑ ∑  (6) 

where 1 1
11ln (ln ln ) .qz

q qz z z− −
−≡ = We straightforwardly verify the S1 = SBG, 

and also that, for equal probabilities,  

 ln .q qS k W=  (7)  
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If we introduce, within this entropy, expression (5), we obtain 

 
1

(1 )[ ( )] 1( ) .
1

q
q

q
W NS N k N

q
ρ

−
−−

= ∝
−

 (8) 

Consequently, if we choose 

 11 ,q
ρ

= −  (9) 

we obtain 11 ( ) ,S N N
ρ− ∝  in agreement with thermodynamics. This is the 

basic reason why the BG entropy must be adequately replaced in cases 
where strong correlations exist in the system. It is appropriate to mention 
here that all kinds of asymptotic mathematical behaviors can in principle  
exist for W(N). For those, other entropic functionals become necessary in or-
der to have extensivity. In the present work, however, we focus on Eq. (5), 
which represents in fact a quite wide class of natural, artificial and social 
systems, as we shall see later on. Verifications on other probabilistic and 
physical models do exist in the literature which illustrates the fact that Sq is 
extensive for special values of q, which characterize the universality class of 
the system (see Tsallis 2004, Tsallis et al. 2005, and Caruso and Tsallis 
2008). In Fig. 2 we exhibit that special value of q for fully quantum-
entangled pure and random magnetic systems. 

Let us close this section by emphasizing that nonextensivity must be 
well distinguished from nonadditivity (Penrose 1970) Indeed, an entropy is 
said additive if, for two probabilistically independent systems A and B, we 
verify that S(A + B) = S(A) + S(B). We can easily establish that 

 
( ) ( ) ( ) ( ) ( )

(1 ) .q q q q qS A B S A S B S A S B
q

k k k k k
+

= + + −  (10) 

Therefore, SBG is additive, whereas, for q ≠ 1, Sq is nonadditive. 

2. EXTREMIZATION OF Sq  AND  
    q-GENERALIZED CENTRAL LIMIT THEOREMS 

Let us now focus on the case where the random variable x is a continuous 
dimensionless D-dimensional one. The q-entropy is then given by1 

                                                 
1We should naturally have in mind that this type of expression cannot be used in thermo-

statistics for extremely low temperatures, where the quantum nature of natural systems must 
be taken into account. In other words, if p(x) is too thin, i.e., too close to a Dirac delta  
δ(x − x0), Eq. (11) will become negative ( ∀q), which is inadmissible for entropy. 
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(11)

 

We further assume that we have a cost function E(x) (e.g., the Hamiltonian 
of the total system in mechanical systems), and that we know the q-mean 
value (which characterizes the width of the distribution p(x) even when its 
standard mean value 〈E(x)〉1 diverges (Budde et al. 2001, Tsallis et al. 2009)) 
of this cost function, i.e., 

 
[ ]

[ ]
d ( ) ( )

( ) .
d ( )

q

qq

E p
E

p
≡ ∫

∫
x x x

x
x x

 (12) 

Notice that this quantity is finite up to the same value of q for which the 
norm  ∫dx p(x) itself is finite. 

If our system is a dynamical one with a physically relevant stationary state 
(a frequent case), this state is the one which, under the constraint (12), 
extremizes Sq. It is quite straightforward to verify that the maximizing distribu-
tion is as that given by Tsallis (1988), Curado and Tsallis (1991), and Tsallis et 
al. (1998) 

 
( )

( )
( ) ( 0) ,

d

E
q

q E
q

e
p

x e

β

β
β

−

−
= >

∫

x

x
x  (13) 

where  1( )z z z
qe e e=   is the inverse function of lnq z, i.e., 

1
1[1 (1 ) ] ,qz

qe q z −

+≡ + −  
with  [z]+ = z  if  z ≥ 0, and zero otherwise. 

If  x is a  D = 1  continuous variable x, and E(x) ∝ x, the constraint (12) 
becomes the value of 〈x〉q, hence 

 
1

1
1( ) ( 0) ,

d

x
q

q x
q

e
p x

x e

β

β
β

−

−
= >

∫
 (14 

This distribution is normalizable for  q < 2, and has a finite mean value 〈x〉1 
for  q < 3/2. For  q ≥ 1  it has an infinite support, whereas it is finite for  q < 1. 

If  〈x〉q = 0, and we happen to know 〈x2〉q, this quantity becomes the con-
straint (12), and can be used to characterize the width. The extremization of 
Sq then yields 

 
2

2

2
2

2( ) ( 0) ,
d

x
q

q x
q

e
p x

x e

β

β
β

−

−
= >

∫
 (15) 
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which from now on will be referred to as q-Gaussian distribution2. It is 
normalizable for  q < 3, and has a finite variance 〈x2〉1 for  q < 5/33. 

For  q ≥ 1  it has an infinite support, whereas it is finite for  q < 1. For  
q > 1, q-Gaussians asymptotically decay as power-laws (more precisely like 
x−2/(q−1)). However, they are quite different from the Lévy distributions, which 
also decay like power-laws (the only case in which q-Gaussians and Lévy 
distributions coincide is for q = 2, which corresponds to the Cauchy–Lorentz 
distribution). Quite frequently, in the literature, any distribution decaying 
like a power-law is referred to as a “Lévy distribution”, which constitutes a 
rather regrettable mistake. 

Let us mention at this stage an interesting mesoscopic property of  
q-exponentials and q-Gaussians. We consider the following nonlinear 
diffusion-relaxation equation: 

 
[ ] [ ] ( )

22

2

( , )( , ) ( , ) d ( ,0) 1 ,
q

qp x tp x t D R p x t x p x
t x

−
∂∂

= − =
∂ ∂ ∫  (16) 

where D and R are constant phenomenological coefficients. If D = 0 we have 

 ( , ) ( , 0) ( ) ,Rt
qp x t p x e x−= ∀  (17) 

which has the form of Eq. (14) with  β1 = R. If we have instead  R = 0  we  
obtain (Plastino and Plastino 1995, Tsallis and Bukman 1996) the form of 
Eq. (15) 
 

2
2 ( )( , ) ,t x

qp x t e β−∝  (18) 

where β2 is related with D. In other words, q-exponentials and q-Gaussians 
are exact solutions of basic nonlinear diffusion-relaxation equations. They 
can be shown to also provide exact stationary states of similar though 
inhomogenous equations (dos Santos and Tsallis 2010). 

                                                 
2Since long known in plasma physics under the name suprathermal or κ distributions 

(Rios and Galvão 2011) if  q > 1, and equal to the Student’s t-distributions (de Souza and 
Tsallis 1997) for special rational values of  q > 1; for special rational values of  q < 1, it coin-
cides with the so-called r-distributions (de Souza and Tsallis 1997). They are also occasional-
ly referred to as generalized Lorentzians (Treumann 1998). 

3If x is a D-dimensional real vector, normalizability mandates that 21

0
d D x

qx x e β∞ − −∫  con-

verges, hence 2 .D
Dq +<  If, in addition to that, the system has a density of states φ(x) which  

diverges like xδ for x → ∞ (a quite frequent case), then normalizability mandates 
21

0
d ( )D x

qx x x e βφ
∞ − −∫ converges, hence 2 .D

Dq δ
δ

+ +
+<  Similarly, the finiteness of the second moment 

mandates that 1

0
d ( )D x

qx x x e βφ
∞ + −∫  converges, hence 4

2 .D
Dq δ

δ
+ +
+ +<  
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We have briefly reminded above that these distributions appear simulta-
neously as those which optimize (maximize for  q > 0, and minimize for  
q < 0), under appropriate constraints, the nonadditive entropy Sq, and as 
those which exactly solve nonlinear/inhomogeneous diffusion-relaxation 
equations. Let us conclude by mentioning another remarkable property, 
namely that q-Gaussians constitute attractors in the sense of the classical 
central limit theorem (CLT). This theorem basically states that, if we consid-
er the sum 

1

N
N ii

S X
=

= ∑  of N independent (or nearly independent in some 
sense) random variables {Xi}, each of them having a finite variance, this sum 
converges for  N → ∞, after appropriate centering and rescaling, to a Gaussi-
an. This most important theorem can be proved in a variety of manners and 
under a slightly different hypothesis. One of those standard proofs uses the 
Fourier transform, which has been q-generalized (Umarov et al. 2008, 2010). 

Around 2000 (Bologna et al. 2000), q-Gaussians have been conjectured 
(see details in Tsallis 2005) to be attractors in the CLT sense whenever the  
N random variables that are being summed are strongly correlated in  
a specific manner. The conjecture was recently proved in the presence of  
q-independent variables (Umarov et al. 2008, 2010). The proof presented in 
Umarov et al. (2008) is based on a q-generalization of the Fourier transform, 
denoted as q-Fourier transform, and the theorem is currently referred to as 
the q-CLT. The validity of this proof has been recently challenged by 
Hilhorst (2009, 2010). His criticism is constructed on the inexistence of in-
verse q-Fourier transform for  q > 1, which he illustrates with counterexam-
ples. The inverse, as used in the Umarov et al. (2008) paper, indeed does not 
exist in general, which essentially makes the proof presented in Umarov et 
al. (2008) a proof of existence, but not of uniqueness. The q-generalization 
of the inverse Fourier transform appears then to be a quite subtle mathemati-
cal problem if  q ≠ 1. It has nevertheless been solved recently (Jauregui and 
Tsallis 2011) and further considerations can be seen in Jauregui et al. (2010, 
2011), related to q-moments (Budde et al. 2001, Tsallis et al. 2009, 
Rodríguez and Tsallis 2010). Work is in progress attempting to transform the 
existence proof in Umarov et al. (2008, 2010) into a uniqueness one. It is fair 
to say that, at the present moment, a gap exists in the complete proof (not 
necessarily in the thesis) of the q-CLT as it stands in Umarov et al. (2008). 
In the meanwhile, several other forms (Vignat and Plastino 2007, 2009, 
Hahn et al. 2010) of closely related q-generalized CLT’s have already been 
published which do not use the inverse q-Fourier transform (see Fig. 3). 

Probabilistic models have been formulated (Rodríguez et al. 2008, Hanel 
et al. 2009) which, in the  N → ∞  limit, yield q-Gaussians. These models are 
scale-invariant, which might suggest that q-independence implies (either 
strict or asymptotic) scale-invariance, but this is an open problem at the  
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 q = 1  
[independent] 

q ≠ 1 (i.e., Q ≡ 2q – 1 ≠ 1) 
[globally correlated] 

σQ < ∞ 
(α = 2) 

F(x) = Gaussian G(x) 
with same σ1 of f(x) 

 
Classic CLT 

1 1(3 1) / (1 )( ) ( ) ( ) ,q q qF x G x G x− += ≡  

( )Qwith same of f xσ  

2 /( 1)

1

( )
( , 2)

( )
( ) /

( , 2)

lim ( , 2)

c
qq

q

c

q c

G x
if x x q

G x
f x C x

if x x q

with x q

−

→

⎧
⎪
⎪
⎨
⎪
⎪
⎩

= ∞

∼
∼  

S. Umarov et al.,  
Milan J. Math. 76, 307 (2008) 

σQ → ∞ 
(0 < α < 2) 

( ) ( )F x Lévy distribution L xα=

with same x behavior→ ∞  

 

1

2

( )
(1, )

( )
( )

(1, )

lim (1, )

c

c

c

G x
if x x
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α

α
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⎪
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⎪
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∼
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Lévy-Gnedenko CLT 
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S. Umarov et al., 
J. Math. Phys. 51, 033502 (2010) 

Fig. 3. Central limit theorems (CLT) for  q ≥ 1: N1/[α(2 − q)]-scaled attractor F(x) when 
summing  N → ∞  identical q-independent random variables with symmetric distri-
bution f(x) with  σQ ≡ ∫ dx x2[f(x)]Q

 / ∫ dx [f(x)]Q (Q ≡ 2q − 1). All the attractors of the-
se theorems asymptotically decay as power-laws, except of the classical CLT. See 
details in Umarov et al. (2008, 2010). Colour version of this figure is available  
in electronic edition only. 

present time. However, definitively, scale-invariance does not imply  
q-independence. Indeed, (strictly or asymptotically) scale-invariant probabil-
istic models are known (Moyano et al. 2006, Thistleton et al. 2009) which 
do not yield q-Gaussians, but other limiting distributions instead, some of 
which have been proved to be amazingly close to q-Gaussians (Hilhorst and 
Schehr 2007). 

Some of the predictions, verifications and applications of this  
q-generalized theory are briefly reviewed in the rest of the present paper, 
which is based in fact on various previous books and reviews (Tsallis 
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2009a, b, 2011, Gell-Mann and Tsallis 2004, Boon and Tsallis 2005), parts 
of which are here followed/reproduced for simplicity and self-completeness. 

3. APPLICATIONS 

In this section we briefly and non exhaustively review various predictions, 
verifications and applications of q-exponentials and q-Gaussians through  
analytical, experimental, observational and computational methods in natu-
ral, artificial and social systems that are available in the literature (see at 
http://tsallis.cat.cbpf.br/biblio.htm for full bibliography). The present list en-
riches the one recently presented in Tsallis (2011). Several of these applica-
tions concern, as it can be checked in what follows, geophysical phenomena, 
especially earthquakes and similar ones. 

  The velocity distribution of (cells of) Hydra viridissima follows  
a q-Gaussian probability distribution function (PDF) with 3/ 2q  
(Upadhyaya et al. 2001). Anomalous diffusion has been independently 
measured as well (Upadhyaya et al. 2001), and an exponent 4 /3γ  has 
been observed (where the squared space x2 scales with time  t like  t 

γ). There-
fore, within the error bars, the prediction 2 /(3 )qγ = −  (Tsallis and Bukman 
1996) is verified in this system. 

 The velocity distribution of the point defects in defect turbulence, as 
well as its corresponding anomalous diffusion, have been measured (Daniels 
et al. 2004). The results suggest a q-Gaussian PDF with 3/ 2q , and 4 /3γ  
which constitutes another verification of the prediction 2 /(3 )qγ = −  (Tsallis 
and Bukman 1996). 

 The velocity distribution of cold atoms in a dissipative optical lattice 
was predicted (Lutz 2003) to be a q-Gaussian with 

0
1 44 ,rE

Uq = +  where Er 

and U0 are parameters related to the optical lattice potential. This prediction 
was verified three years later, both in the laboratory and with quantum  
Monte Carlo techniques (Douglas et al. 2006, Baris Bagci and Tirnakli 
2009). 

 Computational simulations of the velocity distribution, and of the  
associated anomalous diffusion, during silo drainage suggest 3/ 2q   
and 4 /3γ  (Arevalo et al. 2007), once again satisfying the prediction 

2 /(3 )qγ = −  (Tsallis and Bukman 1996). 
 The velocity distribution in a driven-dissipative 2D dusty plasma 

was found to be of the q-Gaussian form, with  q = 1.08 ± 0.01  and  
q = 1.05 ± 0.01  at temperatures of 30000 and 61000 K, respectively (Liu 
and Goree 2008). 
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 The spatial (Monte Carlo) distributions of a trapped 136Ba+ ion 
cooled by various classical buffer gases at 300 K was verified to be of the q-
Gaussian form, with q increasing from close to unity to about 1.9 when the 
mass of the molecules of the buffer increases from that of  He  to about 200 
(De Voe 2009). 

 The distributions of price returns and stock volumes at the New York 
and NASDAQ stock exchanges are well fitted by q-Gaussians and  
q-exponentials, respectively (Borland 2002, Duarte Queirós 2005a). The 
volatilities predicted within this approach fit well the real data. Various other 
economical and financial applications are available (Borges 2004, Mattedi  
et al. 2004, Borland and Bouchaud 2004, Borland 2005, Duarte Queirós 
2005b, Takahashi et al. 2007, Ferrero 2011), including those associated with  
extreme values and risk (Ludescher et al. 2011). 

 The Bak-Sneppen model of biological evolution exhibits a time-
dependence of the spread of damage which is well approached by a  
q-exponential with  q < 1 (Tamarit et al. 1998). 

 The distributions of returns in the Ehrenfest’s dog-flea model exhibit 
a q-Gaussian form (Bakar and Tirnakli 2010). 

 The distributions of returns in the coherent noise model are well 
fitted with q-Gaussians where q is analytically obtained through 

(2 ) / ,q τ τ= +  τ being the exponent associated with the distribution of sizes 
of the events (Celikoglu et al. 2010). 

 The distributions of returns of the avalanche sizes in the self-
organized critical Olami–Feder–Christensen model, as well as in real earth-
quakes exhibit a q-Gaussian form (Caruso et al. 2007). 

 The distributions of angles in the HMF model approaches as time 
evolves towards a q-Gaussian form with 1/5q  (Moyano and Anteneodo 
2006). 

 Experimental measurements of the turbulence in pure electron plas-
ma are analytically reproduced with  q = 1/2 (Boghosian 1996). 

 The relaxation in various paradigmatic spin-glass substances through 
neutron spin echo experiments is well reproduced by q-exponential forms 
with  q > 1 (Pickup et al. 2009). 

 The fluctuating time dependence of the width of the ozone layer over 
Buenos Aires (and, presumably, around the Earth) yields a q-triplet with  
qsen < 1 < qstat state < qrel (Ferri et al. 2010). 

 Diverse properties for conservative and dissipative nonlinear  
dynamical systems are well described within q-statistics (Anteneodo and 
Tsallis 1998, Lyra and Tsallis 1998, Borges et al. 2002, Añaños and Tsallis 
2004, Baldovin and Robledo 2004, Añaños et al. 2005, Tirnakli et al. 2007, 
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2009, Pluchino et al. 2008, Afsar and Tirnakli 2010, Leo et al. 2010, Fuentes 
et al. 2011, Frank 2011). 

 The degree distribution of (asymptotically) scale-free networks is 
numerically calculated and is well approached by a q-exponential distribu-
tion (Thurner and Tsallis 2005). 

 The tissue radiation response follows a q-exponential form 
(Sotolongo-Grau et al. 2010). 

 The overdamped motion of interacting particles in type II supercon-
ductors is analytically shown to follow, at vanishing temperature,  
a q-Gaussian with  q = 0. Moreover, the entropy is the nonadditive one asso-
ciated with this value of q (Andrade et al. 2010). 

 Experimental and simulated molecular spectra due to the rotational 
population in plasmas are frequently interpreted as two Boltzmann distribu-
tions corresponding to two different temperatures. These fittings involve 
three fitting parameters, namely the two temperatures and the relative pro-
portion of each of the Boltzmann weights. It has been shown (Reis et al. 
2011) that equally good fittings can be obtained with a single q-exponential 
weight, which has only two fitting parameters, namely q and a single tem-
perature. 

 High energy physics has been since more than one decade handled 
with q-statistics (Bediaga et al. 2000). During the last decade various phe-
nomena, such as the flux of cosmic rays and others, have been shown to  
exhibit relevant nonextensive aspects (Wilk and Wlodarczyk 2009, Biró  
et al. 2009). The distributions of transverse momenta of hadronic jets 
outcoming from proton-proton collisions (as well as others) have been 
shown to exhibit q-exponentials with 1/1.q  These results have been  
obtained at the LHC detectors CMS, ATLAS and ALICE (CMS Collabora-
tion 2010, ALICE Collaboration et al. 2011, ATLAS Collaboration 2010), as 
well as at SPS and RHIC in Brookhaven (Shao et al. 2010). Predictions for 
the rapidities in such experiments have been advanced as well. These results 
stimulate an interesting possible dialog between nonextensive statistics and 
quantum chromodynamics (QCD). 

 Various astrophysical systems exhibit nonextensive effects 
(Carvalho et al. 2008, Esquivel and Lazarian 2010, Livadiotis and McComas 
2009, Livadiotis et al. 2011). 

 Analysis of the magnetic field in the solar wind plasma using data 
from Voyager 1 and Voyager 2 strongly suggests nonextensive effects 
(Burlaga and Viñas 2005, Burlaga and Ness 2011). 

 Various geophysical applications exhibit nonextensive effects 
(Tirnakli and Abe 2004, Abe et al. 2005, Papadimitriou et al. 2008, 
Vallianatos 2009, Balasis et al. 2009, Telesca 2010a, b; Vallianatos and 
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Sammonds 2010, Eftaxias 2010, Vallianatos 2011, Vallianatos et al. 2011a, 
b). 

 Nonlinear generalizations of the Schroedinger, the Klein-Gordon and 
the Dirac equations have been impl emented which admit q-plane wave solu-
tions as free particles, i.e., solutions of the type  ( )i kx t

qe ω−  (Nobre et al. 2011), 

with the energy given by E ω=  and the momentum given by  , .p k q= ∀  
The nonlinear Schroedinger equation yields  E = p2/2m (∀q), and the nonlin-
ear Klein-Gordon and Dirac equations yield the Einstein relation 
E2 = m2c4 + p2c2 (∀q).  

 Phenomena in linguistics such as Zipf law and the frequency of 
words in various languages and literary styles (Montemurro 2004). 

 Statistics of citations of scientific and technological papers (Tsallis 
and Portes de Albuquerque 2000, Anastasiadis et al. 2010). 

 Processing of medical signals such as those emerging in epileptic 
crisis (Tong et al. 2002, Rosso et al. 2003). 

 Processing of medical and other images (Portes de Albuquerque et 
al. 2004, Shi et al. 2009, Mohanalin et al. 2010). 

 Global optimization algorithms generalizing simulated annealing and 
others (Tsallis and Stariolo 1996, Serra et al. 1997, Anastasiadis and 
Magoulas 2004). 

 Diversified applications in theoretical chemistry (Mundim and 
Tsallis 1996, Andricioaei and Straub 1996, Hansmann et al. 1997, Gutterres 
et al. 1999, Straub and Andricioaei 1999, Fuks et al. 2001, Okamoto and 
Hansmann 2001, Moret et al. 2006, Kim and Straub 2009). 

 Cognitive psychology in relation with learning and remembering 
(Tsallis et al. 2003, Takahashi et al. 2009, Wedemann et al. 2009). 

 Astronomical systems (Carvalho et al. 2009). 
The systematic study of metastable or long-living states in long-range 

versions of magnetic models such as the finite-spin Ising (Nobre and Tsallis 
1995) and Heisenberg (Caride et al. 1983) ones, or in hydrogen-like atoms 
(Lucena et al. 1995, Oliveira-Neto et al. 2007), might provide further hints 
and applications. 

4. FINAL  REMARKS 

The Boltzmann-Gibbs entropy and exponential weight have been general-
ized, during the last two decades, in various manners (Beck and Cohen 2003, 
Hanel and Thurner 2011, Tempesta 2011, Hanel et al. 2011; see further de-
tails in Tsallis 2009a). These various manners follow essentially from the 
1988 proposal that we have focused on in this brief review. The correspond-
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ing entropy is noted Sq and it is nonadditive; for a wide class of systems,  
it should be extensive for a special value of the index q, which reflects the 
nature of strong correlations that the elements of the system have. The corre-
sponding thermostatistics is currently referred to as nonextensive statistical 
mechanics (the word nonextensive stands here to reflect the fact that those 
systems typically have an internal energy which grows faster than the num-
ber of elements N). 

The applicability of these concepts has been illustrated in the previous 
section through analytical, numerical, experimental and observational  
results. Nevertheless, very many interesting questions still remain as opened 
issues. For example: Under what conditions q-independence and scale-
invariance co-exist? Under what conditions the present generalized 
thermostatistics is compatible with classical thermodynamics? How well can 
be described with a q-exponential density matrix the mixed state of the block 
whose entropy has been discussed in Caruso and Tsallis (2008)? Further 
analysis of these and other points would be very welcome. Finally, since the 
present special issue is also dedicated to natural hazards, let us suggest that 
the (all important) evaluation of their risks could perhaps benefit from analy-
sis done along the lines that have proved useful for financial systems, as  
illustrated in Ludescher et al. (2011). 
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A b s t r a c t  

The inclusion of fragment-asperity interaction inside tectonic plates 
to find a frequency magnitude relation for earthquakes, and the need for 
non-extensive statistics in this case is exposed. The usefulness of this 
formulation is shown. A comparison with seismic observations is also 
discussed. 
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1. INTRODUCTION 
For many years, the Gutenberg–Richter (GR) law (Gutenberg and Richter 
1944) has remained as a paradigm for the description of the energy distribu-
tion of earthquakes. More recently (Bak 1996), it has been argued as an illus-
tration of self-organized criticality since it reveals a power law dependence 
of the cumulative number of earthquakes with energy larger than a given ε.  

Some famous models, like those of Burridge and Knopoff (Burridge and 
Knopoff 1967) and Olami–Feder–Christensen (Olami et al. 1992) have  
focused on the mechanical phenomenology of earthquakes through simple 
images which capture some essentials of the nature and genesis of the seism: 
the relative displacement of tectonic plates in a fault and also the existence 
of a threshold for a catastrophic release of energy in the system. 

The irregular geometry of the plate surfaces has been highlighted  
(De Rubeis et al. 1996) to deduce from numerical simulations the power-law 
dependence of earthquake energy distribution. The importance of a geomet-
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ric viewpoint for this has also been highlighted (Herrmann et al. 1990), 
where an idealized representation of the fragmented core of a fault (gouge) 
was presented. 

Yet, the GR law has remained as an empirical relation able to fit seismo-
logical observations in an intermediate range of magnitudes. It clearly devi-
ates from observations for “small” and “large” magnitudes m. The devia-tion 
at small m is frequently justified arguing about the threshold values of the 
detectors to register weak earthquakes, but for “large” magnitudes it has 
been necessary to elaborate specific models (Lomnitz-Adler and Lomnitz 
1979). 

Nowadays, the lack of a clear physical image for a general description of 
the frequency-magnitude relation for earthquakes is evident. In this respect, 
a description of the phenomenon in terms of first principles is desirable. 

In this paper, the model presented by Sotolongo-Costa and Posadas  
(Sotolongo-Costa and Posadas 2004) about fragment-asperities interaction, 
sometimes abbreviated as SCP model, is highlighted and the reasons for 
such a description are explained. Besides, the physical idea that the size dis-
tribution of fragments and their interaction is a very important factor deter-
mining the frequency-magnitude relation for earthquakes in the whole range 
of magnitudes is discussed. Then, the advantages of a non-extensive statisti-
cal formulation, linked to breaking phenomena and fragment size distribu-
tion, become clear since this way the non-extensivity becomes linked to 
stick-slip processes between tectonic plates. 

2. ENTROPY  AND  FRAGMENTS 
The irregularity of the profiles of tectonic plates has been pointed out as  
a main cause of earthquakes and in the paper by De Rubeis et al. (1996) the 
GR law was obtained assuming a brownian shape of the profiles and the hy-
pothesis that energy release is proportional to the overlap interval between 
the profiles. This is a very appealing explanation but the material between 
the fault planes is not considered there. It looks contradictory that, assuming 
the irregularities of the profiles and given the enormous release of energy 
produced by earthquakes, there are no fragments present in this description. 

On the other hand, in a model presented by Herrmann et al. (1990) the 
plates are presented as planes without irregularities and the material filling 
the gap between the plates is composed of perfect spheres. This way, the 
fragmented material is considered to deaden more than to trigger earth-
quakes since in this case the fragments would act as roll bearings. This model 
does not deal with GR law but is useful to explain the fact that eventually 
two tectonic plates can creep on each other without producing earthquakes or 
the amount of heat produced by the usual friction forces. 
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Fig. 1. Illustration of the relative motion (thick arrows) of two irregular faults in the 
presence of material filling the gap. This material may play the role of bearing or  
also of particles hindering their relative motion, as illustrated by the fragment of size r 
between the points a and b. 

Yet, the irregularities of the fault planes can be combined with the distri-
bution of (also irregular) fragments between them to develop a mechanism 
of triggering earthquakes, which can be essentially the same as in De Rubeis 
et al. (1996), owing to the irregular shape of the profiles and fragments. 

Let us start from the situation illustrated in Fig. 1: two irregular profiles 
(no predetermined shape is assumed) are able to slip one with respect to the 
other. The motion can be hindered not only by the overlapping of two irregu-
larities of the profiles, but also (and we assume, more probably) by the even-
tual relative position of several fragments. 

So, tensions in the resulting structure accumulate until a displacement of 
one of the asperities, or even its breakage, leads to a relative displacement of 
the fault planes of the order of the size of the hindering fragment. Then, the 
release of tensions, whatever is the cause, leads to such a displacement with 
the subsequent liberation of energy. 

Simple as it looks, this model allows a quantitative description. In this 
case, the leading role in the development of earthquakes is played by the 
fragments. The task would be to relate the size of the fragments involved in 
the process with the subsequent energy release, and for this it is necessary to 
obtain the fragment size distribution function (FSDF). 

The attempt to obtain FSDF starting from first principles, particularly 
from the Boltzmann–Gibbs formulation of the maximum entropy (MAXENT) 
principle was introduced by Englman and coworkers (Englman et al. 1987). 
Yet, in that work an important feature of fragmentation, i.e., the eventual 
presence of scaling in the size distribution of fragments, was not obtained. In 
many experiments, like those of Sotolongo-Costa et al. (1994, 1996) and 
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Ishii and Matsushita (1992), the presence of Pareto-like FSDF was revealed, 
so that the cumulative distribution function of fragments obeys a power law: 

 ( )N r r α−≈  , (1) 

where N(r) represents the number of fragments with size larger than r and α 
is the so-called scaling exponent. 

This relation is very important since it expresses the absence of any cha-
racteristic scale in the distribution, and has been reported in the distribution 
of moon craters, ice fields, islands (Korčak’s law), etc. (Matsushita 1985). 
Besides, this is a common behavior of a whole family of distribution func-
tions: Lévy distributions, whose role in physics is fundamental since, essen-
tially, they exhibit the property that the behavior of a part (in distribution, of 
course) is similar to that of a whole. This is a fractal property! The relation 
between Lévy distribution and MAXENT principle will be discussed below. 

As already said, the MAXENT principle with Bolzmann–Gibbs entropy 
does not lead to Pareto distributions. In this case, some other considerations 
about the nature of fragmentation processes must enter into this approach. 

The MAXENT principle is universal and has an almost unlimited range 
of applications. On the other hand, Boltzmann–Gibbs entropy describes well 
Nature when the effective microscopic interactions and macroscopic memo-
ry are short ranged. The process of violent fractioning leads to the existence 
of long range interactions between all points of the object being fragmented. 

This suggests that it may be necessary to use non-extensive statistics,  
instead of the BG statistics. This kind of theory has already been proposed 
by Tsallis (Tsallis 1988), who postulated a generalized form of entropy,  
given by 
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This integral runs over all admissible values of the magnitude x, p(x) dx is the 
probability of the system being in a state between x and  x + dx, and q is a real 
number. It is straightforward to see that 

1q
qS S

→
→ , recovering BG statistics. 

In this case Sq can be expressed through p(σ), the probability density of 
finding a fragment of relative surface σ. Now the problem is to obtain FSDF 
applying the MAXENT principle using Tsallis entropy with adequate condi-
tions. 

The SCP model intends to perform this task with the simplest possible 
assumptions. Essentially, the approach is as follows: It is assumed that the 
energy ε released after a slip is proportional to the size r of the hindering 
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fragment, i.e.,  ε ≈ r  or  ε ≈ σ1/2. The process of fault slip can be considered 
to occur in a homogeneous fashion all along the fault so that in any plane 
transverse to the fault line the situation is the same. Then, to deduce the size 
distribution function of fragments we consider a two dimensional frame. 

It is worth to say that the assumed proportionalities need not to be such 
and the model can be changed to consider other proportionalities between 
energy and fragment size. Indeed, in some papers, like those by Silva et al. 
(2006) or Telesca and Chen (2010), other proportionalities are assumed, like  
ε ≈ r3  and others, but it is not the case to detail it here. 

Let us add the constraint expressing the normalization condition: 

 
0

( )d 1p σ σ
∞

=∫  , (3) 

and the condition about the q-mean value: 

 
0

( )dq
q

p σ σ σ
∞

=∫  . (4) 

This last constraint has also been changed by other authors as Silva et al. 
(2006), Telesca and Chen (2010) and the consequences have been discussed 
to some extent by Sarlis et al. (2010). In general, the condition for the  
q-mean value is there improved, being expressed by means of the escort dis-
tribution: 

 

0

( )

( )d

q

q
q

pP
p

σ

σ σ
∞=

∫
 , (5) 

arriving at similar results. The obtained frequency-magnitude relations in 
those works have also excellent fitting properties. The FSDF is then obtained 
by the method of Lagrange multipliers, i.e., extremization of the entropy Sq 
using conditions (3) and (4). 

The FSDF has the form: 

 

1
2

1
1 1

2

(2 ) d( )d

1 ( 1)(2 )

q

q q
q

qp

q q

σσ σ

σ

−

− −
−

−
=
⎡ ⎤
+ − −⎢ ⎥

⎢ ⎥⎣ ⎦

 , (6) 

which exhibits a power law behavior (scaling) as asymptotic limit. 
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This FSDF belongs to the family of Lévy distributions. Then the reason 
for the ubiquity of Lévy distributions in Nature becomes clearer. This has 
been discussed in detail in by Tsallis et al. (1995). 

It is worth to note that the behavior obtained here should be naturally  
reflected in earthquake distributions if a relation between fragments and  
released energy does exist. 

Then, introducing the proportionality of the released relative energy ε 
with the linear dimension of the fragments, and the definition of magnitude  
m ≈ log ε, the SCP model gives for the cumulative number of earthquakes 
the following relation: 

 
1

2 22log log 1 ( 1)(2 ) 10
1

q
q mmN q a q q

N q

−
−> ⎛ ⎞−⎛ ⎞ ⎡ ⎤= + − − ×⎜ ⎟⎜ ⎟ ⎢ ⎥⎣ ⎦−⎝ ⎠ ⎝ ⎠

 , (7) 

where a is the constant of proportionality between ε and r. 

3. COMPARISON  WITH  OBSERVATIONS 
The fitting of Eq. (6) with data obtained from different catalogs is quite easy 
to perform and, as shown in Sotolongo-Costa and Posadas (2004) the  
catalogs of more than 10 000 earthquakes in California, (NEIC, USA, 
http://neic.usgs.gov/neis/epic), more than 3000 in the Iberian Peninsula 
(IGN, Spain, http://www.geo.ign.es), and 300 in the Andalusian region 
(IAG, Spain, http://www.ugr.es/iag) were analyzed in all the range of magni-
tudes  m > 3, i.e., detectables, with very good results. 

One can judge about the usefulness of the non-extensive formulation,  
focusing in the problem of large earthquakes, which are more difficult to fit. 

Indeed, Lomnitz-Adler and Lomnitz (1979) have proposed a stochastic 
model of strain accumulation and release at plate boundaries for large earth-
quakes. The model leads to a generalized Gutenberg–Richter’s relation in 
terms of the cumulative excedence of a magnitude m, ( )( ) mG m N N>> = , 
which tends to the original one of Gutenberg–Richter in the low magnitude 
range and which provides estimates of the probability of occurrence, signifi-
cantly more adequate than the Gutenberg–Richter law, at high magnitudes. 
They have obtained a good agreement with the data of the Chinese earth-
quake catalogue, which contains 629 entries of earthquakes for a threshold 
magnitude  m = 6.0  from 780 B.C., to 1973 A.D. It is the longest published 
catalogue of historical earthquakes in any region (Academia Sinica 1974). 

We adjusted the constants of this equation with the Chinese catalogue 
and the results can be seen in Fig. 2; in this case  q = 1.69 ± 0.02  and the 
correlation factor is 0.9925. 
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Fig. 2. Fitting of the Chinese catalogue using Eq. (6). Despite the low reliability of 
an old catalogue like this, the agreement is very good. 

4. CONCLUSIONS 
Fragments and fragmentation processes are present in enormous number of 
natural processes, and frequently this aspect does not receive adequate atten-
tion. This paper tries to highlight two main aspects to be taken into account: 

 One is that frequently a simple geometrical viewpoint is able to clarify 
problems that are intractable by other methods. So, fractal geometry and the 
theory of Lévy distributions are called to play an important role in the phys-
ics of complex phenomena. 

 The second aspect is the importance of a generalization of many con-
cepts originated in the statistical physics of equilibrium systems, better to 
say the “orthodox” statistical physics. This generalization is a promising way 
to get a formulation of many problems that, up to now, have been poorly 
studied due to the inadequacy of current methods. In this paper, Tsallis  
entropy showed to be a promising tool to start. 

This is not the definitive framework in which statistical physics could be 
applied to these problems. Today it is under debate if the generalized aver-
ages in Eqs. (4) and (5) are physically acceptable, since some authors (e.g., 
Abe 2008) have pointed to the instability of the q-mean value and the diffi-
cult physical interpretation of such a q-average. Another point under debate 
(Abe 2010) is whether the Tsallis entropy can be defined for continuous  
random variables. Both arguments have been rejected by some other authors 
(e.g., Cabo 2010, Bagci et al. 2010, etc.), and here this point will not be dis-
cussed. But what is indisputable is that Tsallis entropy successfully opened 
the way to the analysis of non equilibrium phenomena and complex systems. 
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Concerning seismicity, the starting point marked by the inclusion of 
fragments in a simple model for seismicity demonstrates the need to include 
non-extensivity in the statistics of earthquakes and provides an easier way to 
build intuitive models with more physics in their structure. This model pro-
vides the same physics for all the scales, and no a priori assumptions are 
needed about the shape of the profiles or fragments.  

At the same time, new ways for the study of seismic processes can be 
sketched, like the investigation of the proportionality of the released energy 
and the characteristics of the fragments, evaluation of energy density, and 
many more problems that can be formulated in this framework. 
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q -statistics as a tool.

Key words: earthquake models, q -statistics, statistical mechanics of earth-
quakes.

1. INTRODUCTION

Earthquakes exhibit spatio-temporal features with complex dynamics which
have been subject to active study for more than a century (Kagan and Jackson
1991, Turcotte 1997, Sornette 1999). Despite the long time period, our knowl-
edge about earthquakes roughly consists of three empirical laws. One of them
is the Gutenberg–Richter (GR) law, stating that the distribution of cumulative
number of earthquakes with energy greater than E behaves as a power-law,
namely,

N(≥ E) ∼ E−b, (1)

where constant b varies from 0.8 to 1.2. This law can be better formulated
by means of earthquake magnitudes m, which is defined to be m = logE, as
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N(≥ m) = 10a−bm (2)

where constant a is given by the logarithm of the number of earthquakes with
magnitude greater than zero (Gutenberg and Richter 1944).

The second empirical scaling relation detected for earthquakes describes
the temporal behavior of aftershock activity. This law, known as the Omori law,
states that the rate of the occurrence of aftershocks after a mainshock decreases
as a power law, namely

dN

dt
= K(C + t)−p, (3)

where C and K are positive constants and p is typically between 0.7 and 1.5
(Omori 1894).

The last scaling law for earthquakes is called Bath’s law (Bath 1965), which
states that if one defines the difference in magnitude between a mainshock
with magnitude mmainshock and its largest detected aftershock with magnitude
maftershock as

∆m = mmainshock −maftershock , (4)

this difference appears to be a constant independent of the mainshock magni-
tude.

Over the last decades, some properties of geophysical systems have been
studied in the context of q -statistics (Tsallis 1988, 2009). This formalism seems
to be a good candidate to be used for earthquake analysis since longe-range
spatio-temporal correlations and complex dynamics are natural ingredients of
earthquakes. In this paper we summarize some of the recent works on this
line and emphasize the use of model systems for earthquakes and recent re-
sults obtained from such systems. At this point, we should mention that we
prefer to leave some very interesting recent developments on the use of q -
statistics in the analysis of plate tectonics (Vallianatos 2009, Vallianatos and
Sammonds 2010) and fault-population (Vallianatos and Sammonds 2011) as
untouched since there will be separate works in this issue analyzing these
points.

2. GUTENBERG–RICHTER LAW AND SP MODEL

One of the interesting examples for the use of q-statistics is Sotolongo-Costa
and Posadas (SP) model (Sotolongo-Costa and Posadas 2004). This model tries
to establish a relation between Gutenberg–Richter law and general principles of
physics. Earthquakes originate by relative motion of fault planes. Two planes
interact with each other via fragments which are filling the gap between them
and these fragments resist the motion. When the accumulated stress exceeds
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breaking force of the fragments, earthquake is triggered and accumulated en-
ergy is released. They assumed that the released energy is proportional to the
size of the fragment. In this regards the authors found the probability of finding
a fragment with surface size σ by using nonadditive Tsallis entropy which has
the following form

Sq = k
1−

∫
p q(σ)dσ

q − 1
, (5)

where q is the entropic index. There are two conditions required for maxi-
mization of Tsallis entropy. The first one is the normalization condition of p(σ)
given by ∫ ∞

0

p(σ)dσ = 1 (6)

and the other condition ∫ ∞
0

σp q(σ)dσ =�σ�q (7)

is related to q mean value of σ. Authors have obtained the energy distribution
function of earthquakes as

p(ε)dε =
C1εdε

[1 + C2ε2]1/(q−1)
(8)

by using the size distribution of fragments and an assumption that σ scales
as r2. In this equation, p (ε) is the probability of energy, C1 and C2 are con-
stants. This simple approach about fault dynamics gives rise to very interesting
results. They have managed to modify the well-known GR law and establish
a connection with principles of statistical physics. The modified version of GR
law as a function of magnitude m has been given as

log [N(> m)] = logN +

(
2− q
1− q

)
log
[
1 + a(q − 1)(2− q)(1−q)/(q−2)102m

]
, (9)

where a is a constant of proportionality between ε and r. The modified GR
law was tested by using Iberian Peninsula, Andalucia and California catalogs.
Interestingly, the value of q parameter was obtained to be approximately 1.66
for all these three catalogs (Sotolongo-Costa and Posadas 2004).

After the appearance of SP model, two different revisions have been pro-
posed in the literature (Silva et al. 2006, Darooneh and Mehri 2010). These
revisions focus on the definition of the expectation value and relation between
energy and the linear dimension r of the fragment. Silva et al. approach the
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problem by redefining the dependency of ε on r as ε ∼ r3 and q -expectation
value as

σq = <σ>q =

∫ ∞
0

σPq(σ)dσ, (10)

where Pq is the escort distribution (Abe 2003) given by

Pq =
p q(σ)∫∞

0
p q(σ)dσ

. (11)

The cumulative number of earthquakes (Sotolongo-Costa and Posadas 2004)

N>ε
N

=

∫ ∞
ε

p(ε)dε (12)

used to test the validity of energy distribution function which is now given by

p(ε)dε =
Cε−1/3dε

[1 + C ′ε2/3]1/(q−1)
(13)

where Nε> is the number of earthquakes with energy greater than ε and N
is the total number of earthquakes, C and C ′ are constants which include
proportionality constant a and parameter q. Silva et al. (2006) derived new
version of the modified GR law as

log(N>m) = logN +

(
2− q
1− q

)
log

[
1−

(
1− q
2− q

)(
102m

a2/3

)]
(14)

by calculating the integral given in Eq. (12). This new version of the modi-
fied GR law actually amounts to make the substitution ε → ε1/3 in the SP
model and was tested by using seismic data from Samambaia, New Madrid and
Anatolian faults and it was shown that it is viable to wider detectable range of
magnitude. Although these two versions of the modified GR law, very similar to
each other, provide almost same q value and very good fit to the real data from
different catalogs, they extremely differ from each other, especially as concerns
energy density.

Recently, Darooneh and Mehri discussed the same problem again in
(Darooneh and Mehri 2010). They argued that the idea of previously modi-
fied laws does not apply all over the whole magnitude regime and fractal shape
of the fragments. They redefine the relation between surface size of fragments
and released energy as ε ∼ exp (σ1/a) inspired by the fractal nature of the
fragments. The same constraints used in Silva et al. (2006) have been also
used in the maximization of Tsallis entropy, and the cumulative distribution of
earthquakes as a function of magnitude has been derived as
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P>(m) =
N(m)

N
=

∫ ∞
m

Π(m)dm = expq(−βma), (15)

where Π(m) is the escort probability of m, β is a parameter, and expq is
the q-exponential function which is given by

expq(x) ≡ [1 + (1− q)x]
1

(1−q) [exp1(x) = exp(x)]. (16)

This modified version of GR law, which has q-stretch exponential form, has
also been compared to the other two versions described above by using real
data from Iran and California catalogs and it has been argued that this version
fits the real data better than others.

At this point, it is worth mentioning that in order to better understand which
version is better, one can resort to earthquake models for generating arbitrarily
long synthetic time series from where a better comparison among proposed
versions can be made.

3. AGING PHENOMENON

As we have already mentioned, temporal patterns of aftershocks follow an em-
pirical law known as Omori law. This law states that the rate of the aftershocks
after a mainshock decreases as power law generically given by Eq. (3). In 2004
Abe and Suzuki analyzed the temporal correlations in earthquake phenomena
using California catalog by taking into account the events both inside and out-
side the Omori regimes (Abe and Suziki 2004). They observed that correlations
among earthquakes exhibit aging inside the Omori regime and this behavior
disappears outside the Omori regime. Moreover they determined the scaling
function of the aging phenomenon.

In order to understand whether the earthquake models where Omori law
holds, exhibit similar behavior, properties of correlation among events are stud-
ied by using Coherent Noise (CN) (Newman and Sneppen 1996, Sneppen and
Newman 1997) and Olami–Feder–Christensen (OFC) (Olami et al. 1992, Chris-
tensen and Olami 1992) models in Tirnakli and Abe (2004) and in Tirnakli
(2004), respectively. On contrary to OFC, the CN model does not have any ge-
ometric configuration space but it can still describe some important properties
of real earthquakes. In CN model the system consists of N agents. The dynam-
ics of the CN model needs an external stress which acts coherently to all agents.
Each agent has a threshold value which is replaced by the new one when the
applied external stress is greater than this threshold. External stress and thresh-
olds are chosen randomly from exponential and uniform distributions, respec-
tively. The number of replaced agents determine the size of an event. In order
to provide continuity of avalanche generation, a small fraction of N agents
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Fig. 1. The behavior of correlation function as a function of natural time n. Ensemble
average is taken from 120 000 realizations. Data collapse is also given in the inset. The
solid line corresponds to expq

(
0.7 n/n1.05w

)
with q ' 2.98.

is also chosen randomly and new thresholds are assigned again at each time
step.

Tirnakli and Abe used the same idea in Abe and Suzuki (2004) to analyze
the properties of event correlations. The correlation function was defined as

C(n+ nw, nw) =
〈tn+nw

tnw
〉 − 〈tn+nw

〉 〈tnw
〉

(σ2
n+nw

σ2
nw

)1/2
, (17)

by using basic physical random variable tn of nth aftershock with an arbitrary
avalanche size, where n is the natural time of an aftershock, nw is the natural
waiting time. Since the system is nonergodic, taking the averages in Eq. (17)
as the time average or the ensemble average would yield different results. In
Tirnakli and Abe (2004), Tirnakli (2004), ensemble average which is obtained
by using a large number of realization has been performed. The variances are
given by σ2m =

〈
t2m
〉
− 〈tm〉2 .

As seen in Fig. 1, since the correlation function depends on both n and
nw, it is plotted for various nw ; it is observed that aging appears inside the
Omori regime, whereas it disappears outside the Omori regime. Moreover, one
can propose a scaling relation of the form

C(n+ nw, nw) = C̃

(
n

nαw

)
, (18)
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where α is numerically obtained as α ' 1.05 and C̃ is a scaling function.
Scaled correlation function is shown in the inset where the solid line corre-
sponds to expq(−0.7n/n1.05w ) with q ' 2.98.

In Tirnakli (2004) one of us has reported the same behavior by using
another well-known earthquake model known as OFC model (Olami et al.
1992, Christensen and Olami 1992). Briefly, the dynamics of the model is as
follows: The model consists of discrete systems of blocks, each of them carries
a stress (force) Fi. When the force Fi acting on any of the blocks, is greater
than a threshold Fth, this block become unstable and earthquake is triggered.
Each unstable block relaxes the zero and transfers a portion of own stress Fi to
its neighbors, so the avalanche starts and continues until the force of all blocks
becomes less than or equal to the threshold force. The measure of the size of the
avalanche is given by the total number of the blocks which are relaxed during
the avalanche. This mechanism is given mathematically as

Fi ≥ Fth ⇒
{

Fi → 0,
Fnn → Fnn + αFi

(19)

where α is the conservation parameter and nn denotes neighbors of ith
block. As can be seen in Fig. 2, the obtained results are very similar to that of
CN model and it is evident that the scaling function given by Eq. (18) works
for the OFC model as well. In this context, it should be noted that the same
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Fig. 2. The behavior of correlation function as a function of natural time n. Ensemble
average is taken from 20 000 realizations. Data collapse is also given in the inset. The
solid line corresponds to expq

(
0.67 n/n1.05w

)
with q ' 2.90.
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model systems must also be studied using time averages as done for real earth-
quakes in Abe and Suzuki (2004) to see whether they exhibit similar aging
properties.

4. RETURN DISTRIBUTION

Another important quantity to help us to understand the physics of earthquakes
is the return distribution. A return is defined as the difference between the sizes
of successive avalanches, namely, if the size of an avalanche at time t is de-
noted by s(t) then the difference between two successive avalanches is given
by ∆s = s(t + 1) − s(t). Recently, we have studied the return distributions
of CN Model for various model parameter values of σ which is related to the
external stress distribution (Newman 1996, Newman and Sneppen 1996, Snep-
pen and Newman 1997) and obtained that these distributions are in the shape
of q-Gaussian which is defined to be

P (x) = P (0)
[
1− β(1− q)x2

]1/(1−q)
, (20)

where β is a parameter. A representative case with σ = 0.05 can be seen
in Fig. 3 (Celikoglu et al. 2010). The q-Gaussian distributions are standard
distributions that naturally emerge in q-statistics. An exact relation connecting
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Fig. 3. Return distributions for σ = 0.05 case. Two zooms of the central part are
given in the insets for better visualization.
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the well-known exponent τ of avalanche size distribution to the q value of the
q -Gaussian has been proposed as

q =
τ + 2

τ
. (21)

This relation is important since it rescues q from being a fitting parameter
and now one can determine a priori the value of q that must be used in the
q-Gaussian distribution if the τ exponent of the system is known. Since the
coherent noise model has the advantages both producing different τ values by
varying a model parameter σ and simulating in N → ∞ limit, in Celikoglu
et al. (2010) we have checked the validity of the proposed relation for various
cases and obtained clear numerical evidences on the validity of this relation.
We have also studied the finite size effects by simulating directly the model
dynamics with different number of agents (different N ) and obtained that the
return distributions deviate from q-Gaussian when N values are small. As seen
in Fig. 4, when the system is getting closer to thermodynamic limit (increasing
N), the return distributions better approach the q-Gaussian. An attempt was
made to explain this behavior using a crossover formula, discussed in Tsallis
(1988), Tsallis et al. (1999), Tsallis and Tirnakli (2010), of the form

dy

d(x2)
= −aryr − (aq − ar)yq [aq ≥ ar ≥ 0, q > r, y(0) = 1]. (22)
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This equation has different solutions depending on the choice of r and q val-
ues. Let us restrict ourselves to the solution of q > 1 and r = 1. In this case,
the solution of the equation is given by

y =

[
1− aq

a1
+
aq
a1
e(q−1)a1x

2

]1/1−q
. (23)

If a1 = 0, the solution has the form of q-Gaussian, whereas it is Gaussian
when aq = a1, in the other words, when q → 1. The crossover appears
between them if aq > a1 > 0 and q > 1. The exponential decaying part
in the avalanche size distribution is dominant when the system size is small.
Since this part corresponds to Gaussian shape in the return distributions and
disappears as N is increasing and the crossover behavior is directly related to
the system size, this mathematical model clearly demonstrates and explains the
finite size effects.

The return distributions are also studied recently in a modified OFC model
and same type of finite size behavior is again seen (Zhang et al. 2011). In this
model, the authors added heterogeneity of energy transmission by redefining
transmission parameter αj as

αj(t) = a
Fi(t) + Fj(t)

4Fi +
∑
jεnn Fj(t)

, (24)

where Fi and Fj denote stress values at each site and a is a control parameter.
In order to obtain long-range effects, a small fraction of long-range links is
introduced into the lattice which is controlled by long-range parameter padd.
When 0.88 ≤ a < 1, the model exhibits both power law behavior and finite
size scaling and it is shown that the modified OFC model exhibits self-organized
criticality. The model has two different types of avalanche definition. One of
them generates avalanches so that each site can topple more than once during
an avalanche. The authors obtained that the return distributions of this model
can also be given by the crossover formula in Eq. (23). The return distributions
converge to the appropriate q-Gaussian as the system size N increases (Zhang
et al. 2011).

5. CONCLUSIONS

From the results of all the above-mentioned works one can conclude that
q-statistics could be considered as one of the most important candidates to
be used for understanding and explaining the physics of complex systems such
as earthquakes. In order to better elaborate this point, works including more
detailed analysis will surely be appreciated.
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A b s t r a c t  

The phenomenon of aftershocks is studied in view of science of 
complexity. In particular, three different concepts are examined: (i) the 
complex-network representation of seismicity, (ii) the event-event corre-
lations, and (iii) the effects of long-range memory. Regarding (i), it is 
shown that the clustering coefficient of the complex earthquake network  
exhibits a peculiar behavior at and after main shocks. Regarding (ii), it is 
found that aftershocks experience aging, and the associated scaling holds. 
And regarding (iii), the scaling relation to be satisfied by a class of singu-
lar Markovian processes is violated, implying the existence of the long-
range memory in processes of aftershocks. 

Keywords: aftershocks, complex earthquake networks, aging, glassy  
dynamics, non-Markovian singular point processes. 

1. INTRODUCTION 
Seismicity has been attracting continuous interest of physicists from the 
viewpoint of complex systems science. A reason behind this stream may be 
due to the fact that it is characterized by two classical laws indicating how 
seismicity is a complex phenomenon: the Gutenberg–Richter law (Guten-
berg and Richter 1949) and Omori law (Omori 1894, Utsu 1961). The for-
mer states the scaling relation between cumulative frequency of event 
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occurrence and released energies, and the latter tells power-law decay of  
occurrence of aftershocks following a main shock. 

Although seismology has a long tradition, microscopic dynamics govern-
ing seismicity is still largely unknown. In such a situation, it is important to 
investigate the properties of correlations. In recent years, some empirical 
laws concerning spatiotemporal correlations have been investigated. Both  
3-dimensional distance (Abe and Suzuki 2003) and time interval (calm time 
or inter-occurrence time) (Corral 2004, Abe and Suzuki 2005a) between two 
successive earthquakes were found to obey definite statistical laws that sig-
nificantly deviate from Poissonian. In other words, two successive events are 
correlated at least at the statistical level with high significance. In addition, it 
is known (Steeples and Steeples 1996) that an earthquake can trigger the 
next one that can be more than 1000 km away. Thus, the event-event correla-
tion length may be divergently large, indicating a strong similarity to critical 
phenomena. Accordingly, we propose to frame the working hypothesis that 
two successive events are statistically correlated. (This hypothesis is not sat-
isfied by pairs that are not causal in terms of the propagation speed of seis-
mic waves, for example. However, such pairs are statistically not significant 
if a large number of events are considered.) 

In this paper, we report recent discoveries about the physics of after-
shocks. Specifically, they are relevant to (i) evolution of complex earth-
quake networks, (ii) aging and scaling, and (iii) long-range memory, i.e., 
the non-Markovian nature. All these issues are deeply concerned with cor-
relations between aftershocks. 

The present paper is organized as follows. In Section 2, first, the concept 
of earthquake network and the procedure of its construction are explained in 
detail. Then, it is shown how the clustering property of the earthquake net-
work evolves in time before and after a main shock. In Section 3, the event-
event correlations are considered. The two-point correlation function defined 
there is found to exhibit a peculiar non-stationary behavior, termed aging. 
A glassy dynamics aspect of seismicity of aftershocks is discussed. In Sec-
tion 4, the non-Markovian nature of aftershocks is studied. It is shown that 
the scaling relation to be satisfied by a class of singular Markovian stochas-
tic processes is violated by aftershocks. Section 5 is devoted to concluding 
remarks. The data analyzed in this paper is the one taken from California 
(http://www.data.sces.org/). However, we emphasize that the results present-
ed here were reconfirmed by other datasets such as the Japanese one. 

2. COMPLEX  EARTHQUAKE  NETWORK  AND  ITS  EVOLUTION 
In contemporary statistical mechanics, the concept of complex networks  
appears as a powerful tool for quantifying the degree of complexity of a  
system/phenomenon. A network tells us about basic architecture underlying 
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a complex system. In a recent work by Abe and Suzuki (2004a), this concept 
has been introduced into seismology. In Subsection 2.1, we explain the pro-
cedure of constructing an earthquake network in detail. In Subsection 2.2, 
we succinctly summarize the known fundamental properties of an earth-
quake network as a complex network. Then, in Subsection 2.3, which is the 
main part of this section, we discuss how time evolution of the clustering  
coefficient of an earthquake network can characterize aftershocks as well as 
a main shock. 

2.1 Earthquake network and its complexity 
Here, we explain the procedure of constructing an earthquake network origi-
nally presented in the work (Abe and Suzuki 2004a). First, we divide a geo-
graphical region under consideration into cubic cells. We regard a cell as 
a vertex of a network if earthquakes with any values of magnitude (above 
a certain detection threshold) occurred therein. Then, we link two vertices of 
successive events by an edge. If two events successively occur in the same 
cell, then we attach a tadpole (i.e., a self-loop) to that vertex. These edges 
and tadpoles represent the event-event correlations in accordance with the 
working hypothesis mentioned in the preceding section. A useful method we 
employ here for practically setting up the cells and identifying a cell for each 
earthquake is as follows. Let θ0 and θmax be the minimal and maximal values 
of latitude of the whole region, respectively. Similarly, let φ0 and φmax be the 
minimal and maximal values of longitude. Define θav as the sum of the  
values of latitude of all the events divided by the number of events. The 
hypocenter of the ith event is denoted by (θi, φi, zi), where θi, φi, and zi are the 
values of latitude, longitude and depth, respectively. The north-south  
distance between (θ0, φ0) and (θi, φi) reads 0( ),NS

iid R θ θ= −  where  
R (≅ 6370 km)  is the radius of the Earth. On the other hand, the east-west 
distance is given by  0 av( )cosEW

iid R φ φ θ= −  (in these expressions, all the 
angles should be described in the unit of radian). The depth is simply 

D
iid z= . Starting from the point  (θ0, φ0, z0 ≡ 0), divide the region into cubic 

cells with a given value of the cell size  L × L × L [km3]. Then, the cell of the 
ith event can be identified by making use of ,NS

id  ,EW
id  and D

id . 
The above procedure allows us to map, in an unambiguous way, a given 

seismic time series to a growing stochastic network, which is an earthquake 
network that we have been referring to. 

Several comments on the above-mentioned construction procedure are in 
order. First of all, it contains a single parameter: the cell size, which can be 
seen as the scale of coarse graining. All earthquakes occurred in a given cell 
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are identified. It is important to clarify how the properties of the network  
depend on it. This point has thoroughly been discussed in a recent work by 
Abe and Suzuki (2009c). Secondly, an earthquake network is a directed  
network. However, directedness is irrelevant to statistical analysis of connec-
tivity (or, degree, i.e., the number of edges attached to the vertex under  
consideration) needed for examining the scale-free property, since by con-
struction the in-degree and out-degree are identical for each vertex except 
the initial and final vertices in analysis. So, they need not be distinguished. 
That is, vertices except the initial and final ones have the even-number values 
of connectivity. However, directedness is important when the period distribu-
tion (i.e., the waiting event-time distribution) is considered (Abe and Suzuki 
2005b). Thirdly, a full directed earthquake network should be reduced to 
a simple undirected network, when its small-world property is examined. 
There, tadpoles are removed, and each multiple edge is replaced by a single 
edge – see Fig. 1 (the standard small-world network (Watts and Strogatz 1998) 
is simple and undirected). We note that, according to our examinations, 
gross properties of a network do not change, although numerical values of 
characteristics of a network generically depend slightly on how cells are set 
up. Lastly, we mention that the cell size L is supposed to be typically a few 
kilometers or larger, in view of the smallest fault size as well as emergence 
of universalities of the network characteristics (Abe and Suzuki 2009c). 

 
(a)                                                           (b) 

 
Fig. 1. Schematic descriptions of earthquake network: (a) a full directed network, 
and (b) its reduced undirected simple network in the small-world picture. The verti-
ces with the dotted lines indicate the initial and final events in analysis. 
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2.2 Earthquake network as a complex network 
In a series of our studies, we have discovered by analyzing real seismic data 
that an earthquake network is a complex network. 

In our work (Abe and Suzuki 2004a), we have found that a full earth-
quake network is scale-free. That is, the probability P(k) of finding vertices 
with connectivity, k, obeys a power law (Barabási and Albert 1999): 
P(k) ~ k 

–γ, where γ is a positive constant. A remarkable empirical fact is that 
aftershocks following a main shock tend to return to the cell of the main 
shock, geographically. This makes the vertex of the main shock a hub of the 
earthquake network. And, consequently, the network becomes heterogene-
ous. 

In our works (Abe and Suzuki 2004c, 2006a), we have shown that a sim-
ple network reduced from a full earthquake network is of the small-world 
type. Two main features of a small-world network are as follows (Watts and 
Strogatz 1998). One is that the average path length (i.e., the number of edges 
between two chosen vertices) is small. The other is that the clustering coeffi-
cient is much larger than that of the Erdös–Rényi random graph (Bollobás 
2001). Here, the clustering coefficient C of a simple network with N vertices 
is defined as follows (Watts and Strogatz 1998): 

 
1

1 .
N

i
i

C c
N =

= ∑  (1) 

In this equation, ci appearing on the right-hand side is given by  ci ≡ (number 
of edges of the ith vertex and its neighbors)/[ki (ki – 1)/2] , with ki being the 
connectivity of the ith vertex. It is calculated also as follows. Let A be the 
symmetric adjacency matrix of a simple network. Its element (A)ij  is 1 (0), if 
the ith and jth vertices are linked (unlinked). The diagonal elements of A are 
zero, since a simple network has no tadpoles. Then, ci  is also written as fol-
lows: 

 max ,i
i

i

ec
e

=  (2) 

where  ei = (A3)ii , and  max ( 1) / 2i iie k k= −   with  
1
( ) ,N

i i jj
k A

=
=∑  which is 

nothing but the maximum value of ei . Coefficient ci quantifies the tendency 
that two neighboring vertices of the ith vertex are linked together (i.e., form-
ing a triangle). By definition, C takes a value between 0 and 1. As pointed 
out by Watts and Strogatz (1998), C of a small-world network is much larger 
than that of the corresponding Erdös–Rényi random graph: randomC C , 
where  random / 1C k N= < >   with k< >  being the average value of con-
nectivity of the random graph. 
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In fact, a reduced simple earthquake network has a small value of the  
average path length. For the number of vertices of about 27 000, it is less 
than 4 (Abe and Suzuki 2004c, 2006a). Also, C of an earthquake network is 
103 ~ 104 times larger than Crandom. Therefore, an earthquake network is 
a small-world network. 

In addition to scale-freeness and small-worldness, earthquake network 
has further remarkable properties. Among others, the hierarchical organiza-
tion (Ravasz and Barabási 2003) and mixing property (Newman 2002) 
should be emphasized. In the work (Abe and Suzuki 2006b), it is found that 
an earthquake network is, in fact, hierarchically organized and possesses 
assortative mixing (implying that a hub tends to be linked to other hubs  
rather than vertices with small values of connectivity). Also, spectral analysis 
shows (Abe and Suzuki 2009b) that an earthquake network is locally tree-
like, that is, ci in Eq. (2) is small if the ith vertex is a hub. Furthermore, there 
exists finite data-size scaling for the clustering coefficient (Abe et al. 2011). 

Closing this subsection, we stress the following point. Any seismic data 
may be incomplete due to errors, detection threshold, and so on. However, 
the basic properties of an earthquake network are not affected by such  
incompleteness. As known in the literature (Albert et al. 2000), complex 
networks are highly robust to random failure. 

2.3 Evolution of clustering coefficient and aftershocks 
Now, let us see, as an example of applications of an earthquake network, 
how aftershocks as well as a main shock can be characterized in a peculiar 
way (Abe and Suzuki 2007). In particular, here we discuss time evolution of 
the clustering coefficient C in Eq. (1) around the occurrence times of some 
well-known main shocks. 

We construct the earthquake network from every 240-hour (10-day) 
interval. Here, we specifically focus our attention on two celebrated main 
shocks: the Joshua Tree Earthquake (M6.1 on 23 April 1992) and the Hector 
Mine Earthquake (M7.1 on 16 October 1999). Here, the cell size is taken to 
be 5 × 5 × 5 km3. The result is presented in Fig. 2. There, we see a remark-
able common behavior. The clustering coefficient stays stationary before the 
main shock, suddenly jumps up at the main shock, and then slowly decays to 
return to a stationary value again with some fluctuations. In the work (Abe and 
Suzuki 2007), it is shown that the decay process, which takes place during 
the interval of aftershocks, obeys a power law. Thus, the clustering coefficient 
characterizes aftershocks as well as a main shock in a novel way. 

The above discussion is nothing but an example of possible applications. 
The complex network approach to seismicity is still at an infant stage, and 
a lot of issues are yet to be investigated. 
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Fig. 2. Evolution of the (dimensionless) clustering coefficient for each 240 hours. 
The cell size is taken here as 5 × 5 × 5 km3. The origins are adjusted to the moments 
of the main shocks: (a) the Joshua Tree Earthquake, and (b) the Hector Mine Earth-
quake. The length of the total interval in (a) is shorter than that in (b). This is  
because another strong shock (i.e., the Landers Earthquake) occurred on 28 June 
1992 and made it impossible to take the aftershock sequence following the Joshua 
Tree Earthquake so long. 

3. AGING  AND  SCALING:  ARE  AFTERSHOCKS  GOVERNED   
BY  GLASSY  DYNAMICS? 

Regarding aftershocks, the following two points should be noted: 
(A) The stress distribution at faults has a complex landscape. A main 

shock instantaneously releases a huge amount of energy with quenching the 
disorder of the stress distribution, in analogy with super-cooling. Then, it re-
organizes the stress distribution. The “system” changes its energy state from 
one local minimum to another. Such a transition may be regarded as an  
aftershock.  

(B) The relaxation of the system to a stationary (or, quasi-equilibrium) 
state is very slow according to the power-law nature of the Omori law (Omori 
1894, Utsu 1961). 
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Keeping (A) and (B) in mind, here we discuss the concept of event-event 
correlations of aftershocks. Let  {t0, t1, t2, …, tM–1}  be a sequence of the  
occurrence times of aftershocks, where t0 is the occurrence time of a chosen 
initial event of the sequence of aftershocks. Such a sequence defines a point 
process, and the nth occurrence time, tn , is a random variable labeled by the 
number  n(= 0, 1, 2, …, M – 1), which is referred to as event time. The fun-
damental quantity is the following event-event correlation function pro-
posed in the work (Abe and Suzuki 2004b): 

 
2 2

( , ) ,m n m n

m n

t t t tC m n
σ σ

< > − < > < >
=  (3) 

where  <•>  is given by the event-time average: 1

0
(1 / ) ,M

m m kk
t M t−

+=
< > = ∑  

1

0
(1 / ) ,M

m n m k n kk
t t M t t−

+ +=
< > = ∑   and  2 2 2 .m m mt tσ = < > − < >  If the process 
(i.e., the sequence) is non-stationary, this quantity depends on two event 
times, m and n, in general. It is convenient to introduce the waiting event 
time, nw , to rewrite Eq. (3) as 
 ( , ) .W WC n n n+  (4) 

If the process is stationary, the quantity in Eq. (4) does not depend on 
nw . Clearly,  C(n + nw , nw) = 1  at  n = 0. This quantity might have a compli-
cated nw-dependence, in general. However, it actually turns out to exhibit 
a very special nw-dependence. 

We have analyzed the event-event correlation function of the aftershocks 
following the Landers Earthquake (M7.3 on 28 June 1992) as a typical  
example. In Fig. 3, we present the plots of  C(n + nw , nw)  for several values 
of nw. A remarkable feature is observed there. The larger the nw is, the slower 
the  C(n + nw , nw)  decreases. No crossing of the curves occurs. This phe-
nomenon is called aging in statistical mechanics. It implies that the system 
has its own clock, recording its “intrinsic internal time”. 

Another important point is the existence of scaling. It is possible to col-
lapse all curves in Fig. 3 to a single curve (see Fig. 4): 

 [ ]( , ) / ( ) ,W W WC n n n C n f n+ =  (5) 

where C  is a scaling function. Function f(nw) is found to have the form 

 ( ) ( ) 1 ,W Wf n a n γ= +  (6) 

where  a = 1.37 × 10–6  and  γ = 1.62  for the scaling function in Fig. 4. 
In the work (Abe and Suzuki 2004b), the aftershocks associated with 

other main shocks are also analyzed,  and the same result  as the above one is  
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Fig. 3. The plots of the event-event correlation function with respect to the event 
time, n, for several values of waiting event time, nw . The event time n runs within 
the interval of the aftershocks following the Landers Earthquake. nw = 0 (  ), 600 (  ), 
1200 (  ), and 1800 (  ). All quantities are dimensionless. Colour version of this fig-
ure is available in electronic edition only. 

Fig. 4. The data collapse of Fig. 3 by the rescaling of the event time. All quantities 
are dimensionless. Colour version of this figure is available in electronic edition only. 

obtained. In addition, outside of the intervals of aftershocks, the aging phe-
nomenon is not observed. Thus, aging characterizes aftershocks. 

Now, combining the aging and scaling as well as the points (A) and (B) 
mentioned in the beginning of this section, we conclude that the dynamics 
governing aftershocks is highly similar to glassy dynamics (Fischer and 
Hertz 1991). 

4. NON-MARKOVIAN  NATURE 
In a Markovian process, transition of a system from one state to another can 
basically be understood in terms of local fluctuations. In a non-Markovian 
process, on the other hand, such a local picture cannot apply because of the 
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presence of the long-range memory, i.e., temporal non-separability of events. 
Non-Markovianity signals the complexity of a system. 

Given finite seismic data, it is generically difficult to determine if such 
a stochastic process is Markovian or not. However, there is a rigorous mathe- 
matical method of determining it for a class of singular point processes, 
which has been discussed in the problems of laser cooling of atoms (Bardou 
et al. 2002). We apply such a method to examining how the process of after-
shocks is non-Markovian (Abe and Suzuki 2009a). 

What is of crucial importance is the existence of the scaling relation in 
a class of singular Markovian processes. It is related to two basic quantities 
in the processes. One is the time-interval distribution, P(t), of two successive 
aftershocks, and the other is the rate of event occurrence (i.e., temporal mean 
density of aftershocks),  S(t) = [N(t + Δt) – N(t)]/Δt , where N(t) stands for 
the number of events occurred in the time interval  [0, t]. If a process is 
Markovian, then holds the following equation (Bardou et al. 2002): 

 
0

( ) ( ) d ( ) ( ) ,
t

S t P t t P t t S t′ ′ ′= + −∫  (7) 

which can be derived from the Kolmogorov forward equation (Barndorff-
Nielsen et al. 2000). Since the second term on the right-hand side is a convo-
lution integral, it is convenient to perform the Laplace transformations of the 
both sides. Then, we obtain 

 
[ ]( )[ ]( ) ,

1 [ ]( )
L P sL S s

L P s
=

−
 (8) 

where  
0

[ ]( ) d ( ) .stL f s t e f t
∞ −≡ ∫  Consider a singular processes, in which 

both P and S decay as a power law 

 1

1( ) ~ ,P t
t μ+  (9) 

 1( ) ~ pS t
t

, (10) 

for a large value of  t. If the exponents, μ and p, satisfy 

 0 1 ,μ< <  (11) 

 0 1 ,p< <  (12) 
then 
 [ ]( ) ~ 1 ,L P s s μα−  (13) 

 1[ ]( ) ~ ,pL S s s −  (14) 
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for a small value of s, where α is a positive constant. Therefore, from Eq. (8) 
it follows that 
 1 .p μ+ =  (15) 

This is the scaling relation to be satisfied by singular Markovian processes 
with P and S obeying Eqs. (9)-(12). 

Note that Eq. (10) precisely describes the Omori law for aftershocks. 
Therefore, a question arising is if the time-interval distribution, P, also obeys 
a power law for aftershocks. The answer to this question turns out to be  
affirmative, as we shall see below. 

As in the preceding section, we analyze the aftershocks of the Landers 
Earthquake. We set the spatial window with size of 100 km (east-west) and 
100 km (north-south), centered at the epicenter of the Landers Earthquake 
(34°12.00 N latitude, 116°26.22 W longitude), and 100 km in depth. We 
consider 600 days after the main shock, during which there occurred 34 783 
events in this windowed region. 

Figure 5 is the plot of S(t). There, one sees that the Omori law holds 
well. Figure 6 is the plot of P(t). One certainly recognizes the behavior in 
Eq. (9). However, since the scaling regime is not so large, a careful examina-
tion is needed for determining the value of the exponent μ. To do so, we  
employ the method of maximum likelihood estimation (Goldstein et al. 
2004, Newman 2005). 

Table 1 summarizes the result. As can be seen there, the Markovian scal-
ing relation in Eq. (15) is violated in about 50%. Therefore, we conclude that 
the process of aftershocks following the Landers Earthquake is non-
Markovian, possessing the long-range memory. 

Fig. 5. The log-log plot of S(t) with the inverse dimension of time. The bin size for 
constructing the histogram is taken to be 2 days. 
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Fig. 6. The log-log plot of P(t) with the inverse dimension of time. The bin size for 
constructing the histogram is taken to be 30 s. 

Table 1 
The values of p and μ for some different bin size for constructing the histograms  

in the case of the aftershocks following the Landers Earthquake 

Bin size 
[days] p Bin size

[s] μ p + μ 

0.5 0.788 ± 0.004 
10 
20 
30 

0.629 ± 0.011 
0.873 ± 0.018 
0.950 ± 0.017 

1.417 ± 0.015 
1.661 ± 0.021 
1.738 ± 0.021 

1 0.790 ± 0.004 
10 
20 
30 

0.629 ± 0.011 
0.873 ± 0.018 
0.950 ± 0.017 

1.419 ± 0.015 
1.662 ± 0.021 
1.740 ± 0.021 

1.5 0.793 ± 0.004 
10 
20 
30 

0.629 ± 0.011 
0.873 ± 0.018 
0.950 ± 0.017 

1.422 ± 0.015 
1.665 ± 0.021 
1.743 ± 0.021 

2 0.792 ± 0.004 
10 
20 
30 

0.629 ± 0.011 
0.873 ± 0.018 
0.950 ± 0.017 

1.421 ± 0.015 
1.664 ± 0.021 
1.742 ± 0.021 

Note: The errors, which are automatically calculated by the method of maximum 
likelihood estimation, are very small due to the large sample size. 

Finally, we note that a similar result is obtained for aftershocks of other 
main shocks such as the Hector Mine Earthquake (Abe and Suzuki 2009a). 
We confidently believe that the process of aftershocks is non-Markovian, in 
general. 

0.1

1

10

100

1000

10000

1 10 100 1000 10000 100000 1000000

 τ  [s]

P
(τ

)



AFTERSHOCKS  IN  MODERN  PERSPECTIVES 
 

559 

5. CONCLUDING  REMARKS 
To summarize, we have surveyed the recent discoveries about the nature of 
aftershocks in view of science of complexity. We have seen how the com-
plex network representation can reveal the novel features of seismicity.  
Aging and scaling of aftershocks are certainly remarkable. It is of extreme 
importance to further clarify how the unknown dynamics governing after-
shocks is similar to (or different from) glassy dynamics. We have also seen 
that processes of aftershocks are non-Markovian. All these results highlight 
the aspects of aftershocks as a complex phenomenon. Future investigations 
along these lines based on modern science will give clues to deeper under-
standings of the physics of seismicity. 
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Scientific Research from the Japan Society for the Promotion of Science. 

R e f e r e n c e s  

Abe, S., and N. Suzuki (2003), Law for the distance between successive earthquakes, 
J. Geophys. Res. 108, B2, 2113-2117, DOI: 10.1029/2002JB002220. 

Abe, S., and N. Suzuki (2004a), Scale-free network of earthquakes, Europhys. Lett. 
65, 4, 581-586, DOI: 10.1209/epl/i2003-10108-1. 

Abe, S., and N. Suzuki (2004b), Aging and scaling of earthquake aftershocks, 
Physica A 332, 533-538, DOI: 10.1016/j.physa.2003.10.002. 

Abe, S., and N. Suzuki (2004c), Small-world structure of earthquake network, 
Physica A 337, 1-2, 357-362, DOI: 10.1016/j.physa.2004.01.059. 

Abe, S., and N. Suzuki (2005a), Scale-free statistics of time interval between succes-
sive earthquakes, Physica A 350, 2-4, 588-596, DOI: 10.1016/j.physa.2004. 
10.040. 

Abe, S., and N. Suzuki (2005b), Scale-invariant statistics of period in directed earth-
quake network, Eur. Phys. J. B 44, 1, 115-117, DOI: 10.1140/epjb/e2005-
00106-7. 

Abe, S., and N. Suzuki (2006a), Complex-network description of seismicity, Nonlin. 
Processes Geophys. 13, 2, 145-150, DOI: 10.5194/npg-13-145-2006. 

Abe, S., and N. Suzuki (2006b), Complex earthquake networks: Hierarchical organi-
zation and assortative mixing, Phys. Rev. E 74, 2, 026113, DOI: 10.1103/ 
PhysRevE.74.026113. 

Abe, S., and N. Suzuki (2007), Dynamical evolution of clustering in complex net-
work of earthquakes, Eur. Phys. J. B 59, 1, 93-97, DOI: 10.1140/epjb/ 
e2007-00259-3. 



S. ABE  and  N. SUZUKI 
 

560

Abe, S., and N. Suzuki (2009a), Violation of the scaling relation and non-Markovian 
nature of earthquake aftershocks, Physica A 388, 9, 1917-1920, DOI: 
10.1016/j.physa.2009.01.031. 

Abe, S., and N. Suzuki (2009b), Scaling relation for earthquake networks, Physica A 
388, 12, 2511-2514, DOI: 10.1016/j.physa.2009.02.022. 

Abe, S., and N. Suzuki (2009c), Determination of the scale of coarse graining in 
earthquake networks, Europhys. Lett. 87, 4, 48008, DOI: 10.1209/0295-
5075/87/48008. 

Abe, S., D. Pastén, and N. Suzuki (2011), Finite data-size scaling of clustering in 
earthquake networks, Physica A 390, 7, 1343-1349, DOI: 10.1016/j.physa. 
2010.11.033. 

Albert, R., H. Jeong, and A.-L. Barabási (2000), Error and attack tolerance of com-
plex networks, Nature 406, 378-382, DOI: 10.1038/35019019. 

Barabási, A.-L. and R. Albert (1999), Emergence of scaling in random networks, 
Science 286, 5439, 509-512, DOI: 10.1126/science.286.5439.509. 

Bardou, F., J.-P. Bouchaud, A. Aspect, and C. Cohen-Tannoudji (2002), Lévy Statis-
tics and Laser Cooling. How Rare Events Bring Atoms to Rest, Cambridge 
University Press, Cambridge. 

Barndorff-Nielsen, O.E., F.E. Benth, and J.L. Jensen (2000), Markov jump proc-
esses with a singularity, Adv. Appl. Probab. 32, 3, 779-799, DOI: 10.1239/ 
aap/1013540244. 

Bollobás, B. (2001), Random Graphs, 2nd ed., Cambridge Studies in Advanced 
Mathematics, Vol. 73, Cambridge University Press, Cambridge. 

Corral, Á. (2004), Long-term clustering, scaling, and universality in the temporal 
occurrence of earthquakes, Phys. Rev. Lett. 92, 10, 108501, DOI: 10.1103/ 
PhysRevLett.92.108501. 

Fischer, K.H., and J.A. Hertz (1991), Spin Glasses, Cambridge Studies in Magnet-
ism, Vol. 1, Cambridge University Press, Cambridge. 

Goldstein, M.L., S.A. Morris, and G.G. Yen (2004), Problems with fitting to the 
power-law distribution, Eur. Phys. J. B 41, 2, 255-258, DOI: 10.1140/epjb/ 
e2004-00316-5. 

Gutenberg, B. and C.F. Richter (1949), Seismicity of the Earth and Associated Phe-
nomena, Princeton University Press, Princeton. 

Newman, M.E.J. (2002), Assortative mixing in networks, Phys. Rev. Lett. 89, 20, 
208701, DOI: 10.1103/PhysRevLett.89.208701. 

Newman, M.E.J. (2005), Power laws, Pareto distributions and Zipf’s law, Contemp. 
Phys. 46, 5, 323-351, DOI: 10.1080/00107510500052444. 

Omori, F. (1894), On the after-shocks of earthquakes, J. Coll. Sci. Imp. Univ. Tokyo 
7, 111-200. 

Ravasz, E., and A.-L. Barabási (2003), Hierarchical organization in complex net-
works, Phys. Rev. E 67, 2, 026112, DOI: 10.1103/PhysRevE.67.026112. 



AFTERSHOCKS  IN  MODERN  PERSPECTIVES 
 

561 

Steeples, D.W., and D.D. Steeples (1996), Far-field aftershocks of the 1906 earth-
quake, Bull. Seismol. Soc. Am. 86, 4, 921-924. 

Utsu, T. (1961), A statistical study on the occurrence of aftershocks, Geophys. Mag. 
30, 521-605. 

Watts, D.J., and S.H. Strogatz (1998), Collective dynamics of ‘small-world’ net-
works, Nature 393, 440-442, DOI: 10.1038/30918. 

Received  3 October 2011 
Received in revised form  12 December 2011 

Accepted  21 December 2011 



Acta Geophysica
vol. 60, no. 3, Jun. 2012, pp. 562-588

DOI: 10.2478/s11600-012-0034-8

© 2012 Institute of Geophysics, Polish Academy of Sciences

Long-Term Correlations in Earth Sciences

Armin BUNDE1 and Sabine LENNARTZ1, 2

1Institut für Theoretische Physik, Giessen, Germany
e-mail: Armin.Bunde@uni-giessen.de (corresponding author)

2School of Engineering and School of Geosciences,
University of Edinburgh, Edinburgh, UK

A b s t r a c t

In this article we review the occurrence and consequences of long-
term memory in geophysical records like climate and seismic records, and
describe similarities with financial data sets. We review several methods to
detect linear and nonlinear long-term correlations, also in the presence of
external trends, and show how external trends can be detected in data with
long-term memory. We show as well that long-term correlations lead to a
natural clustering of extreme events and discuss the implications for several
geophysical data sets.

Key words: long-term correlations, extreme values, multi-fractality, trend
detection.

1. INTRODUCTION

In recent years, there is growing evidence that long-term correlations play
an important role in climate, physiology, and computer science as well as
in the financial markets; the examples range from river floods (Hurst et al.
1965, Koscielny-Bunde et al. 2006, Livina et al. 2003, Mandelbrot and Wallis
1969, Mudelsee 2007), temperatures (Eichner et al. 2003, Király et al. 2006,
Koscielny-Bunde et al. 1998, Pelletier and Turcotte 1999, Talkner and Weber
2000), and wind fields (Santhanam and Kantz 2005) to market volatilities (Liu
et al. 1997, 1999), heart-beat intervals (Bunde et al. 2000, Peng et al. 1993)
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and internet traffic (Leland et al. 1994). Here, we review several methods to
detect long-term correlations, also in the presence of external trends, and give
examples for long-term correlated climate records. We show that long-term
correlations lead to a natural clustering of extreme events and discuss the im-
plications for climate records as well as seismic and financial data. We also
discuss briefly non-linear long-term correlations that play an important role in
precipitation and river run-off data as well as in financial data. Finally, at the
end of the article, we show how exernal trends can be detected in data with
long-term memory.

2. LONG-TERM CORRELATIONS AND HOW TO DETECT THEM

Consider a record xi of discrete numbers, where the index i runs from 1
to N. xi may be daily, monthly or annual temperatures, precipitation data
or river flows, or any other set of data consisting of N successive data points.
We are interested in the fluctuations of the data around their (sometimes sea-
sonal) mean value. Without loss of generality, we assume that the mean of
the data is zero and the variance equal to one (to fulfill this requirement, cli-
mate must be seasonally detrended, as will be described below.) We call the
data long-term correlated, when the corresponding autocorrelation function
C(s) = 〈xixi+s〉 ≡ 1

(N−s)
∑N−s
i=1 xixi+s decays, in the limit of N → ∞,

by a power law for s > 0 (see, e.g., Mandelbrot and van Ness 1968),

C(s) ∼ (1− γ)s−γ , (1)

where γ denotes the correlation exponent, 0 < γ < 1. Such correlations are
named “long-term” since the mean correlation time T =

∫∞
0 C(s)ds diverges

in the limit of infinitely long series where N → ∞. For data sets with finite
length N, the autocorrelation function decays for 0 < s � N as (Lennartz
and Bunde 2009b)

C(s) =
1

1−N−γ

(
(1− γ)(2− γ)

2
s−γ −N−γ

)
. (2)

Accordingly, there are large finite-size effects in C(s) that make it difficult to
estimate the correlation exponent γ for N of the order of the length of typical
climate records.

If the xi are uncorrelated, C(s) = 0 for s > 0. More generally, if cor-
relations exist up to a certain correlation time sx, then C(s) > 0 for s < sx
and C(s) = 0 for s > sx.

Long-term correlated records also can be characterized by the power spec-
tral density S(f) = |x(f)|2, where {x(f)}, f = 0, . . . , N/2, is the Fourier
transform of {xi}. With increasing frequency f, S(f) decays by a power law

S(f) ∼ f−β , (3)
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Fig. 1. Comparison of an uncorrelated and a long-term correlated record with γ =
0.4. The full line is the moving average over 30 data points. Colour version of this
figure is available in electronic edition only.

where β > 0 characterizes the long-term memory (Malamud and Turcotte
1999). For uncorrelated data, β = 0.

Equation (3) can be used to generate synthetic Gaussian distributed long-
term correlated records, as has been described, for example, in Turcotte (1997).
First one generates uncorrelated Gaussian data. Then one transforms them to
Fourier space, multiplies the result by f−β/2 and transforms them back to time
space. By definition, the resulting S(f) follows Eq. (3). We would like to
note that, in a considerably more elaborate iterative procedure suggested by
Schreiber and Schmitz (1996), (monofractal) long-term correlated records with
any other distribution can also be generated.

Figure 1 shows parts of an uncorrelated (left) and a long-term correlated
(right) record, with γ = 0.4 ; both series have been generated by the algorithm
described above. The full line is the moving average over 30 data points. For
the uncorrelated data, the moving average is close to zero, while for the long-
term correlated data set, the moving average can have large deviations from
the mean, forming some kind of mountain valley structure. This structure is a
consequence of the power-law persistence. The mountains and valleys on the
right-hand side of Fig. 1 look as if they had been generated by external trends,
and one might be inclined to draw a trend-line and to extrapolate the line into
the near future for some kind of prognosis. But since the data are trend-free,
only a short-term prognosis utilizing the persistence can be made, and not a
longer-term prognosis which often is the aim of such a regression analysis.

Alternatively, one can divide the data set in Ks equidistant windows of
length s, determine in each window ν the squared sum

F 2
ν (s) =

( s∑
i=1

xi

)2

, (4)

and detect how the square root of the average of this quantity over all windows,

〈F (s)〉 =

[
1

Ks

Ks∑
ν=1

F 2
ν (s)

]1/2

, (5)
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scales with the window size s. This method is called fluctuation analysis (FA).
For long-term correlated data, in the limit of N →∞, 〈F (s)〉 scales as

〈F (s)〉 ∼ sα, (6)

where α = 1− γ/2. For uncorrelated or short-term correlated data sets, α =
1/2. In the literature, α is often referred to as Hurst-exponent. Equation (6)
represents an alternative way to determine the correlation exponent γ. For data
with a finite length N, which is usually the case with climate data, one finds
(Lennartz and Bunde 2009b)

〈F (s)〉 ∼ sα(1− (s/N)2−2α)1/2, (7)

showing that finite size effects are strong for large s and small γ.
Since trends resemble long-term correlations and vice versa, there is a gen-

eral problem to distinguish between trends and long-term persistence. In recent
years, several methods have been developed, mostly based on the hierarchical
detrended fluctuation analysis (DFAn), where long-term correlations in the
presence of smooth polynomial trends of order n− 1 can be detected (Bunde
et al. 2000, Kantelhardt et al. 2001, Peng et al. 1993). The DFAn procedure
consists of four steps (Kantelhardt et al. 2001). First, we determine the cumu-
lated sum Y (i) ≡

∑i
k=1 xk, i = 1, . . . , N, of the record. Then we divide the

profile into Ns ≡ int(N/s) nonoverlapping segments of equal length s. Since
the length N of the series is usually not a multiple of the considered timescale
s, a short part at the end of the profile may remain. In order not to disregard
this part of the series, the same procedure is repeated starting from the oppo-
site end. Thereby, 2Ns segments are obtained altogether. In the third step we
calculate the local trend for each of the Ks = 2Ns segments by fitting (least
squares fit) a polynomial of order n to the data and determine the variance

F 2
ν (s) ≡ 1

s

s∑
i=1

[Y ((ν − 1)s+ i)− pν(i)]2 (8)

for each segment ν. Here pν(i) is the fitting polynomial representing the local
trend in the segment ν. Linear, quadratic, cubic and higher-order polynomials
can be used in the fitting procedure. When linear polynomials are used, the fluc-
tuation analysis is called DFA1, for quadratic polynomials we have DFA2, for
cubic polynomials DFA3, etc. By definition, DFA2 removes quadratic trends
in the profile Y (i) and thus linear trends in the original series xi.

In the last step, finally, one averages (as for the FA) over all segments and
takes the square root to obtain the mean fluctuation function,

〈F (s)〉 ≡
[

1

Ks

Ks∑
ν=1

F 2
ν (s)

]1/2

. (9)
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One can show that for long-term correlated trend-free data, 〈F (s)〉 scales
with the window size s as F (s) in Eq. (6), i.e., 〈F (s)〉 ∼ sα, with α =
1−γ/2, irrespective of the order of the detrending polynomial. For short-term
correlated records, the exponent is 1/2 for s above the correlation time sx.
Trends of order n−1 in the original data are eliminated by DFAn, while they
contribute to DFA(n− 1) and DFA(n− 2), etc., and this allows to determine
the correlation exponent γ in the presence of trends. For example, in the case
of a linear trend, DFA1 is affected by the trend and will exaggerate the asymp-
totic exponents α, while DFA2, DFA3, etc. are not affected by the trend and
will show, in a double logarithmic plot, the same slope α, which then gives
immediately the correlation exponent γ. A further advantage of the DFAn,
n = 1, 2, 3, . . . , compared with the FA is that there are no pronounced finite
size effects.

When γ has been obtained by DFAn, one can try to detect the trend,
but there is no unique treatment available. In recent papers (Giese et al. 2007,
Rybski and Bunde 2009, Rybski et al. 2006), different kinds of analysis have
been elaborated and applied to estimate trends in the temperature records of
the Northern Hemisphere and Siberian locations. Very recently, we have devel-
oped a quite general and easy to handle method (Lennartz and Bunde 2011) to
estimate trends in long-term correlated records, that we will describe in detail
in Section 7.

3. LONG-TERM CORRELATIONS IN CLIMATE RECORDS

Figure 2 shows representative results of the FA and DFAn analysis, for tem-
perature, precipitation and river run-off data. For continental temperatures, the
exponent α is around 0.65, while for island stations and sea surface tempera-
tures the exponent is considerably higher. There is no crossover towards uncor-
related behavior at larger time scales. For the precipitation data, the exponent
is close to 0.55, not being significantly larger than for uncorrelated records.

Figure 3 shows a summary of the exponent α for a large number of cli-
mate records. It is interesting to note that while the distribution of α values is
quite broad for run-off, sea-surface temperature, and precipitation records, the
distribution is quite narrow, located around α = 0.65 for continental atmo-
spheric temperature records. For the island records, the exponent is larger. The
quite universal exponent α = 0.65 for continental stations can be used as an
efficient test bed for climate models (Govindan et al. 2002, Rybski and Bunde
2009, Vjushin et al. 2004).

The time window accessible by DFAn is typically 1/4 of the length of the
record. For instrumental records, the time window is thus restricted to about
50 years. For extending this limit, one has to take reconstructed records or
model data, which range up to 2000y. Both have, of course, large uncertainties,
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Fig. 2. DFAn analysis of 6 temperature records, one precipitation record and 2 run-
off records. Before the analysis, daily and monthly data have been seasonaly detrended.
The black curves are the FA results, while the upper red curves refer to DFA1 and
the lower red curves to DFA2. The blue numbers denote the asymptotic slopes of the
curves. From Eichner et al. (2003), Kantelhardt et al. (2006), Monetti et al. (2003).
Colour version of this figure is available in electronic edition only.

but it is remarkable that exactly the same kind of long-term correlations can
be found in these data, thus extending the time scale where long-term memory
exists to at least 500y (Rybski and Bunde 2009, Rybski et al. 2006).

4. LONG-TERM CORRELATIONS:
CLUSTERING OF EXTREME EVENTS

Next we consider the consequences of long-term memory on the occurrence of
rare events. Understanding (and predicting) the occurrence of extreme events
is one of the major challenges in science (see, e.g., Bunde et al. 2002). An
important quantity here is the time interval between successive extreme events
(see Fig. 4), and by understanding the statistics of these return intervals one
aims to better understand the occurrence of extreme events.

Since extreme events are, by definition, very rare and the statistics of their
return intervals poor, one usually studies also the return intervals between less
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Fig. 3. Distribution of fluctuation exponents α for several kinds of climate records
(from Eichner et al. 2003, Kantelhardt et al. 2006, Monetti et al. 2003). Colour version
of this figure is available in electronic edition only.

Fig. 4. Illustration of the return intervals for three equidistant threshold values
q1, q2, q3 for the water levels of the Nile at Roda (near Cairo, Egypt). One return inter-
val for each threshold (quantile) q is indicated by arrows.

extreme events, where the data are above some threshold q and where the statis-
tics is better, and hopes to find some general “scaling” relations between the
return intervals at low and high thresholds, which then allows to extrapolate the
results to very large, extreme thresholds (see Fig. 4).
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For uncorrelated data, the return intervals are independent of each other
and their probability density function (PDF) is a simple exponential, Pq(r) =
(1/Rq) exp(−r/Rq). In this case, all relevant quantities can be derived from
the knowledge of the mean return interval Rq. Since the return intervals are
uncorrelated, a sequential ordering cannot occur. There are many cases, how-
ever, where some kind of ordering has been observed where the hazardous
events cluster, for example in the floods in Central Europe during the middle
ages or in the historic water levels of the Nile river which are shown in Fig. 4
for 663y. Even by eye one can realize that the events are not distributed ran-
domly but are arranged in clusters. A similar clustering was observed for ex-
treme floods, winter storms, and avalanches in Central Europe (see, e.g., Figs.
4.4, 4.7, 4.10, and 4.13 in Pfisterer 1998, Fig. 66 in Glaser 2001, and Fig. 2 in
Mudelsee et al. 2003). The reason for this clustering is the long-term memory.

Figure 5 shows Pq(r) for long-term correlated records with α = 0.4 (cor-
responding to γ = 0.8 ), for three values of the mean return interval Rq (which
is easily obtained from the threshold q and independent of the correlations).
The PDF is plotted in a scaled way, i.e., RqPq(r) as a function of r/Rq. The
figure shows that all 3 curves collapse. Accordingly, when we know the func-
tional form of the PDF for one value of Rq, we can easily deduce its func-
tional form also for very large Rq values which due to its poor statistics cannot
be obtained directly from the data. This scaling is a very important property,
since it allows to make predictions also for rare events which otherwise are not
accessible with meaningful statistics. When the data are shuffled, the long-term
correlations are destroyed and the PDF becomes a simple exponential.

The functional form of the PDF is a quite natural extension of the uncorre-
lated case. The figure suggests that

lnPq(r) ∼ −(r/Rq)
γ , (10)

i.e., simple stretched exponential behavior (Bunde et al. 2003, 2005). For γ
approaching 1, the long-term correlations tend to vanish and we obtain the sim-
ple exponential behavior characteristic for uncorrelated processes. For r well
below Rq, however, there are deviations from the pure stretched exponential
behavior. Closer inspection of the data shows that for r/Rq � 1 the decay
of the PDF is characterized by a power law, with exponent γ − 1. This overall
behavior does not depend crucially on the way the original data are distributed.
In the cases shown here, the data had a Gaussian distribution, but similar re-
sults have been obtained also for exponential, power-law and log-normal distri-
butions (Eichner et al. 2006). Indeed, the characteristic stretched exponential
behavior of the PDF can also be seen in long historic and reconstructed records
(Bunde et al. 2005).

The form of the PDF indicates that return intervals, both well below and
well above their average value, are considerably more frequent for long-term
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Fig. 5. Probability density function of the return intervals in long-term correlated
data, for three different return periods Rq, plotted in a scaled way. The full line is a
stretched exponential, with exponent γ = 0.4 (after Bunde et al. 2005). Colour version
of this figure is available in electronic edition only.

correlated data than for uncorrelated data. The distribution does not quantify,
however, if the return intervals themselves are arranged in a correlated or in an
uncorrelated fashion, and if clustering of rare events may be induced by long-
term correlations.

To study this question, Bunde et al. (2005) and Eichner et al. (2006) have
evaluated the autocorrelation function of the return intervals in synthetic long-
term correlated records. They found that also the return intervals are arranged
in a long-term correlated fashion, with the same exponent as the original data.
Accordingly, a large return interval is more likely to be followed by a large one
than by a short one, and a small return interval is more likely to be followed
by a small one than by a large one, and this leads to clustering of events above
some threshold q, including extreme events.

As a consequence of the long-term memory, the probability of finding a cer-
tain return interval depends on the preceding interval. This effect can be easily
seen in synthetic data sets generated numerically, but not so well in climate
records where the statistics is comparatively poor. To improve the statistics, we
now only distinguish between two kinds of return intervals, “small” ones (below
the median) and “large” ones (above the median), and determine the mean R+

q

and R−q of those return intervals following a large (+) or a small (−) return
interval. Due to scaling, R+

q /Rq and R−q /Rq are independent of q. Figure 6
shows both quantities (calculated numerically for long-term correlated Gaus-
sian data) as a function of the correlation exponent γ. The lower dashed line is
R−q /Rq, the upper dashed line is R+

q /Rq. In the limit of vanishing long-term
memory, for γ = 1, both quantities coincide, as expected. Figure 6 also shows
R+
q /Rq and R−q /Rq for 5 climate records with different values of γ. One

can see that the data agree very well, within the error bars, with the theoretical
curves.
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Fig. 6. Mean of the (conditional) return intervals that either follow a return interval
below the median (lower dashed line) or above the median (upper dashed line), as a
function of the correlation exponent γ, for 5 long reconstructed and natural climate
records. The theoretical curves are compared with the corresponding values of the cli-
mate records (from right to left): The reconstructed run-offs of the Sacramento river,
the reconstructed temperatures of Baffin Island, the reconstructed precipitation record
of New Mexico, the historic water levels of the Nile and one of the reconstructed tem-
perature records of the Northern hemisphere (Mann record) (after Bunde et al. 2005).
Colour version of this figure is available in electronic edition only.

5. LONG-TERM CORRELATIONS IN FINANCIAL MARKETS
AND SEISMIC ACTIVITY

The characteristic behavior of the return intervals, i.e., long-term correlations
and stretched exponential decay, can also be observed in financial markets and
seismic activity. It is well known (see, e.g., Liu et al. 1997, 1999) that the
volatility of stocks and exchange rates is long-term correlated. Figure 7 shows
that, as expected from the foregoing, also the return intervals between daily
volatilities are long-term correlated, with roughly the same exponent γ as the
original data (Yamasaki et al. 2005). It has further been shown in Yamasaki
et al. (2005) that also the PDFs of the return intervals show the characteristic
behavior predicted above. We come back to financial data in the next Section.

A further example where long-term correlations seem to play an important
role are earthquakes in certain bounded areas (e.g., California) in time regimes
where the seismic activity is (quasi) stationary. It has been discovered recently
by Lennartz et al. (2008) that the magnitudes of earthquakes in Northern and
Southern California, from 1995 until 1998, are long-term correlated with an
exponent around γ = 0.4, and that also the return intervals between the earth-
quakes are long-term correlated with the same exponent. It has been shown
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Fig. 7. Long-term correlation exponent γ for the daily volatility (left) and the corre-
sponding return intervals (right). The studied commodities are (from left to right), the
S & P 500 index, 6 stocks (IBM, DuPont, AT & T, Kodak, General Electric, Coca-Cola)
and 7 currency exchange rates (US $ versus Japanese Yen, British Pound versus Swiss
Franc, US $ versus Swedish Krona, Danish Krone versus Australian $, Danish Krone
versus Norwegian Krone, US $ versus Canadian $ and US $ versus South African $).
Courtesy of Lev Muchnik.

that also the PDF of the return intervals can be consistently described by the
corresponding distribution of long-term correlated data (γ = 0.4), without
any fit parameter. But other fits by Γ -distributions are also possible (Corral
2004). It has been emphasized by Livina et al. (2005) that due to the long-
term correlations, large earthquakes may not be random in time but cluster. As
a consequence, when the time between the last two earthquakes is well below
(above) the average, one can expect the next earthquake to come earlier (later)
than the average. For detailed comparison of earthquake data with the branch-
ing aftershock cascade (BASS) model, see Lennartz et al. (2011).

6. NON-LINEAR LONG-TERM CORRELATIONS
AND MULTIFRACTAL SCALING

Many records do not exhibit a simple monofractal scaling behavior, which
can be accounted for by a single scaling exponent. In some cases, there exist
crossover (time-) scales sx separating regimes with different scaling exponents,
e.g., long-term correlations on small scales below sx and another type of cor-
relations or uncorrelated behavior on larger scales above sx. In other cases,
the scaling behavior is more complicated, and different scaling exponents are
required for different parts of the series. In even more complicated cases, such
different scaling behavior can be observed for many interwoven fractal subsets
of the time series. In this case a multitude of scaling exponents is required for
a full description of the scaling behavior, and a multifractal analysis must be
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applied (see, e.g., Ivanov et al. 1999, Stanley and Meakin 1988 and literature
therein).

To see this, it is meaningful to extend Eqs. (5) and (9) by considering the
more general average

〈F q(s)〉 = (1/Ks)

Ks∑
ν=1

[F 2
ν (s)]q/2 (11)

with q between −∞ and +∞. For q � −1 the small fluctuations will dom-
inate the sum, while for q � 1 the large fluctuations are dominant. It is rea-
sonable to assume that the q -dependent average scales with s as

〈F q(s)〉 ∼ sqβ(q), (12)

with β(2) = α. Equation (12) generalizes Eq. (6). If β(q) is independent of
q, we have 〈F q(s)〉1/q ∼ sα independent of q, and both large and small fluctu-
ations scale the same. In this case, a single exponent is sufficient to characterize
the record, which then is referred to as monofractal. If β(q) is not identical
to α, we have a multifractal (Feder 1988, Mandelbrot 1977, 1982, Peitgen et
al. 1991). In this case, the dependence of β(q) on q characterizes the record.
Instead of β(q) one considers frequently the spectrum f(ω) that one obtains
by Legendre transform of qβ(q), ω = d(qβ(q))/dq, f(ω) = qω−qβ(q)+1.
In the monofractal limit we have f(ω) = 1.

For generating multifractal data sets, one considers mostly multiplicative
random cascade processes, described, e.g., in Feder (1988) and Peitgen et al.
(1992). In this process, the data set is obtained in an iterative way, where the
length of the record doubles in each iteration. It is possible to generate random
cascades with vanishing autocorrelation function (C(s) = 0 for s ≥ 1) or
with algebraically decaying autocorrelation functions (C(s) ∼ s−γ) . Here
we focus on a multiplicative random cascade with vanishing autocorrelation
function, which is particularly interesting since it can be used as a model for
the arithmetic returns di = (Pi − Pi−1)/Pi−1 of daily stock closing prices
Pi (see, e.g., Bogachev et al. 2007). In the zero-th iteration n = 0, the data
set, xi, consists of one value, x(n=0)

1 = 1. In the n -th iteration, the data x(n)i
consist of 2n values that are obtained from

x
(n)
2l−1 = x

(n−1)
l m

(n)
2l−1 (13)

and
x

(n)
2l = x

(n−1)
l m

(n)
2l , (14)

where the multipliers m are independent and identically distributed (i.i.d.) ran-
dom numbers with zero mean and unit variance. The resulting PDF is symmet-
ric with log-normal tails, with vanishing correlation function C(s) for s ≥ 1.
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It has been shown that, in this case, the PDF of the return intervals decays
by a power-law

Pq(r) ∼ (r/Rq)
−δ(q), (15)

where the exponent δ depends explicitely on Rq and seems to converge to
a limiting curve for large data sets. Despite of the vanishing autocorrelation
function of the original record, the autocorrelation function of the return inter-
vals decays by a power law with a threshold-dependent exponent (Bogachev et
al. 2007). Obviously, these long-term correlations have been induced by the
nonlinear correlations in the multifractal data set. Extracting the return interval
sequence from a data set is a nonlinear operation, and thus the return intervals
are influenced by the nonlinear correlations in the original data set. Accord-
ingly, the return intervals in data sets without linear correlations are most sen-
sitive indicators for nonlinear correlations in the data records. The power-law
dependence of Pq(r) can be used for an improved risk estimation. Both power-
law dependencies can be observed in financial records of the daily returns and
in physiological records (heartbeat intervals) that are known to be multifractal
(Bogachev et al. 2007, Bogachev et al. 2009). In the financial records, one
finds a surprising universality: For fixed return periods Rq, the PDFs of the
interoccurrence times do not depend on the kind of asset (kind of stocks, in-
dices, e.g., DAX or DOW JONES, commodities or exchanges rates), but only
on RQ (Bogachev and Bunde 2008). The functional form of the PDFs can
be expressed analytically by generalized Pareto distributions (q-exponentials);
see Ludescher et al. 2011.

7. DETECTION OF EXTERNAL TRENDS
IN LONG-TERM CORRELATED RECORDS

This section deals with the estimation of the strength of an external trend in
long-term correlated data sets. This question is relevant for the estimation of
the effect of anthropogenic global warming in climate data that are known to be
long-term correlated. Here we follow exclusively Lennartz and Bunde (2011).
For a related method see also Lennartz and Bunde (2009a). We start with a de-
scription of the quantities of interest.

7.1 Quantities of interest
We are interested in the probability that in a Gaussian distributed record of
length N, which is long-term correlated and characterized by a certain fluc-
tuation exponent α, an increase of size ∆ occurs. To determine ∆, we use
the linear regression method where ∆ is obtained as the slope of the regres-
sion line times N. From the regression analysis (see Fig. 8), we also obtain
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Fig. 8. Visualization of the considered quantities ∆, σt, and α for a data set Ti
in a window of length 100. ∆ is the total increase of the data Ti in the time window
and is measured by a linear regression line. σt is the standard deviation around this
regression line. The fluctuation exponent α characterizes the memory of the data Ti in
this time window. The relevant quantity in which we are interested, is the dimensionless
fraction ∆/σt when a certain value for α is measured. Colour version of this figure
is available in electronic edition only.

the standard deviation σt around the regression line, which is a measure for
the fluctuations in the considered time interval. It is important to note that in
contrast to the normal standard deviation σ around the mean value, σt is not
affected by an external trend and thus represents the natural fluctuations. In the
following, we are interested in the dimensionless relative trend x ≡ ∆/σt.

For determining the fluctuation exponent α in the (sub-) record, we use the
DFA2 method which is able to eliminate linear trends in the data (Kantelhardt
et al. 2001), see Section 2.

Accordingly, a given (sub-) record is characterized: (i) by its length N,
(ii) by its relative trend x = ∆/σt, and (iii) by its fluctuation exponent α
obtained by DFA2.

To estimate the contribution of an external linear trend to an observed rela-
tive trend, we need to know the probability P (x, α;N)dx that in a given purely
long-term correlated record of length N characterized by α, a relative trend
between x and x + dx occurs. By definition, the probability density func-
tion (PDF) P (x, α;N) is symmetric in x, i.e., P (x, α;N) = P (−x, α;N).
From P (x, α;N) we then obtain the exceedance probability

W (x, α;N) =

∫ ∞
x

P (x′, α;N)dx′ (16)

that an observed relative trend is larger than x.
An important quantity in the further analysis is the confidence interval

[−xQ, xQ], see Fig. 9. By definition, relative trends within this interval occur
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with confidence probability Q, that is,

Q =

∫ xQ

−xQ

P (x′, α;N)dx′

= 1− 2W (xQ, α;N). (17)

Accordingly, xQ can be obtained from the inverse function of W, that is,

xQ = W−1[(1−Q)/2, α;N ]. (18)

For Q = 0.95, for example, [−xQ, xQ] defines the 95% confidence interval,
which we will use later as a criterion to distinguish between natural and unnat-
ural trends; see Fig. 9. In the presence of an external linear trend, the total trend
is the sum of the natural trend and the external trend. If an observed relative
trend x is larger than xQ it is considered unnatural. In this case, the minimum
and maximum external trends are given by

∆min
ext = σt(x− xQ) (19)

and
∆max

ext = σt(x+ xQ). (20)

By definition, the uncertainty of the external trend (error bar) (∆max
ext −∆min

ext )/2
is equal to the confidence interval times σt and is independent from the
observed trend ∆.
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7.2 Numerical estimation of the exceedance probability

In the following, we describe the numerical estimation of the exceedance prob-
ability. First, for 160 α values ranging from 0.41 to 2.00, 100 synthetic records
of length 221 were generated by the Fourier-filtering technique (see Section 2),
respectively. With this technique, Gaussian-distributed data are generated.
Here we focus on Gaussian-distributed data but would like to note that, in a
considerably more elaborate iterative procedure suggested by Schreiber and
Schmitz (1996), (monofractal) long-term correlated records with any other dis-
tribution can also be generated. Since we are interested in the analysis of trends
in smaller records, which typically vary between 500 and 2000 data points,
we extracted from the long records for each α value 25 000 subsequences of
lengths N = 500, 750, 1000, 1500, and 2000. In each sub-record of length N,
we determined (i) the local α values by DFA2 as the slope of the logarithmic
fluctuation function between s = 10 and s = 100 and (ii) the relative trends
x = ∆/σt. It is essential to determine α in each sub-record, since the local
α values of the sub-records usually differ from the global one (see, e.g. Rybski
and Bunde 2009).

To estimate P (x, α;N) for fixed N we proceed as described in Fig. 10.
We divide the local α values into windows of size 0.02, and focus on the most
interesting regime between 0.5 and 1.5. Most natural records, where long-term
memory is important, are characterized by α values in this regime. In each α
window we determine the histogram h(x), which after normalization yields
the desired PDF P (x, α;N).

Figure 11 (a) shows, for N = 1000, the resulting P (x, α;N) in a semilog-
arithmical plot for α = 0.7 ± 0.01 (triangles) and α = 1.0 ± 0.01 (circles).
Since P (x, α;N) is symmetric in x, only positive values of x are shown.
One can see clearly that there exists a crossover xc which depends on α (and
on N ; see below). For small relative trends x < xc, the curves are Gaussian
(dashed lines), while for large x > xc, the curves follow a simple exponen-
tial (full lines). The figure also shows that the PDFs broaden with increasing
fluctuation exponent α, when the mountain-valley structure of the long-term
correlated record becomes more pronounced (i.e., large natural trends become
more likely with increasing α ). From P (x, α;N), we obtain, by direct sum-
mation, the desired exceedance probability W (x, α;N); see Eq. (16).

Figure 11 (b)-(d) show W (x, α;N) for N = 500, 1000, and 2000. By
definition, W (0, α;N) = 1/2 (i.e., all curves intersect at x = 0 ). As also
seen in the PDF, large relative trends become more likely with an increasing
fluctuation exponent α. The figure also shows that the exceedance probabil-
ity exhibits a remarkable N dependence such that, for fixed α, large relative
trends become more likely for small (sub-) records than for large ones. This is
also reasonable: Due to the mountain-valley structure of long-term correlated
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Fig. 10. Visualisation of the data generation procedure. For each global α value,
we generated several long data sets (long lines), which we divided into smaller subse-
quences of size N. In each of these subsequences, we measured the local α value by
DFA2. Next we considered only those subsequences, where the measured α value is in
a certain range; for example, α = 0.60± 0.01 (marked subsequences). In all these se-
quences we measured the relative trend xi = ∆i/σt,i as described in Fig. 8, to obtain
the histogram h(x) which, after normalization, yields the desired PDF P (x, α;N).

data, a large trend can be seen if the sub-record starts in a valley and ends up in
a mountain. In a short sub-record, it is very likely that the mountain is just the
next one, and the standard deviation around the regression line will be small,
resulting in a very large relative trend. Conversely, in a long sub-record, it is
very likely that the mountain is not the first one; that is, between the start and
the end there are several mountains and valleys in between. Thus, the stan-
dard deviation around the regression line will be large. This results in a smaller
relative trend in comparison with a short sub-record.

From Fig. 11 (b)-(d), one can obtain graphically the boundary xQ of the
confidence interval. For example, for Q = 0.99, xQ is obtained from the
intersection of W (x, α;N) and (1−Q)/2 ; see Eq. (18). For N = 2000 and
α = 1.0 the intersection is at xQ ≈ 3.3.

Using scaling theory, it is possible to derive an analytical expression for
W (x, α;N) for 0.5 ≤ α ≤ 1.2. From W one can obtain an analytical
expression for the bounds xQ(α,N) of the confidence interval (for details,
see Lennartz and Bunde 2011):

xQ(α,N) = CNα
δN

{
w2
N

2
+ ln

(
2

1−Q

)
− ln

(
erf(wN/

√
2)(
√

2πwN ) + 2e−w
2
N/2
)}

, (21)
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Fig. 11: (a) Probability density function P (x, α;N) of the relative temperature
increase x = ∆/σt of synthetic long-term correlated records in a time window
N = 1000. The circles represent the probability density function for α = 1.0 and
the triangles are for α = 0.7. The dashed lines are Gaussians, which fit the data best
for small arguments, while the straight lines are exponentials, which fit the data best
for large arguments. (b)-(d) Cumulative probability W (x, α;N) for N = 500, 1000,
and 2000 for fluctuation exponents α between 0.5 and 1.5 (from left to right). Colour
version of this figure is available in electronic edition only.

where CN , δN , and w2
N depend logarithmically on N :

CN ≈ C(0) + C(1) ln(N), (22)

δN ≈ δ(0) + δ(1) ln(N), (23)

w2
N ≈ w(0) + w(1) ln(N), (24)

with C(0) ≈ 2.04, C(1) ≈ −0.20, δ(0) ≈ −0.57, δ(1) ≈ 0.61, w(0) ≈
−6.32, and w(1) ≈ 1.41.

Figure 12 shows the α and N dependence of the analytical expression (21)
(full lines) together with the numerical results (circles) for Q = 95% (left-
hand side) and Q = 99% (right-hand side). It can be seen that the agreement
between the numerical and the analytical results is very good, as long as α is
between 0.5 and 1.2.
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Fig. 12. Boundaries xQ(α,N) from Eq. (21) of the confidence interval as a function
of N for (a) Q = 95%, and (b) Q = 99% for α between 0.5 and 1.2 (full lines) and
between 1.3 and 1.5 (dashed lines) (from bottom to top). For comparison the numeri-
cally estimated values for xQ(α,N) are also shown (full circles). One can clearly see
that Eq. (21) is only a very good approximation for α ≤ 1.2 or N ≈ 500. For larger
α values and N > 500 one has to interpolate the numerical values. Colour version of
this figure is available in electronic edition only.

7.3 Application to climate data
From Fig. 12 one can immediately obtain, in a data set of length N charac-
terized by the DFA2 fluctuation exponent α, the boundary of the confidence
intervals of interest and, by comparing xQ with a measured relative trend
x = ∆/σt, one can decide if the measured trend is significant or not.

We have applied our analysis (i) to global temperature records provided
by the Hadley Centre (http://www.cru.uea.ac.uk/cru/data/temperature/) (Bro-
han et al. 2006) and (ii) to representative local temperature records provided by
the Potsdam Institute for Climate Impact Research (PIK). We have also consid-
ered (iii) representative precipitation records, also provided by the PIK, and
(iv) representative river run-off records provided by the Water Management
Authorities of Bavaria and Baden-Württemberg and the Global Runoff Data
Centre (GRDC) in Koblenz (Germany). The data are listed in Tables 1 and 2.
We used these data in Eichner et al. (2003), Kantelhardt et al. (2006), Koscielny-
Bunde et al. (2006), where they are also described.
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We would like to note again that, in contrast to the temperature data, precipi-
tation and river flows show (on the time scales considered here) weak multifrac-
tal behavior with nonlinear memory (Kantelhardt et al. 2006, Koscielny-Bunde
et al. 2006, Schertzer and Lovejoy 1991, Schertzer et al. 1997), and their data
distribution differs from Gaussians. Accordingly, our assumption of monofrac-
tal behavior with a Gaussian distribution of the data is not a priori satisfied.
However, we can argue that we can still apply our methodology, to a reason-
able approximation, to these data. The reason for this is that the characteristic
mountain-valley behavior in long-term correlated records is mainly due to the
linear persistence being described by the fluctuation exponent α. The nonlin-
ear correlations solely add some “bursty” behavior to it that does not show up
in α but in higher moments of the fluctuation function and does not affect the
mountain-valley structure. The same is true for the deviations of the distribution
function from a Gaussian, as long as they are not characterized by “fat” tails.
This is the case for both precipitation and river run-off data. Indeed, prelimi-
nary results of Yuan and Bunde show that Eq. (21) is a very good approximation
also for exponentially and power-law distributed data.

For all records we consider only monthly data, where additional short-term
dependencies have been averaged out. Other advantages of monthly data are
that they are easily available on the Internet and that the seasonal trend can be
eliminated in a more effective way than in daily data. In the seasonal detrend-
ing procedure, we have followed Koscielny-Bunde et al. (2006), Lennartz and
Bunde (2009a). We have subtracted the seasonal mean value from the data and
divided by the seasonal standard deviation.

Tables 1 and 2 also show, for each data set, the length N of the considered
time window (full length and the last 500 months of the record), the fluctuation
exponent α, and the relative trend x in this time window. When x, α, and
N are known, we can easily read the desired bound of the confidence interval
from Fig. 12. In the tables, we show the bounds and mark them by a cross if the
observed relative trend is outside this interval and thus significant. In addition to
the relative trend x, we also specify the linear trend ∆real obtained by linear
regression of the original monthly data set (without seasonal detrending) in
the original units; for example, a temperature increase in ◦ C. To obtain the
upper and lower bound, ∆real

min and ∆real
max, respectively, of the anthropogenic

contribution to the observed trend ∆real, we note that the fraction between
the minimal (maximal) trend and the observed trend is (for large N � 12 )
approximately independent of the seasonal detrending; that is,

∆real
min

∆real
=

∆ext
min

∆
=
x− xQ
x

, (25)

∆real
max

∆real
=

∆ext
max

∆
=
x+ xQ
x

, (26)
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T a b l e 1

Long global temperature records and representative local temperature, river runoff, and
precipitation records; their length N in units of months, their fluctuation exponent α,
the absolute increase ∆real in units of ◦ C for temperatures, m 3 /s for river run-offs,
and mm for precipitation. The measured relative trend is marked by a cross (×) if
the observed relative trend is outside the 95% or 99% confidence interval and is thus
significant

Data set N α ∆real x xQ 95% xQ 99%
Global temperatures

Global 1908 1.02 0.69 3.59 2.40 (x) 3.60
Global land air 1908 0.81 0.80 2.49 1.00 (x) 1.30 (x)
Global sea surface 1908 1.21 0.62 3.56 5.00 7.00
Local temperatures

Arwagh (GB) 1584 0.62 0.28 0.22 0.40 0.52
Brno (CZ) 1296 0.60 0.73 0.45 0.34 (x) 0.50
Charleston (US) 1488 0.61 0.25 0.15 0.35 0.50
Irkutsk (RU) 1416 0.52 2.09 0.85 0.20 (x) 0.28 (x)
Kiev (UA) 1308 0.64 0.74 0.27 0.43 0.61
Melbourne (AU) 1632 0.64 0.40 0.38 0.42 0.60
New York (US) 1392 0.60 2.50 1.41 0.32 0.50
Oxford (GB) 1740 0.64 0.85 0.61 0.41 (x) 0.58 (x)
Plymouth (GB) 1440 0.64 0.24 0.13 0.42 0.60
Potsdam (DE) 1284 0.63 0.83 0.48 0.46 (x) 0.60
Prague (CZ) 2616 0.65 0.35 0.08 0.40 0.53
Sonnblick (AT) 1332 0.52 1.60 0.88 0.20 (x) 0.27 (x)
Swerdlowsk (RU) 1260 0.61 1.68 0.46 0.40 (x) 0.54
Sydney (AU) 1404 0.61 1.21 0.59 0.36 (x) 0.51
Tomsk (RU) 1427 0.57 1.34 0.40 0.27 (x) 0.40 (x)
Vancouver (US) 1116 0.66 -0.70 -0.37 0.52 0.70
Wien Hohewarte (AT) 1500 0.55 1.69 0.96 0.22 (x) 0.30 (x)
River run-offs

Barron River (Myola, AU) 948 0.96 -2.9 0.18 2.30 3.20
Danube (Orsova, RO) 1812 0.80 -1.5 -0.02 1.00 1.20
Gaula (Haga Bru, NO) 1080 0.66 8.5 0.14 0.55 0.70
Labe (Decin, CZ) 1224 0.81 -2.5 -0.03 1.10 1.50
Maas (Borgharen, NL) 960 0.85 -40 -0.27 1.46 2.00
Niger (Koulikoro, ML) 948 0.87 -198 -0.28 1.60 2.20
Susquehanna (Harrisb., US) 1152 0.63 67 0.12 0.42 0.60
Thames (Kingston, GB) 1356 0.93 14 0.46 1.89 2.70
Weser (Vlotho, DE) 2052 0.81 -37 -0.35 1.00 1.30
Zaire (Kinshasa, CD) 972 1.07 6025 1.21 3.50 4.80
Precipitation

Albany (US) 1452 0.48 0.06 0.06 0.14 0.18
Charleston (US) 1487 0.53 -0.36 -0.19 0.21 0.28
Hamburg (DE) 1296 0.59 0.20 0.18 0.31 0.42
Irkutsk (RU) 1356 0.52 0.43 0.64 0.20 (x) 0.27 (x)
München (DE) 768 0.69 -0.24 -0.24 0.75 1.01
Norfolks Ils. (AU) 744 0.68 -1.42 -0.61 0.73 1.00
Perm (RU) 1356 0.51 0.23 0.24 0.18 (x) 0.25
Seoul (KR) 1056 0.59 0.63 0.27 0.39 0.52
Sonnblick (AT) 1289 0.61 -0.11 -0.02 0.39 0.55
Spokane (US) 1367 0.51 -0.08 -0.08 0.19 0.28
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T a b l e 2

Short global temperature records and representative local temperature, river run-off,
and precipitation records; their length N in units of months, their fluctuation exponent
α, the absolute increase ∆real in units of ◦ C for temperatures, m 3 /s for river run-
offs, and mm for precipitation. The measured relative trend is marked by a cross (×)
if the observed relative trend is outside the 95% or 99% confidence interval and is thus
significant

Data set N α ∆real x xQ 95% xQ 99%
Global temperatures

Global 500 1.24 0.65 5.08 5.90 8.30
Global land air 500 1.04 0.93 4.40 3.00 (x) 4.30 (x)
Global sea surface 500 1.42 0.53 4.87 9.10 13.0
Local temperatures

Arwagh (GB) 500 0.64 0.13 0.16 0.70 0.99
Brno (CZ) 500 0.67 0.49 0.39 0.80 1.25
Charleston (US) 500 0.63 -0.06 -0.01 0.65 0.92
Irkutsk (RU) 500 0.46 1.65 0.89 0.20 (x) 0.30 (x)
Kiev (UA) 500 0.66 0.00 -0.11 0.75 1.20
Melbourne (AU) 500 0.66 0.15 0.21 0.75 1.20
New York (US) 500 0.57 0.32 0.70 0.46 (x) 0.68 (x)
Oxford (GB) 500 0.66 0.60 0.49 0.75 1.20
Plymouth (GB) 500 0.71 0.44 0.41 0.99 1.50
Potsdam (DE) 500 0.66 0.61 0.37 0.75 1.20
Prague (CZ) 500 0.64 0.95 0.60 0.70 0.99
Sonnblick (AT) 500 0.54 1.02 0.66 0.38 (x) 0.58 (x)
Swerdlowsk (RU) 500 0.66 1.37 0.46 0.75 1.20
Sydney (AU) 500 0.56 0.59 0.61 0.42 (x) 0.62
Tomsk (RU) 500 0.56 1.33 0.53 0.42 (x) 0.62
Vancouver (US) 500 0.64 -0.64 -0.37 0.70 0.99
Wien Hohewarte (AT) 500 0.64 0.91 0.66 0.70 0.99
River run-offs

Barron River (Myola, AU) 500 0.92 -9.7 -0.32 2.30 3.30
Danube (Orsova, RO) 500 0.83 -196 -0.09 1.60 2.20
Gaula (Haga Bru, NO) 500 0.64 -4.4 -0.18 0.70 0.99
Labe (Decin, CZ) 500 0.79 113 0.66 1.20 1.90
Maas (Borgharen, NL) 500 0.83 19 0.13 1.60 2.20
Niger (Koulikoro, ML) 500 0.87 -565 -1.15 1.50 2.60
Susquehanna (Harrisb., US) 500 0.60 25 0.11 0.55 0.80
Thames (Kingston, GB) 500 0.87 -0.1 -0.06 1.80 2.60
Weser (Vlotho, DE) 500 0.96 4.3 0.09 2.50 3.70
Zaire (Kinshasa, CD) 500 1.06 2986 0.47 3.50 5.00
Precipitation

Albany (US) 500 0.49 0.41 0.34 0.28 (x) 0.41
Charleston (US) 500 0.51 0.05 0.02 0.31 0.49
Hamburg (DE) 500 0.66 0.22 0.20 0.75 1.20
Irkutsk (RU) 500 0.53 0.18 0.19 0.36 0.53
München (DE) 500 0.69 -0.37 -0.29 0.85 1.30
Norfolks Ils. (AU) 500 0.74 -1.96 -0.83 1.10 1.60
Perm (RU) 500 0.51 0.38 0.39 0.32 (x) 0.50
Seoul (KR) 500 0.58 0.08 0.13 0.49 0.71
Sonnblick (AT) 500 0.53 0.26 0.17 0.36 0.53
Spokane (US) 500 0.54 -0.13 -0.12 0.38 0.58
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yielding

∆real
min = ∆real(1− xQ/x), (27)

∆real
max = ∆real(1 + xQ/x). (28)

We have used these results to estimate the significance of trends in tempera-
ture data, which show more significant upward trends in the longer time periods
than in the last 500 months. For river run-off and precipitation data, our results
are not exact, but can be used as a first order approximation. For river run-offs,
they do not indicate any significant trend, while in the precipitation data only
very few significant trends are observed.

Finally, we would like to emphasize that, for estimating the size of a possible
external trend, it is not sufficient to look only at the lower bound of the confi-
dence interval, but the upper bound must also be considered. With increasing
strength of the correlations (i.e., with increasing fluctuation exponent α ), the
confidence interval increases and thus so does the uncertainty about the trend.
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A b s t r a c t  

Recently, complex network approaches to time series analysis have 
been developed and successfully applied to geophysical records. In this 
paper, the visibility graph approach is re-considered, which has been 
found useful as an alternative tool for describing the fractal properties of 
a time series. The interpretation of various graph-theoretical measures in 
the context of visibility graphs, their mutual interdependence, and their 
sensitivity in the presence of missing values and uncertainties (posing 
typical challenges in geophysical time series analysis) are thoroughly 
discussed. The obtained results are illustrated for some exemplary  
records from different fields of geosciences. 

Key words: Geophysical time series, complex networks, fractals, uncer-
tainty. 

1. INTRODUCTION 
Based on earlier foundations of graph theory, the investigation of the struc-
ture and dynamics of complex networks has emerged as an alternative  
approach to describing a variety of complex systems from a statistical  
mechanics perspective (Albert and Barabasi 2002). Examples include many 
geophysical phenomena, such as climate dynamics (e.g., Tsonis and Roebber 
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2004, Donges et al. 2009), earthquake processes (e.g., Abe and Suzuki 2004, 
Baiesi and Paczuski 2004, Davidsen et al. 2008, Jimenez et al. 2009), river 
morphology (Zaliapin et al. 2010), or soil porous architecture (Santiago et 
al. 2008), to mention only a few. In the last years, a variety of different 
methods has been proposed for studying time series of dynamical systems 
from a complex network perspective (Donner et al. 2010, 2011). First appli-
cations to problems from different disciplines of Earth sciences have been 
published (Elsner et al. 2009, Tang et al. 2010, Donner et al. 2011, Donges 
et al. 2011a, b), highlighting the great potential of the corresponding concep-
tual ideas for studying geophysical problems. Among other approaches, the 
so-called visibility graph (VG) has attracted considerable interest. Originally, 
this concept has been introduced for the analysis of mutual visibility rela-
tionships between points and obstacles in two-dimensional landscapes in the 
framework of computational geometry, with applications ranging from robot 
motion planning to architectural design and topographic descriptions of geo-
graphical space (Lozano-Perez and Wesley 1979, Nagy 1994, de Floriani et 
al. 1994, Turner et al. 2001).  

Lacasa et al. (2008) adopted the VG approach to the analysis of struc-
tures in scalar, univariate time series (for a recent review, see Núñez et al. 
2012). It has been shown that certain statistical features of the resulting 
complex networks are closely related with fractal and multifractal properties 
of the underlying time series (Lacasa et al. 2009, Ni et al. 2009). Besides the 
introduction of a simplifying methodological variant called horizontal visi-
bility graphs (HVGs, see Luque et al. (2009), Lacasa and Toral (2010), Xie 
and Zhou (2011), and Gutin et al. (2011)), the approach has been applied so 
far for studying energy dissipation rates in fully developed turbulence (Liu et 
al. 2010), financial data (Ni et al. 2009, Yang et al. 2009, Qian et al. 2010), 
and different physiological time series (Lacasa et al. 2009, Shao 2010, Dong 
and Li 2010, Ahmadlou et al. 2010). In the geoscientific context, Elsner et 
al. (2009) studied the time series of annual US landfalling hurricane counts. 
Subsequently, Tang et al. (2010) presented a study on daily streamflow  
series from the US and China. Telesca and Lovallo (2012) used VGs for 
studying seismic activity in Italy. However, convincing results on linking the 
complete variety of different network properties describing the structure of 
VGs with specific structural features of the system under study (as it has been 
done for the recurrence network approach, cf. Donner et al. 2010, 2011) or, 
specifically, geophysical processes in some more detail are still missing. 

This paper presents an attempt to a more holistic consideration of infor-
mation contained in a visibility graph. For this purpose, in Section 2 the  
interpretation of some of the most studied properties of complex network 
theory is discussed for this specific type of graph. Subsequently, in Section 3 
some practical issues are discussed which pose considerable challenges  
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to VG analysis of geophysical data, such as missing data, homo- and 
heteroscedastic uncertainty of observations, and time-scale uncertainty. The 
corresponding theoretical considerations are illustrated for some exemplary 
geoscientific time series in Section 4. Finally, the main findings of this work 
are summarized and put into context in Section 5. 

2. THE  VISIBILITY  GRAPH  APPROACH 
2.1 Basic construction principle 
For constructing the VG associated with a univariate time series recording 
values of a scalar observable x, this series is considered as a two-dimensional 
set of points (ti,xi) with  xi = x(ti). Two of such points are regarded as being 
mutually connected vertices of the VG if the convexity condition 

 i ji k

k i j i

x xx x
t t t t

−−
>

− −
 (1) 

is fulfilled for all time points tk with ti < tk < tj (Lacasa et al. 2008). A sche-
matic illustration of the corresponding construction principle of a VG is giv-
en in Fig. 1. As a special case deserving further discussions, subsequent 
observations that are not separated by another observation (i.e., where there 
is no such tk) are considered as being connected by default. Hence, VGs are 
always completely connected and do not decompose into disjoint subgraphs. 

In contrast to other complex network approaches to time series analysis 
(such as recurrence networks, cf. Donner et al. 2010, 2011), the vertices i of 
the VG are directly related to specific points ti in time rather than distinct  
locations in some (abstract) phase space of the system under study. Mathe-
matically, the binary adjacency matrix Aij of the VG is defined as Aij = 1 
(i.e., the two vertices i and j are connected) if Eq. (1) holds, and Aij = 0  
otherwise. Note that Aij completely describes the connectivity structure of the 
associated simple (i.e., undirected and unweighted) graph, so that all infor-
mation contained in a VG can be inferred from its adjacency matrix. The  
latter is invariant under certain transformations, particularly with respect to 
rescaling and translation of both t and x as well as the superposition of linear 
trends (Lacasa et al. 2008). 

As a variant of the basic VG approach, HVGs are alternatively defined 
by the mutual horizontal visibility of two observations xi and xj made at 
times ti and tj, respectively, i.e., Aij = 1 if for all tk with ti < tk < tj, xk < 
min(xi, xj), and Aij = 0 otherwise (Luque et al. 2009). It should be empha-
sized that although their construction principles are rather different, VG and 
HVG capture similar kinds of properties of a time series, particularly, such 
associated with fractality and hierarchical organization. HVGs conserve the 
invariance properties of VGs with the exception of the superposition of 
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Fig. 1. Schematic illustration of the construction principle of a VG. 

trends. Hence, unlike those of VGs, the properties of HVGs are potentially 
sensitive with respect to the presence of trends in the data under considera-
tion. It should be noted that the construction algorithm of the HVG poses 
stronger constraints than that of the VG, i.e., the HVG can be regarded as a 
subgraph of the associated VG with a lower number of edges (Luque et al. 
2009). The advantage of the HVG is that many of the resulting network 
properties can be calculated analytically (Luque et al. 2009), such as the dis-
tributions of vertex degrees and local clustering coefficients, p(k) and p(C) 
(see below) as well as their mutual relationship, but also the probability that 
two observations ti and tj separated by tj – ti = nΔt are connected and the de-
pendence of the average path length L on the network size N. Particularly, 
the degree distribution p(k) shows a generic behavior with one parameter  
allowing discrimination between uncorrelated and correlated stochastic as 
well as deterministic series (Lacasa and Toral 2010). Recently, the HVG  
algorithm has been found to be useful for periodicity detection in time series 
(Núñez et al. 2011) and describing bifurcation scenarios in terms of  
so-called Feigenbaum diagrams (Luque et al. 2011), which represent first 
steps towards a VG approach to deterministic dynamical systems. However, 
in the following, the focus of this work will be exclusively on the use of the 
standard VG algorithm with a particular emphasis on geophysical applica-
tions. 

2.2 Interpretation of vertex characteristics 

In complex networks, the relevance of individual vertices for structural as 
well as dynamic characteristics of the underlying system can be quantified 
by a variety of different measures. Most of these network-theoretical 
measures describe a certain notion of centrality of vertices with respect to 
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the entire network. Specifically, one distinguishes (among others) the fol-
lowing centrality measures (Albert and Barabasi 2002, Newman 2003, 
Boccaletti et al. 2006, Costa et al. 2007): 

 Degree centrality ki measures the number of direct connections  
vertex i has with the rest of the network: 

 .i ijj
k A= ∑  (2) 

 Closeness centrality ci measures the inverse mean value of the  
geodesic distances lij between i and all other vertices j: 

 
11 .

1i ijj i
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 Betweenness centrality bi measures the average fraction of shortest 
paths between all other pairs (j,k) of vertices that contain i, 

 
,
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Here, σjk(i) is the number of shortest paths between vertices j and k 
that include i, and  σjk is the total number of shortest paths between j 
and k. 

There are further concepts of centrality, such as eigenvector centrality or  
local efficiency, which shall not be further discussed here. 

In addition to these classical centrality measures, one is often interested 
in the structural organization of a network under study. Specifically, relevant 
information can be obtained from studying the connectivity properties in the 
direct neighborhood of a particular vertex. For this purpose, one commonly 
used measure is the local clustering coefficient Ci, which characterizes  
the fraction of neighbors of a vertex i that are mutually connected them-
selves, i.e., 

 , .
( 1)

ij ik jkj k
i

i i

A A A
C

k k
=

−
∑

 (5) 

Since the local clustering coefficient is based on three-point relationships, it 
characterizes a local convexity property of higher order (i.e., a large value of 
Ci indicates a dominating convexity of the underlying time series over a giv-
en range of time). We will give some more specific comments on this point 
(and its implications for the relationship between local clustering coefficient 
and degree centrality) below. 

Recent work on VGs has mainly highlighted the properties of the degree 
distribution p(k) of networks resulting from different kind of processes 
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(Lacasa et al. 2008). Specifically, VGs obtained from periodic signals appear 
as a concatenation of a finite number of network motifs (given that the basic 
period is an integer multiple of the sampling rate), i.e., have a regular struc-
ture with only a few distinct values of the vertex degree. The opposite  
extreme case, white noise, yields VGs appearing as exponential random 
graphs, i.e., random networks characterized by an exponential degree distri-
bution. In contrast, for fractal processes, p(k) is generically scale-free, i.e., 
p(k) ~ k–γ with the exponent γ being related with the Hurst exponent H of the 
underlying time series as γ = 3 – 2H for fractional Brownian motion and  
f-β-noise, and γ = 5 – 2H for fractional Gaussian noise (Lacasa et al. 2009,  
Ni et al. 2009). 

Whereas closeness and betweenness have not yet been investigated for 
VGs, the local clustering coefficient Ci and its relationship with the degree ki 
have been studied recently (Shao 2010). Particularly, it has been observed 
that C(k) ~ k–δ, pointing to a hierarchical organization of the network 
(Ravasz and Barabasi 2003), since vertices i with high Ci and low ki (which 
are most abundant) form densely connected subgraphs, indicating a strong 
modular structure of the VG reflecting the temporal order of observations. 

In order to understand the scale-free property of the degree distributions 
for VGs from fractal records, one has to note that, typically, maxima of the 
time series have visibility contact with more vertices than other points, i.e., 
hubs of the network often form at maximum values of the recorded observa-
ble. To put it differently, the degree of a vertex in the VG characterizes the 
maximality property of the corresponding observation in comparison with its 
neighborhood in the time series. However, this finding is not completely 
general, since there can be specific conditions (e.g., a concave behavior over 
a certain period of time) which can lead to highly connected vertices that do 
not coincide with local maxima, for example, in case of a Conway series 
(Lacasa et al. 2008).  

For betweenness, it can be argued in a similar way that high values occur 
at local maxima of the underlying time series, since the associated vertices 
separate different parts of the series without mutual visibility contact and, 
thus, act as bottlenecks in the network structure, bundling a large number of 
shortest paths between vertices at t < ti and t > ti, respectively. However,  
in contrast to the degree, betweenness is additionally affected by the vertex’ 
position in the underlying time series due to a simple combinatorial effect: 
Considering that the majority of shortest paths that cross a vertex i connect 
observations before and after i with each other, there are more possible  
combinations of such points for i being close to the middle of the time series 
than for vertices close to the edges of the record. In this respect, in a VG 
betweenness centrality of a vertex mixes information on the local 
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maximality of the corresponding observation and its position within the time 
series. 

Beyond the previous considerations for betweenness, in the case of 
closeness centrality the position of a vertex in the time series is even more 
important in comparison with the value of the underlying observable. Specif-
ically, this measure is strongly determined by the number of vertices to its 
left and right, respectively. In this spirit, it can be argued that in the middle 
of the time series, high closeness values are more likely than at its ends. As 
argued above, a similar (but weaker) effect contributes to betweenness and – 
close to the edges of the record – also to the degree (consequently, the high-
est degree and betweenness values can be taken by other vertices than that 
corresponding to the global maximum). In contrast, the local clustering coef-
ficient is almost unaffected except for vertices very close to the beginning and 
end of the time series, since direct connectivity is mainly established between 
vertices that correspond to observations that are not very distant in time. 

The theoretical considerations made above concerning possible boundary 
effects are supported by the numerical results for simple Gaussian white 
noise shown in Fig. 2. It can be seen that for short time series (here, 
N = 100), the expected degree, closeness, and betweenness are strongly re-
duced towards the ends of the time series, with the most pronounced effect 
for the closeness. In turn, the local clustering coefficient is almost unaffect-
ed. The described impact of boundaries on the estimated vertex properties is 
particularly strong for short records, which are typical in geophysical appli-
cations. Specifically, degree and other centrality properties of observations 
close to both ends of a time series are systematically underestimated, which 
may artificially alter the interpretation of the corresponding results in their 
geophysical context. Hence, a careful treatment and interpretation of the  
results of VG analysis is necessary in such cases. A detailed discussion of  
a corresponding methodological framework is beyond the scope of this man-
uscript and will be addressed in a separate publication. 

Taking a more detailed look at Fig. 2, some more interesting features are 
revealed. In particular, there are many vertices with minimum degree 
(ki = 2), most of which correspond to local minima of the time series. 
(Moreover, note that not all local minima need to have ki = 2.) Associated to 
this, many vertices have a maximum local clustering coefficient of Ci = 1. 
Specifically, this holds for most vertices with ki = 2, since the two next 
neighbors of a local minimum must be mutually visible. In a similar way,  
local minima have zero betweenness, since all shortest paths on the VG 
would eventually traverse their neighbors, but not these specific vertices 
themselves. Since there are many local minima in a typical time series, one 
finds many vertices with minimum degree, maximum local clustering coeffi-
cient, and zero betweenness, which results in strong mutual interdependences 
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Fig. 2. Effect of the time series boundaries on vertex properties (A: degree, B: local 
clustering coefficient, C: closeness, D: betweenness) of VGs obtained from N = 100 
data points of Gaussian white noise. Results have been obtained as ensemble aver-
ages over M = 10 000 independent realizations (black lines). Gray lines indicate the 
corresponding 10% and 90% quantiles of the estimated distributions of all measures. 
Note that for the clustering coefficient, the 90% quantile is 1.0, whereas for degree 
and betweenness, the 10% quantiles are 2.0 and 0.0, respectively. 

between the different vertex properties. This generic behavior is confirmed 
by recent numerical results on the power-law dependence of C(k) for certain 
types of time series (Ravasz and Barabasi 2003). In a similar way, it can be 
argued that the mean shortest-path distance of vertices to other parts of a VG 
is lower for hubs (high ki) than for low-degree vertices, which implies a sys-
tematic positive correlation between degree and closeness as well. Indeed, 
for the previously considered example of Gaussian white noise, we find that 
the mutual correlations between all four vertex characteristics are significant 
on by far more than 99% confidence level (Table 1). Note, however, that the 
different measures do not show a 1:1 correspondence, since they still quantify 
different aspects of connectivity. The obtained results discussed above are 
generic and, thus, can be expected to persist when considering other types of 
data such as correlated or fractal stochastic as well as deterministic series. 
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Table 1  
Rank-order correlation coefficients (Spearman’s Rho) between the individual vertex 
characteristics obtained from VGs for Gaussian white noise (N = 100). The given 
values and their confidence intervals correspond to mean values and standard devia-
tions obtained from M = 10 000 independent realizations of the same process 

 Degree Clustering Closeness Betweenness 
Degree  –0.72 +/– 0.05 0.74 +/– 0.06 0.89 +/– 0.03 
Clustering –0.72 +/– 0.05  –0.55 +/– 0.07 –0.78 +/– 0.04 
Closeness 0.74 +/– 0.06 –0.55 +/– 0.07  0.70 +/– 0.06 
Betweenness 0.89 +/– 0.03 –0.78 +/– 0.04 0.70 +/– 0.06  

 

Fig. 3. Distributions of (A) degree, (B) local clustering coefficient, (C) closeness, 
and (D) betweenness for VGs obtained from Gaussian white noise series with 
N = 1000 data points. Black and gray lines correspond to the mean values and +/–1 
standard deviation confidence levels obtained from M = 100 independent realiza-
tions of the process. All distributions have been estimated by grouping the obtained 
data into 20 bins (betweenness: equal bin size on logarithmic scale, all other quanti-
ties: equal bin size on linear scale). 
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With respect to the strong interdependences between different vertex 
measures, it is interesting to compare the general appearance of  the associ-
ated distributions. For the case of Gaussian white noise, the corresponding 
results are shown in Fig. 3. It can be seen that the degree distribution p(k) 
displays the expected exponential tail (Lacasa et al. 2008), whereas the 
betweenness distribution p(b) has a heavy tail, which is a typical feature of 
many complex networks (Goh et al. 2001, Barthelemy 2004, Kitsak et al. 
2007). For the clustering coefficient, a pronounced maximum close to 1 is 
observed, whereas closeness centrality shows a continuous unimodal distri-
bution, the shape of which probably reflects the boundary effects discussed 
above. 

2.3 Global network characteristics 

In contrast to the previously discussed vertex properties, global network 
characteristics describe certain topological features of the graph as a whole. 
Among others, the following measures have been used recently for studying 
VGs as well as other types of time series networks: 

 The edge density ρ measures the relative fraction of possible edges 
that are actually realized in the graph, i.e.,  

 
,

1 .
( 1) iji j

A
N N

ρ =
− ∑  (6) 

In contrast to other approaches to complex network based time series analy-
sis, in a VG the edge density is a true network characteristic rather than  
a parameter of the method (cf. Donner et al. (2010, 2011) for the correspond-
ing meaning for recurrence networks). Specifically, a maximum edge density 
of 1 would be present if the underlying time series is globally convex (e.g., 
of regular parabolic shape), whereas low values indicate a strong fragmenta-
tion of the VG and, hence, irregularity of fluctuations of the underlying  
observable. It is left to the interested reader to decide (probably depending 
on the specific problem under study) whether the fact that very high edge 
densities are possible makes VG a more robust approach than others, or just 
a more strongly constrained one. 

 The global (Watts–Strogatz) clustering coefficient C is defined as 
the arithmetic mean of the local clustering coefficients of all vertices in the 
network (Watts and Strogatz 1998), i.e., 
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 The transitivity T measures the fraction of possible triangles that is 
actually realized in a graph, i.e., 
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Obviously, global clustering coefficient and transitivity characterize closely 
related properties of a graph; however, they can differ significantly from 
each other (Newman 2003, Boccaletti et al. 2006). Specifically, C gives 
equal weight to all vertices of a network, whereas T gives equal weight to all 
triangles. Both measures are sometimes confused in the literature, since T is 
sometimes alternatively referred to as the Barrat–Weigt clustering coeffi-
cient (Barrat and Weigt 2000). In the spirit of the heuristic interpretation of 
the local clustering coefficient (measuring the fraction of possible triangular 
connectivity structures centered at a given vertex), both global clustering  
coefficient and transitivity characterize the typical convexity properties on 
some intermediate time-scale, which relate to the question of how fast fluc-
tuations in the underlying record occur. 

 The average path length L gives the mean geodesic distance  
between all pairs of vertices in the graph, i.e.,  

 
,

1 .
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L l
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It can be expected that the value of L is large when there are only few edges 
in the VG (low edge density) and low for a high edge density. In this spirit, 
average path length and edge density capture similar properties of the under-
lying time series. However, it is likely that the average path length is also 
crucially influenced by the type of the underlying time series (e.g., periodic 
or fractal) and the associated distribution of local maxima within the record. 
A more detailed examination of these different effects is beyond the scope of 
this work, but might be an interesting task for future research. 

 The assortativity coefficient A measures the strength of linear corre-
lations between the degrees of vertices at both ends of the same edge, i.e., 
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where E = ρ N(N – 1)/2 is the total number of undirected edges in the graph. 
In comparison with the aforementioned global network properties, A cap-
tures a more complex feature linking the local neighborhood properties of 
mutually connected vertices. In this spirit, a high assortativity coefficient 
points to a considerable degree of symmetry in the time series under study, 
whereas negative values rather indicate asymmetry.  
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A more detailed discussion and clean interpretation of the various possi-
ble network measures for VGs will surely be subject of future research. Of 
course, beyond the aforementioned characteristics there are multiple other 
measures one could also consider for describing the properties of VGs. This 
includes also measures characterizing the properties of individual edges as 
well as the distributions of small subgraphs (motifs). For a holistic character-
ization of a graph, C and L have attracted particular interest, since their 
common behavior gives rise to a mathematical evaluation of the small-world 
phenomenon, i.e., the emergence of real-world networks with a high degree 
of clustering and a short average path length (Watts and Strogatz 1998). 

Besides studies on the small-world effect, the assortativity of VGs has 
recently attracted considerable interest. Specifically, the presence of 
assortative behavior (i.e., vertices preferentially connect to other vertices 
with similar degree) implies the so-called hub attraction, whereas 
disassortative behavior relates to hub repulsion. It has been shown that the 
latter is a necessary condition for the emergence of fractal structures in net-
works (Song et al. 2006). For example, for Brownian motion (a fractal sto-
chastic process), hub repulsion is not present, and the resulting VGs are non-
fractal, but show a scaling of the average path length with increasing net-
work size as L(N) ~ log N, which is typical for small-world networks. In con-
trast, for the Conway series (a deterministic fractal) one finds hub repulsion 
and L ~ N–β, which implies the presence of a fractal VG (Lacasa et al. 2008). 
In this respect, the assortativity coefficient or, more specifically, the scaling 
of the degree correlation determines the fractality of a VG (Song et al. 2006, 
Gallos et al. 2008), which is an interesting and potentially relevant property 
when studying fractal time series. 

2.4 Possible generalizations of the visibility graph approach 

Besides the already well explored HVG algorithm, there are multiple further 
possible generalizations of the VG idea. In the following, some of the corre-
sponding conceptual ideas shall be briefly discussed. 

First, Luque et al. (2009) briefly discussed considering directional VGs 
and HVGs, where directed edges between vertices are considered according 
to the arrow of time, i.e., the edges represent potential causal relationships 
between different observations, with the direction being from the cause at ti 
to the effect at tj > ti. Studying such directed graphs would give information 
on time-reversal asymmetry of the considered time series, which could be  
related to non-conservative processes. A corresponding detailed discussion 
on detecting time series irreversibility based on HVGs has been recently 
provided by Lacasa et al. (2011). Similar considerations apply to other types 
of networks constructed from time series as well. 
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Second, one should note that VG analysis has so far only concerned con-
vexity, i.e., relationships mainly affecting the local maxima of a time series. 
This strategy appears useful if considering records with homogeneous distri-
bution (i.e., with some mirror symmetry in x), or if the studied observable is 
naturally bound from below (e.g., in case of hurricane counts (Elsner et al. 
2009), streamflows (Tang et al. 2010), or precipitation data). However, there 
could be cases where one is particularly interested in studying asymmetries 
between the fluctuations of an observable towards upper and lower values, 
respectively. In such cases, it may be worth considering the observable  
y = –x and comparing the properties of the VGs obtained for x and y. Sys-
tematic differences between both graphs would indicate structural asymme-
tries, which could have interesting interpretations in terms of the underlying 
dynamical processes. 

Finally, the trivial connection of neighboring points in time in the VG 
enhances the signature of structures due to autocorrelations in the record  
under study. Although this might be desirable for VGs and HVGs since 
some of their respective network properties are explicitly related with the 
presence of serial dependences (e.g., the typical scale of the degree distribu-
tion of HVGs, cf. Luque et al. 2009), there could be situations in which one 
is interested in removing the corresponding effects. In such cases, it is possi-
ble to introduce a minimum time difference for two observations to be  
connected in the network for removing the effect of slowly decaying auto-
dependences, which would correspond to the Theiler window in other  
concepts of nonlinear time series analysis (Theiler 1990, Donner et al. 2010). 

The aforementioned conceptual ideas have not yet been explicitly stud-
ied in the scientific literature, but should eventually be considered in more 
detail in future work. 

3. METHODOLOGICAL  CHALLENGES 
Many recent publications on VG analysis of time series have particularly 
made use of data from model systems, which are characterized by rather  
ideal conditions for statistical analysis. Even for most practical applications 
presented so far, the properties of the data under study have allowed using 
this methodological approach without extensive precautions. However, when  
operating with data obtained in a geophysical context, features challenging 
basically any kind of time series analysis are often present, including miss-
ing data, heteroscedastic “noise”, or even uncertainties in the time domain 
(the latter being particularly relevant in paleoclimatology). The explicit 
treatment of the resulting effects on VG properties has not yet been investi-
gated elsewhere.  

As in the previous section, in the following a corresponding study is pre-
sented for the specific case of a Gaussian white noise process as a simple, 
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but still illustrative example. It has to be emphasized that for “real” data 
characterized by a non-Gaussian probability distribution function, serial  
dependences, or even (multi-)fractal behavior, the resulting effects could 
well be much stronger than in this example. A detailed study of the interde-
pendences between such features of the data and the resulting effects of 
missing data and uncertainties on VG properties is, however, beyond the 
scope of the presented research. 

3.1 Missing data 
One important problem of many observational time series – not only in geo-
physics – is the presence of missing data. Since existing methods of time  
series analysis typically require a uniform spacing in time, this problem is 
most often addressed by means of interpolation or sophisticated imputation 
of the missing observations. In general, there is a great variety of possible 
approaches for such gap filling, which shall not be further discussed here. 
Specifically, it is not always a priori clear what method performs best under 
the specific conditions of the data studied. 

As far as VGs are concerned, the problem of missing data has not yet 
been explicitly addressed. Unlike many other approaches of time series  
analysis, VGs do not explicitly require uniform sampling. Hence, missing 
data could be ignored when performing a corresponding analysis. However, 
if it is known that there must have been an observation at a given time, it 
could be conceptually problematic to neglect this information in the analysis. 
From a broader perspective, it can be argued, however, that this argument 
applies to essentially all kinds of time series (except for explicitly discrete 
processes), since values of the considered observable (with a continuous-
time variability) taken in between two subsequent observations remain  
always unknown, but could have a certain impact on the results of the analysis.  

Looking at the issue of missing values from a complementary perspec-
tive, one can reinterpret this problem as an attack to (or just failure of) the 
complex network represented by the visibility graph. In complex network 
theory, the impact of such attacks on various types of networks has been  
intensively studied under the aspect of safety and robustness of infrastruc-
tures (e.g., Albert et al. 2000, Holme et al. 2002). In general, one has to dis-
tinguish random failures (corresponding to randomly missing values) from 
intentional attacks, which typically affect the network hubs. Since for a VG, 
these hubs correspond to the maxima of the underlying time series, this  
effect is particularly relevant for certain types of censored data, e.g., in case 
of measurement failures due to the limited detection range of a measurement 
device. Since is known that attacks on hubs typically have a more severe  
effect on the network architecture than those on other vertices, censoring can 
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strongly alter the properties of the resulting VGs. However, even a random 
removal can have notable consequences for the VG properties on both global 
and local scale. 

In order to illustrate the effect of missing data on the properties of VGs, 
in the following, two different types of treatment are studied, which can be 
considered as opposite extreme cases. On the one hand, missing data will be 
simply neglected in the generation of the VG. On the other hand, since there 
is no information about the magnitude of the missing values, it can be a more 
honest solution to consider the VG as being fragmented into pieces corre-
sponding to times before and after the missing observation, i.e., regarding 
the VG becoming decomposed into mutually disconnected subgraphs. It 
should be noted, however, that the latter approach results in the emergence 
of additional boundaries, which again cause an enhancement of the effects 
discussed in Section 2.2. It should be emphasized that sophisticated gap fill-
ing by means of interpolation or imputation will be most likely a better strat-
egy in many practical applications. 

\ 

 
Fig. 4. Effect of random removal of a fraction q of single values from one Gaussian 
white noise time series with N = 100 on the four VG vertex measures degree (A), 
local clustering coefficient (B), closeness (C), and betweenness (D), measured in 
terms of the Kolmogorov–Smirnov test statistics DKS between the distributions of 
the corresponding properties for original and corrupted series. Missing values are 
neglected. Black and gray lines correspond to mean values and +/– 1 standard devia-
tion levels obtained from M = 1000 realizations of the removal process. 
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In the following, the impact of both treatments described above on the 
distributions of VG vertex properties (see Section 2.2) will be summarized 
for the case of a Gaussian white noise process. In order to quantify the corre-
sponding effect, the values of the Kolmogorov–Smirnov (KS) test statistics 
(i.e., the maximum deviation between two cumulative distribution functions) 
between the distributions of a given vertex property for both the original and 
perturbed time series are considered. For a variable fraction q of randomly 
selected individual observations being removed from the data, the results are 
shown in Figs. 4 and 5. As it can be seen, simply ignoring missing values 
has a considerable effect mainly on closeness centrality, whereas the changes 
in the distributions of degree, betweenness, and local clustering coefficient 
remain within a certain, possibly tolerable range. Considering a fragmenta-
tion of the VG, the impacts, however, get much more severe due to the 
emergence of boundary effects particularly affecting closeness (Fig. 5C). 

In geophysical applications, missing data often occur not randomly inde-
pendent of each other, but as blocks. When removing a given fraction of  
observations as one block of random positioning in the time series, the  
effects on the distributions of vertex properties are slightly reduced if the 
missing data are just ignored (Fig. 6), which becomes most clearly visible 
for closeness centrality again. Treating the missing values as segmentation 
points of the VG, this effect becomes even much more prominent (Fig. 7), 
 

 

Fig. 5. As in Fig. 4, missing data are treated as additional boundaries of the time series. 



VISIBILITY  GRAPH  ANALYSIS  OF  GEOPHYSICAL  TIME  SERIES 
 

605 

 
Fig. 6. As in Fig. 4, with all missing values being removed as a block. 

 
Fig. 7. As in Fig. 5, with all missing values being removed as a block. 
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since the considered time series just displays four end points instead of many 
in the case of independently removed observations. However, the modifica-
tions of the VG properties are still much stronger than for the missing blocks 
just being ignored. In all cases, these modifications become continuously 
stronger as the fraction of missing values is increased. 

3.2 Homo- and heteroscedastic uncertainties 
In a similar way as for the treatment of missing values in Section 3.1, the 
influence of measurement uncertainties on the resulting VG properties can 
be studied. For convenience, homoscedastic uncertainties are modeled as an  
additional additive Gaussian white noise component (Fig. 8), whereas the 
heteroscedastic case is studied by considering multiplicative noise with  
a reasonable, simple analytical distribution (Fig. 9). Again, it is found that  
in both cases the signal-to-noise ratio has a considerable effect by systemati-
cally shifting the distributions of vertex properties obtained for the original 
data towards those expected for the noise process. Note that since in the con-
sidered numerical example both signal and noise originated from mutually  
 
 

Fig. 8. Effect of additive Gaussian white noise with variance σ 
2 on the four VG  

vertex measures: (A) degree, (B) local clustering coefficient, (C) closeness, and  
(D) betweenness, obtained for one uncorrelated Gaussian random process with 
N = 100. Black and gray lines correspond to mean values and +/– 1 standard devia-
tion levels obtained from M = 1000 realizations of the additive noise. 
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Fig. 9. As in Fig. 8 for multiplicative noise of the form  yi = xi exp(–|ξi|), where {ξi} 
is a Gaussian white noise process with zero mean and variance σ 2, mimicking the 
effect of heteroscedastic uncertainties on VG vertex measures. 

independent Gaussian white noise processes, there is a saturation of the KS statistics 
for moderate noise at values corresponding to the variance of VG properties for  
independent realizations of the same “signal” process. 

3.3 Uncertain timings 
In full analogy to the case of uncertainties in the observable x, one can study 
the impact of uncertain timings ti on the properties of the resulting VGs. The 
latter is a wide-spread problem particularly in the analysis of paleoclimate 
time series (Telford et al. 2004). Since in the construction of VGs both  
observable and time enter in terms of an inequality defined by a linear rela-
tionship, it is not surprising that uncertain timing can indeed have a similar 
effect on the VG properties as uncertainties in the measurement itself (this is 
distinctively different for HVGs where changes in the time coordinate do not 
matter as long as the order of observations is preserved). Figure 10 displays 
the corresponding results for a realization of Gaussian white noise originally 
observed with regular spacing, with the timings being artificially corrupted 
later as 
 ( )1 2 0.5 .i i it t t η= + Δ − −  (11) 
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Fig. 10. As in Fig. 8 for fixed data, but uncertain timing of observations. Uncertainty 
in the time domain has been modeled by considering new times ( )1 2 0.5 .i i it t t η= + Δ − −  

where ηi  is an uncorrelated random process with uniform distribution in [0,1]. 

Here, ηi are independent realizations of a random variable with uniform dis-
tribution in [0,1], and Δt is the spacing between subsequent observations in 
the original data set. Note that this specific form of the time-scale corruption, 
which allows preserving the temporal order of observations, has been  
inspired by the tent map as a paradigmatic nonlinear mapping often used as 
an illustrative example in complex systems sciences. The obtained results 
demonstrate that the distributions of vertex properties of a VG are indeed  
affected by modifications of the time-scale; however, the changes are con-
siderably smaller than for noisy corruptions of the measurements them-
selves. The reason for this is that the modification used here has been 
restricted by the normal sampling interval, whereas the changes induced by 
additive and multiplicative noise considered in Section 3.2 allowed for com-
parably larger modifications in the data. 

4. GEOSCIENTIFIC  EXAMPLES 
All case studies presented in the previous chapter have considered possible 
origins of pitfalls of VG analysis applied to geophysical data. However, the 
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stochastic model chosen for illustrating the corresponding effects has been as 
simple as possible, not reflecting the large variety of dynamics present in ge-
ophysical systems. In the following, some examples from different 
geoscientific disciplines will be presented to illustrate what kind of infor-
mation can be obtained from VG analysis, hence highlighting the potentials 
of this rather new type of analysis. 

4.1 US landfalling hurricanes 
The first published application of VGs to studying a problem of specific  
geophysical relevance has been presented by Elsner et al. (2009), who inves-
tigated the time series of annual US landfalling hurricanes counts (see 
http://www.aoml.noaa.gov/hrd/hurdat/ushurrlist.htm) since 1851. Here, this 
example will be recapitulated, extending the already presented analysis by 
corresponding information obtained from different vertex properties of the 
corresponding VG. It should be noted that in the present study, only data  
until 2005 have been used, whereas Elsner et al. (2009) considered a slightly 
extended data set. 

The obtained results displayed in Fig. 11 present interesting complemen-
tary features displayed by the different vertex measures. Specifically, both 
degree and betweenness show a marked decay of probability towards higher 
values of the respective measure, which is to be expected and reflects the 
presence of hubs in the VG. However, while this decay is sufficiently 
smooth (except for numerical artifacts of the considered estimator, cf. the 
caption of Fig. 11), the degree distribution presents some interesting second-
ary structure at degrees between about 20 and 35. The distribution of close-
ness centrality is quite symmetric with a two-peaked maximum. Local 
clustering coefficients of 1 are most abundant as expected (correspondence 
to local minima of the data), whereas there is some intermediate maximum 
of the corresponding distribution at values of about 0.5, which reflects the 
typical values of this measure for vertices not coinciding with local minima 
of the data. In relationship with these findings, one should note the rather 
specific nature of hurricane count data, which are discrete by definition.  
It can be expected that some of the features displayed by the empirical  
distributions of VG vertex measures have been affected by this property. 

Following the lines of the original work of Elsner et al. (2009), all four 
distributions of vertex properties have been subsequently compared with 
those obtained from realizations of a Poissonian random process with the 
same average event rate (1.8) and length (N = 155) as the original data. The 
results shown in Fig. 11 indicate that most of the observed features are  
indeed consistent with the assumption of a Poissonian distribution (confirm-
ing the results of Elsner et al.), with two marked exceptions: the doubly-
peaked maximum of the closeness distribution (which could, however, result  
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Fig. 11. Distributions of degree (A), local clustering coefficient (B), closeness cen-
trality (C), and betweenness (D) for the VG obtained from the US annual landfalling 
hurricane counts since 1851 (black lines). Dashed black as well as solid gray lines 
indicate the mean values and 90% confidence intervals obtained from M = 1000 sur-
rogate time series taken from a Poissonian distribution with the same mean event 
rate of 1.8 as for the observational data. All distributions have been estimated from 
the empirical data by means of a Gaussian kernel smoother. Note that the apparent 
oscillations of the betweenness distribution for high values are an artifact of this  
estimator in the presence of sparse data. 

from the small sample size) and the secondary local maxima of the degree 
distribution. In contrast, the general behavior of all four distributions is well 
reflected by the corresponding surrogate VGs, underlining that most of the 
obtained results are already captured by very simple stochastic processes 
without assumptions on temporal correlations etc. However, further detailed 
work is necessary to fully explore what part of the results is eventually 
already predetermined by the VG algorithm, and what is a real effect of the 
considered data’s properties. 

4.2 Tide gauge records 
Sea-level rise is one of the expected consequences of the ongoing global 
climatic change that will have the most serious societal impacts. Since  
detailed high-resolution data from satellite altimetry are only available for a 
sufficiently long observational period, tide gauge records of coastal stations 
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are the most reliable source of information on sea-level variability in the past 
century and partially even earlier times. However, similar to meteorological 
observations, missing data are a typical feature of tide gauge records, which 
makes them an ideal test case for any kind of interpolation or imputation 
scheme.  

For illustrational purposes within the course of this study, two long-term 
records of relative sea-level with daily resolution have been selected, which 
have been obtained at Ratan (Northern Sweden) and Stockholm (data courte-
sy of the University of Hawaii Sea Level Center (UHSLC, Stockholm) and 
the Swedish Meteorological and Hydrological Institute (SMHI, Ratan),  
respectively). Both records cover the time interval 1916-2005 without any 
(Ratan), and with about 1% missing values (Stockholm), respectively. In  
order to remove potential influences of the annual variability component on 
the results of VG analysis discussed in the following, both seasonal cycle 
and linear long-term trends have been removed from both records before  
further analysis. 

Since the selected data sets offer an excellent temporal resolution, it is 
feasible to study the properties of the associated VGs in an evolving network 
framework. In order to make possible further interpretations as simple as 
possible, running windows of size 360 days and a mutual offset of 30 days 
have been considered. In order to capture temporal changes in the VG prop-
erties, two commonly studied global network measures have been chosen 
for tracing the signatures of changing conditions in the VGs: network transi-
tivity T and average path length L. Missing values have been ignored when 
obtaining the corresponding network connectivity. 

The results of the corresponding analysis are summarized in Figs. 12 and 
13. It can be seen that the VGs obtained from both records display strong 
variations with respect to their global structure as time proceeds. In order to 
derive a simple test distribution for identifying time intervals with VG prop-
erties that are not simply explained by statistical fluctuations (given the dis-
tribution of the entire data), surrogate time series have been resampled by 
randomly picking 360 individual observations from the respective record and 
used for calculating the properties of interest for the resulting VG. A detailed 
description of the corresponding resampling approach has been recently giv-
en by Donges et al. (2011a, b) within the framework of evolving recurrence 
network analysis. This simple approach reveals distinct time intervals of  
extraordinarily high average path length, the detailed interpretation of which 
(particularly regarding their magnitude and timing) clearly deserves further 
detailed investigations on the short-term dynamics of the data, which are  
beyond the scope of the present work. In contrast, the transitivity of the  
surrogate VGs is most often smaller than that of the networks obtained from 
the original data, which points to a network signature of the systematic  
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Fig. 12. Record of relative sea-level (RSL) obtained at the tide gauge of Ratan 
(Northern Sweden), and resulting global VG properties transitivity T and average 
path length L obtained from running windows of 360 days length. The gray bands 
represent 90% confidence levels (upper and lower 5% confidence) estimated from 
M = 200 surrogate data sets obtained by resampling the entire data set (see text for 
details). 

 

Fig. 13. As in Fig. 12 for the tide gauge of Stockholm. Missing values in the data 
have been ignored for analysis. 
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Fig. 14. As in Fig. 12 using surrogates obtained from block bootstrapping of the 
original data with a block length of 20 days. 

destruction of temporal correlations in the data and, hence, resulting organi-
zation in the VGs. Specifically, the surrogate data represent temporally  
uncorrelated time series with approximately the same distribution as the 
original data. Therefore, coincidences between network properties of original 
and surrogate VGs reflect exclusively the effects of the underlying data’s 
distribution. 

Since the resampling approach described above does not take into  
account temporal correlation within the time series under study, it is worth 
investigating the changes in surrogate VG properties if these temporal struc-
tures are retained. In fact, when applying block bootstrapping for obtaining 
surrogate time series with a block length determined by the decorrelation 
time of the records (around 20 days), the resulting confidence bands of the 
statistical test exclude the network properties of the evolving VGs for a large 
part of the considered time interval (Fig. 14). A probable reason for this is 
that block bootstrapping using data from time periods with possibly different 
short-term dynamics results in rather heterogeneous surrogate VGs (due to 
structural breakpoints in the surrogate time series separating parts of the VG 
with different local properties). As a consequence, the resulting VGs are 
characterized by significantly higher transitivity and lower shortest path 
length, i.e., resemble much more a small-world network than the VGs from 
the original data. 
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Looking at the obtained temporal variability of VG properties in more 
detail, it is found that some (but not all) of the extreme values of both L and 
T coincide for both considered tide gauges, which indicates the possible 
presence of a common signature in the recorded short-term sea-level dynam-
ics. Specifically, the average path length displays consistent minima at about 
1920, 1928 and between 1945 and 1955, whereas network transitivity has 
joint minima between 1930 and 1935 as well as in 1982/83. For the latter  
period, L also shows a distinct minimum for both records. Since maxima of 
L indicate a stronger fragmentation of the network under study (i.e., the  
absence of connections between distant points in time for the specific case of 
a VG), the corresponding time intervals can be interpreted as characterized 
by a higher complexity of sea-level variability, indicating a certain loss of 
stability of the underlying dynamical processes. The low values of both L 
and T in 1982/83 coincide with one of the strongest El Nino events in the last 
decades. Since such strong El Niño events have a pronounced effect on sea-
level at a global scale (e.g., Lukas et al. 1984), the latter result is not surpris-
ing. In the case of VG analysis of individual tide gauge data, the observed 
behavior can be explained by an increasing emergence of hubs (i.e., pro-
nounced sea-level maxima eventually pointing to increased storm activity 
due to a general destabilization of the North Atlantic climate) connecting 
very distant points in time in the VG. According to the theoretical discussion 
on local clustering properties of VGs (Section 2.2), this explanation is con-
sistent with both a short average path length and low transitivity. 

Besides the obvious fact that these preliminary interpretations require 
further validation based on additional studies on a larger set of records, it has 
to be emphasized that given the strong constraints on network topology im-
posed by the VG algorithm, any attempt of interpreting corresponding find-
ings in some detail should be accompanied by alternative methodological 
approaches considering the present state of knowledge. 

4.3 Paleoclimate records 
As a final example, the analysis of paleoclimate records by means of VGs is 
considered. Among the great variety of corresponding archives, one data set 
of oxygen isotope anomalies (δ 

18O) measured at the speleothem (stalagmite) 
D4 from the Dongge cave in Southeastern China is considered (Dykoski et 
al. 2005). Speleothems have proven their excellent potentials as sources of 
information on the variability of paleoenvironmental conditions, particularly 
related to changes of precipitation (e.g., in the Asian monsoon system). As 
for other paleoclimate archives, speleothem data are often characterized by 
properties such as partially unknown age-depth models or even hiata (i.e.,  
interruptions of stalagmite growth). The specific record has been chosen  
because it has a reasonable temporal resolution, is extremely well dated, and 
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has already been subjected to several independent analyses by other authors. 
From this perspective, Dongge D4 is an excellent test case for the perfor-
mance of VG analysis in the presence of age-depth uncertainties. 

In order to study the effect of uncertainties in the timing of paleoclimate 
records on the resulting VG properties, the original age model based on 
piecewise linear interpolation between 45 subsequent dating points (Dykoski 
et al. 2005) has been stochastically perturbed by the following procedure: 

(i) Generate M = 100 independent realizations of the age model 
with the dating points being corrupted by Gaussian white noise 
with a standard deviation corresponding to the respective dating 
uncertainty. Check each of these perturbed age-depth models for 
stratigraphic consistency (i.e., monotonicity of the age-depth  
relationship) and accept only those models that fulfill this  
requirement (the others have to be rejected). 

(ii) Use these perturbed age-depth models for generating M = 100 
realizations of the ages of all δ 

18O measurements by means of 
linear interpolation based on the spatial coordinates of the dating 
points (cf. Dykoski et al. 2005). The resulting differences in the 
recorded time series between original and perturbed data are 
visualized in Fig. 15. Note that due to the excellent dating of the 
considered record, original and perturbed data do not differ 
markedly from each other. 

(iii) For each realization, generate a VG and compute the network 
quantifiers of interest. Compare the results found for the original 
data (unperturbed age model) with the distributions obtained 
from this ensemble of noisy surrogates. 

Note that these randomized age-depth models approximate the limits of 
time-scale uncertainty between the individual dating points and their effects 
on the resulting VG properties, but do not explicitly consider dating uncer-
tainties. For the sake of simplicity, in the following only the distributions of 
the four previously studied vertex characteristics will be considered. For 
global network quantifiers, one could, however, proceed the same way. 

The results of the described numerical analysis are shown in Fig. 16. It is 
interesting to note that the distributions closely resemble those obtained for 
the hurricane counts in Section 4.1 despite the completely different nature 
and structure of the respective data. This observation indicates a possibly 
strong influence of the construction mechanism of a VG which could restrict 
the possible outcomes of the performed analysis (note that similar effects are 
known regarding the global properties of spatially embedded networks,  
cf. Bialonski et al. 2010). Besides this finding, one observes that the pertur-
bations of the age-depth model do not change the results of VG analysis  
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Fig. 15. Original oxygen isotope anomalies of the Dongge D4 record (black line), 
and standard deviation of the ensemble of M = 100 realizations of a perturbed age 
model (gray). 

 
Fig. 16. Distributions of degree (A), local clustering coefficient (B), closeness cen-
trality (C), and betweenness (D) for the VG obtained from the Dongge D4 oxygen 
isotope anomalies (black lines). Dashed black lines indicate the mean obtained from 
M = 100 surrogate age-depth models, solid gray lines correspond to the associated 
90% confidence intervals. All distributions have been estimated from the empirical 
data by means of a Gaussian kernel smoother. 
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markedly. The reasons for this behavior are that (i) the dating is very accu-
rate with many rather dense dating horizons, (ii) the randomized age-depth 
models are strongly constrained in order to retain the correct chronological 
(stratigraphic) order of observations, and (iii) the structure of the recorded 
observations does not change much along the measurement transect on the 
speleothem. Consequently, the influence of dating uncertainties on VG proper-
ties is limited, which renders this method a promising tool for paleoclimate 
time series analysis. An additional advantage is that non-uniform spacing of 
observations does not cause any methodological difficulties for VG con-
struction. Moreover, in contrast to recurrence network analysis (Donges et 
al. 2011a, b), the observational data can simply be taken as they are without 
the need for phase space reconstruction and time-delay embedding. 

5. SUMMARY 
In the last years, various approaches for analyzing time series from a com-
plex network perspective have been developed. Particularly, recurrence net-
works (Donner et al. 2010, 2011) and visibility graphs (Lacasa et al. 2008) 
have been widely used for studying the properties of various complex sys-
tems. Besides their methodological variants, both approaches are well suited, 
and have already been successfully applied to studying different kinds of  
geophysical problems. A detailed discussion of the multiplicity of complex 
network characteristics of visibility graphs presented in this work has high-
lighted the great potentials for future practical applications of this approach. 
Specifically, one main benefit of the visibility graph and associated methods 
such as horizontal visibility graphs is their algorithmic simplicity (i.e., the 
mapping from the time series to the network domain is conceptually simple), 
but leads to a surprising amount of structural properties of the time series  
being recovered in the graph connectivity. Moreover, recent work has 
demonstrated and rigorously proven connections between the respective 
graph and time series properties for both stochastic and deterministic sys-
tems (Lacasa et al. 2009, Luque et al. 2009, 2011). 

Beyond previous results, the detailed potentials and limitations of visibil-
ity graphs and related methods still need to be further explored. This work 
has identified some methodological limits of the original visibility graph  
approach which call for a careful treatment in real-world geoscientific appli-
cations. On the one hand, it has been demonstrated that a joint analysis of 
different network measures can provide complementary insights into the sys-
tem under study compared to studying only one or two of them. Specifically, 
the visibility graph algorithm allows investigating particularly systems with 
a strong degree of stochasticity (e.g., observations with strong observational 
noise), whereas the alternative approach of recurrence networks aims on 
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finding structural changes of an underlying (presumely deterministic) attrac-
tor in some reconstructed phase space (Donner et al. 2010), which could be 
hidden by measurement noise. However, the explicit interpretation of more 
complex local and global network characteristics in a visibility graph is less 
obvious than for recurrence networks and needs to be fully explored in  
future work prior to their wide potential application to real-world problems. 
On the other hand, the different resulting network measures of visibility 
graphs are typically not independent of each other, but display strong statis-
tical interrelationships induced by the specific algorithm of network con-
struction. Even more, it has been demonstrated that the visibility graph 
algorithm implies the presence of boundary effects resulting in a systematic 
downward bias of all local network properties when entering the edges of  
a time series. This behavior is not only distinctively different from that of 
other time series network approaches, but poses additional methodological 
challenges to be solved in future research. One has to emphasize the particu-
lar relevance of this finding for the study of short time series, which are 
common in geophysics. Hence, the results obtained for the geophysical  
examples discussed in this work demonstrate that although one has to be 
aware of certain intrinsic methodological problems of the visibility graph 
method (which need to be further addressed in future work), the results  
appear robust and can (under certain conditions) be meaningfully interpreted 
in terms of characteristic properties of the underlying time series. In this  
respect, one can conclude that visibility graph analysis has great potentials 
for future applications to geophysical data. 

As a new strategy with potential relevance to many real-world applica-
tions, this work has demonstrated the use of visibility graphs in an evolving 
network framework. Specifically, when obtaining visibility graphs for slid-
ing windows of a time series, there are always vertices and respective edges 
removed from one end of the graph, whereas new ones are added at the other 
end. By studying the resulting graph properties as a function of time, it is 
possible to detect subtle changes in the dynamical properties of the time  
series under study. We note that the same conceptual idea has already been 
successfully applied to recurrence networks (e.g., for detecting dynamical 
transitions in paleoclimate time series; Donges et al. 2011a, b), but not yet 
within the visibility graph framework. The results obtained in this work for 
the example of tide gauge records suggest the broad applicability of this 
framework to visibility graphs as well.  

The emergence of different topological features in visibility graphs as 
time evolves, reflecting the time evolution of the network’s architecture, is 
an important example for the application of statistical physics concepts to 
this new kind of time series analysis approach. Specifically, besides the pos-
sibility of studying the relevance of variations in the network topology by 
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simple statistical resampling approaches, the strong link between the proper-
ties of visibility graphs and the stochastic properties of the underlying time 
series suggests that there could be a similar link between stochastic time  
series models with time-dependent coefficients and corresponding evolving 
network models studied in statistical physics. In this respect, studying the 
time evolution of network properties can provide complementary insights  
into the dynamics of the system under study in comparison to traditional 
time series analysis techniques. However, the corresponding framework still 
includes important open methodological questions that have to be answered 
in future research. 

Acknowledgements . This work has been financially supported by 
the Leibniz society (project ECONS), the German National Academic Foun-
dation, and the joint German-Portuguese project “Temporal changes in  
sea-level variability: From local to regional scales” (DAAD project  
ID 50750929). The Swedish tide gauge data discussed in Section 4.2 have 
been kindly provided by Susana Barbosa, University of Lisbon, Portugal. 
Helpful comments of Lucas Lacasa on an earlier version of this manuscript 
are gratefully acknowledged. 

R e f e r e n c e s  

Abe, S., and N. Suzuki (2004), Scale-free network of earthquakes, Europhys. Lett. 
65, 581-586, DOI: 10.1209/epl/i2003-10108-1. 

Ahmadlou, M., H. Adeli, and A. Adeli (2010), New diagnostic EEG markers of the 
Alzheimer’s disease using visibility graphs, J. Neural Transm. 117, 1099-
1109, DOI: 10.1007/s00702-010-0450-3. 

Albert, R., and A.-L. Barabasi (2002), Statistical mechanics of complex networks, 
Rev. Mod. Phys. 74, 47-97, DOI: 10.1103/RevModPhys.74.47. 

Albert, R., H. Jeong, and A.-L. Barabasi (2000), Error and attack tolerance of com-
plex networks, Nature 406, 378-382, DOI: 10.1038/35019019. 

Baiesi, M., and M. Paczuski (2004), Scale-free networks of earthquakes and after-
shocks, Phys. Rev. E 69, 066106, DOI: 10.1103/PhysRevE.69.066106. 

Barrat, A., and M. Weigt (2000), On the properties of small-world network models, 
Eur. Phys. J. B 13, 547-560, DOI: 10.1007/s100510050067. 

Barthelemy, M. (2004), Betweenness centrality in large complex networks, Eur. 
Phys. J. B 38, 163-168, DOI:10.1140/epjb/e2004-00111-4. 

Bialonski, S., M.-T. Horstmann, and K. Lehnertz (2010), From brain to earth and 
climate systems: Small-world interaction networks or not?, Chaos 20, 
013134, DOI: 10.1063/1.3360561. 



R.V. DONNER  and  J.F. DONGES 
 

620

Boccaletti, S., V. Latora, Y. Moreno, M. Chavez, and D.-U. Huang (2006), Complex 
networks: structure and dynamics, Phys. Rep. 424, 175-308, DOI: 
10.1016/j.physrep.2005.10.009. 

Costa, L. da F., F.A. Rodrigues, G. Travieso, and P.R. Villas Boas (2007), Charac-
terization of complex networks: a survey of measurements, Adv. Phys. 56, 
167-242, DOI: 10.1080/00018730601170527. 

Davidsen, J., P. Grassberger, and M. Paczuski (2008), Networks of recurrent events, 
a theory of records, and an application to finding causal signatures in seis-
micity, Phys. Rev. E 77, 066104, DOI: 10.1103/PhysRevE.77.066104. 

de Floriani, L., P. Marzano, and E. Puppo (1994), Line-of-sight communication on 
terrain models, Int. J. Geograph. Inform. Sci. 8, 329-342, DOI: 
10.1080/02693799408902004. 

Dong, Z., and X. Li (2010), Comment on “Network analysis of human heartbeat  
dynamics” [Appl. Phys. Lett. 96, 073703 (2010)], Appl. Phys. Lett. 96, 
266101, DOI: 10.1063/1.3458811. 

Donges, J.F., Y. Zou, N. Marwan, and J. Kurths (2009), The backbone of the climate 
network, Europhys. Lett. 87, 48007, DOI: 10.1209/0295-5075/87/48007. 

Donges, J.F., R.V. Donner, K. Rehfeld, N. Marwan, M.H. Trauth, and J. Kurths 
(2011a), Identification of dynamical transitions in marine palaeoclimate 
records by recurrence network analysis, Nonlin. Proc. Geophys. 18, 545-
562, DOI: 10.5194/npg-18-545-2011. 

Donges, J.F., R.V. Donner, M.H. Trauth, N. Marwan, H.J. Schellnhuber, and  
J. Kurths (2011b), Nonlinear detection of paleoclimate-variability transi-
tions possibly related to human evolution, Proc. Natl. Acad. Sci. USA 108, 
20422-20427, DOI: 10.1073/pnas.1117052108. 

Donner, R.V., Y. Zou, J.F. Donges, N. Marwan, and J. Kurths (2010), Recurrence 
networks – a novel paradigm for nonlinear time series analysis, New  
J. Phys. 12, 033025, DOI: 10.1088/1367-2630/12/3/033025. 

Donner, R.V., M. Small, J.F. Donges, N. Marwan, Y. Zou, R. Xiang, and J. Kurths 
(2011), Recurrence-based time series analysis by means of complex  
network methods, Int. J. Bifurcation Chaos 21, 1019-1048, DOI: 10.1142/ 
S0218127411029021. 

Dykoski, C.A., R.L. Edwards, H. Cheng, D. Yuan, Y. Cai, M. Zhang, Y. Lin,  
J. Qing, Z. An, and J. Revenaugh (2005), A high-resolution, absolute dated 
Holocene and deglacial Asian monsoon record from Dongge Cave, China, 
Earth Planet. Sci. Lett. 233, 71-86, DOI: 10.1016/j.epsl.2005.01.036. 

Elsner, J.B., T.H. Jagger, and E.A. Fogarty (2009), Visibility network of United States 
hurricanes, Geophys. Res. Lett. 36, L16702, DOI: 10.1029/2009GL039129. 

Gallos, L.K., C. Song, and H.A. Makse (2008), Scaling of degree correlations and its 
influence on diffusion in scale-free networks, Phys. Rev. Lett. 100, 248701, 
DOI: 10.1103/PhysRevLett.100.248701. 



VISIBILITY  GRAPH  ANALYSIS  OF  GEOPHYSICAL  TIME  SERIES 
 

621 

Goh, K.-I., B. Kahng, and D. Kim (2001), Universal behavior of load distribution  
in scale-free networks, Phys. Rev. Lett. 87, 278701, DOI: 10.1103/ 
PhysRevLett.87.278701. 

Gutin, G., T. Mansour, and S. Severini (2011), A characterization of horizontal  
visibility graphs and combinatorics on words, Physica A 390, 2421-2428, 
DOI: 10.1016/j.physa.2011.02.031. 

Holme, P., B.J. Kim, C.N. Yoon, and S.K. Han (2002), Attack vulnerability of com-
plex networks, Phys. Rev. E 65, 056109, DOI: 10.1103/PhyRevE.65.056109. 

Jimenez, A., K.F. Tiampo, A.M. Posadas, F. Luzon, and R. Donner (2009), Analysis 
of complex networks associated to seismic clusters near the Itoiz reservoir 
dam, Eur. Phys. J. ST 174, 181-195, DOI: 10.1140/epjst/e2009-01099-1. 

Kitsak, M., S. Havlin, G. Paul, M. Riccaboni, F. Pammolli, and H.E. Stanley (2007), 
Betweenness centrality of fractal and nonfractal scale-free model networks 
and tests on real networks, Phys. Rev. E 75, 056115, DOI: 10.1103/ 
PhysRevLett.87.278701. 

Lacasa, L., and R. Toral (2010), Description of stochastic and chaotic series using 
visibility graphs, Phys. Rev. E 82, 036120, DOI: 10.1103/PhysRevE.82. 
036120. 

Lacasa, L., B. Luque, F. Ballesteros, J. Luque, and J.C. Nuno (2008), From time se-
ries to complex networks: The visibility graph, Proc. Natl. Acad. Sci. USA 
105, 4972-4975, DOI: 10.1073_pnas.0709247105. 

Lacasa, L., B. Luque, J. Luque, and J.C. Nuno (2009), The visibility graph: A new 
method for estimating the Hurst exponent of fractional Brownian motion, 
Europhys. Lett. 86, 30001, DOI: 10.1209/0295-5075/86/30001. 

Lacasa, L., A. Núñez, E. Roldán, J.M.R. Parrondo, and B. Luque (2011), Time  
series irreversibility: a visibility graph approach, arXiv:1108.1691v1 [phys-
ics.data-an]. 

Liu, C., W.-X. Zhou, and W.-K. Yuan (2010), Statistical properties of visibility 
graph of energy dissipation rates in three-dimensional fully developed tur-
bulence, Physica A 389, 2675-2681, DOI: 10.1016/j.physa.2010.02.043. 

Lozano-Perez, T., and M.A. Wesley (1979), An algorithm for planning collision-free 
paths among polyhedral obstacles, Comm. ACM 22, 560-570, DOI: 
10.1145/359156.359164. 

Lukas, R., S.P. Hayes, and K. Wyrtki (1984), Equatorial sea level response during 
the 1982-1983 El Nino, J. Geophys. Res. 89, C6, 10425-10430, DOI: 
10.1029/JC089iC06p10425. 

Luque, B., L. Lacasa, F. Ballesteros, and J. Luque (2009), Horizontal visibility 
graphs: Exact results for random time series, Phys. Rev. E 80, 046103, DOI: 
10.1103/PhysRevE.80.046103. 

Luque, B., L. Lacasa, F.J. Ballesteros, and A. Robledo (2011), Feigenbaum graphs: 
A complex network perspective to chaos, PLoS One 6, e22411, DOI: 
10.1371/journal.pone.0022411. 



R.V. DONNER  and  J.F. DONGES 
 

622

Luque, B., L. Lacasa, F.J. Ballesteros, and A. Robledo (2012), Analytical properties 
of horizontal visibility graphs in the Feigenbaum scenario, Chaos 22, 
013109, DOI: 10.1063/1.3676686. 

Nagy, G. (1994), Terrain visibility, Comp. Graph. 18, 763-773, DOI: 10.1016/0097-
8493(94)90002-7. 

Newman, M. (2003), The structure and function of complex networks, SIAM Rev. 
45, 167-256, DOI: 10.1137/S003614450342480. 

Ni, X.-H., Z.-Q. Jiang, and W.-X. Zhou (2009), Degree distributions of the visibility 
graphs mapped from fractional Brownian motions and multifractal random 
walks, Phys. Lett. A 373, 3822-3826, DOI: 10.1016/j.physleta.2009.08.041. 

Núñez, A., L. Lacasa, E. Valero, J.P. Gómez, and B. Luque (2011), Detecting series 
periodicity with horizontal visibility graphs, arXiv:1108.1693v1 [phys-
ics.data-an]. 

Núñez, A.M., L. Lacasa, J.P. Gomez, and B. Luque (2012), Visibility algorithms:  
A short review. In: Y. Zhang (ed.), New Frontiers in Graph Theory,  
InTech, Rijeka, 119-152. 

Qian, M.-C., Z.-Q. Jiang, and W.-X. Zhou (2010), Universal and nonuniversal 
allometric scaling behaviors in the visibility graphs of world stock market 
indices, J. Phys. A  43, 335002, DOI: 10.1088/1751-8113/43/33/335002. 

Ravasz, E., and A.-L. Barabasi (2003), Hierarchical organization in complex net-
works, Phys. Rev. E 67, 026112, DOI:10.1103/PhysRevE.67.026112. 

Santiago, A., J.P. Cardenas, J.C. Losada, R.M. Benito, A.M. Tarquis, and  
F. Borondo (2008), Multiscaling of porous soils as heterogeneous complex 
networks, Nonlin. Proc. Geophys. 15, 893-902, DOI: 10.5194/npg-15-893-
2008. 

Shao, Z.-G. (2010), Network analysis of human heartbeat dynamics, Appl. Phys. 
Lett. 96, 073703, DOI: 10.1063/1.3308505. 

Song, C., S. Havlin, and H.A. Makse (2006), Origins of fractality in the growth of 
complex networks, Nature Phys. 2, 275-281, DOI: 10.1038/nphys266. 

Tang, Q., J. Liu, and H. Liu (2010), Comparison of different daily streamflow series 
in US and China, under a viewpoint of complex networks, Mod. Phys. Lett. 
B 24, 1541-1547, DOI: 10.1142/S0217984910023335. 

Telesca, L., and M. Lovallo (2012), Analysis of seismic sequences by using the 
method of visibility graph, Europhys. Lett. 97, 50002, DOI: 10.1209/0295-
5075/97/50002. 

Telford, R.J., E. Heegaard, and H.J.B. Birks (2004), All age-depth models  
are wrong: but how badly?, Quat. Sci. Rev. 23, 1-5, DOI: 10.1016/ 
j.quascirev.2003.11.003. 

Theiler, J. (1990), Estimating fractal dimensions, J. Opt. Soc. Am. A 7, 1055-1073, 
DOI: 10.1364/JOSAA.7.001055. 

Tsonis, A.A., and P.J. Roebber (2004), The architecture of the climate network, 
Physica A 333, 497-504, DOI: 10.1016/j.physa.2003.10.045. 



VISIBILITY  GRAPH  ANALYSIS  OF  GEOPHYSICAL  TIME  SERIES 
 

623 

Turner, A., M. Doxa, D. O’Sullivan, and A. Penn (2001), From isovists to visibility 
graphs: A methodology for the analysis of architectural space, Env. Plann. 
B 28, 103-121, DOI: 10.1068/b2684. 

Watts, D.J., and S.H. Strogatz (1998), Collective dynamics of ‘small-world’ net-
works, Nature 393, 409-410, DOI: 10.1038/30918. 

Xie, W.-J., and W.-X. Zhou (2011), Horizontal visibility graphs transformed from 
fractional Brownian motions: Topological properties versus the Hurst  
index, Physica A 390, 3592-3601, DOI: 10.1016/j.physa.2011.04.020. 

Yang, Y., J. Wang, H. Yang, and J. Mang (2009), Visibility graph approach to  
exchange rate series, Physica A 388, 4431-4437, DOI: 10.1016/j.physa. 
2009.07.016. 

Zaliapin, I., E. Foufoula-Georgiou, and M. Ghil (2010), Transport on river networks: 
A dynamic tree approach, J. Geophys. Res. 115, F00A15, DOI: 10.1029/  
2009JF001281. 

Received  30 September 2011 
Received in revised form  1 February 2012 

Accepted  2 February 2012 



Acta  Geophysica 
vol. 60, no. 3, Jun. 2012, pp. 624-637 

DOI: 10.2478/s11600-011-0042-0 

© 2011 Institute of Geophysics, Polish Academy of Sciences 

On the Testing of Seismicity Models 

George MOLCHAN 

1International Institute of Earthquake Prediction Theory 
and Mathematical Geophysics, Russian Academy of Sciences, Moscow, Russia 

e-mail: molchan@mitp.ru 
2The Abdus Salam International Centre for Theoretical Physics, 

 SAND Group, Trieste, Italy 

A b s t r a c t  

Recently a likelihood-based methodology has been developed by 
the Collaboratory for the Study of Earthquake Predictability (CSEP) with 
a view to testing and ranking seismicity models. We analyze this ap-
proach from the standpoint of possible applications to hazard analysis. 
We arrive at the conclusion that model testing can be made more effi-
cient by focusing on some integral characteristics of the seismicity distri-
bution. This can be achieved either in the likelihood framework but with 
economical and physically reasonable coarsening of the phase space or 
by choosing a suitable measure of closeness between empirical and 
model seismicity rate in this space. 

Keywords: statistical seismology, earthquake forecasting, earthquake 
likelihood models. 

1. INTRODUCTION 
The assessments of seismic hazard and risk are based on maps of long-term 
rate of damaging seismic events. There is a wide diversity of approaches to 
making such maps, which differ in the use of historical and low magnitude 
seismicity, seismotectonic regionalization, the Gutenberg–Richter law, 
smoothing techniques, and so on (see e.g., Molchan et al. 1997, Giardini 1999, 
and references therein). For this reason, the initiative of the U.S. branch of the 
Collaboratory for the Study of Earthquake Predictability (CSEP) is important; 
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its purpose is to develop a statistical methodology for objective testing and 
ranking of seismicity models (Field 2007). This program has been imple-
mented as the Regional Earthquake Likelihood Models (RELM) project for 
California (Schorlemmer et al. 2010) and now the methodology is in a stage of 
active analysis and development (see e.g., Lombardi and Marzocchi 2010, 
Werner et al. 2010, Rhoades et al. 2011, Zechar et al. 2010). 

Below we examine the RELM methodology from the point of view of 
possible applications to hazard analysis, i.e., to the testing of long-term 
seismicity maps. We provide a brief description of basic elements of the 
methodology with a parallel discussion of its strong and weak points. 

2. THE  SEISMICITY  MODEL 

A seismicity map describes the mean rate of target events  λj = λ(Δj)  in sub-
sets Δj of space G × M. Here G denotes the region and M the magnitude range 
of target events. The model {λj} is to be tested based on observations 
{v(Δj) = vj}, in the subsets {Δj} for a period T. In the CSEP/RELM experi-
ments, the subsets Δj are standard bins of 10 km in linear size and 0.1 in mag-
nitude; the numbers of events in bins, {vj}, are generally low: 0, 1, 2, with the 
total number  

 jN ν= ∑  (1) 

being a few tens of events.  
The statistical analysis of maps is based on the following assumption: the 

variables {vj}  are independent and Poissonian, i.e., 

 ( ) / ! ,jk
j jP k e kλν λ −= =  (2) 

which is the H0  hypothesis. 
The H0 hypothesis is reasonable for small time intervals. This circum-

stance is used by the authors of the methodology to test time-dependent 
forecasts. They consider {λj}  as a functions of time and at the same time ex-
tend the H0 hypothesis to the entire phase space G × M × T with an arbitrary 
T. The simplest cluster seismicity models like the Epidemic-Type After-
shock Sequence by Ogata (1998) show that the vector {λj(t)} is stochastic 
and  
depends on the seismicity under study up to time t. On the contrary, H0  
assumes that the time variables{λj(t)} are independent for different t. This 
contradiction may cause appreciable difficulties in the testing of non-trivial 
time-dependent forecasts (see more in Werner and Sornette 2008, Lombardi 
and Marzocchi 2010). 
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In testing a long-term seismicity model, the H0 hypothesis is reasonable 
for main shocks only, i.e., the catalog needs to be declustered. This operation 
is not unique. Consequently, the statistical analysis should be weakly sensi-
tive to the independence property of {vj} as much as possible, focusing on 
important parameters of the  λ(Δ)  measure.  

3. TESTS 

Nearly all goodness-of-fit tests of model {λj}  with data {vj}  suggested by the 
RELM working group are based on the likelihood approach. The log-
probability of {vj} under the H0 hypothesis is 

 ( ) ,jL l= ∑ Δ  (3) 

where l(Δ) is 
 ( ) ( ) ln ( ) ( ) ln ( )!l ν λ λ νΔ = Δ Δ − Δ − Δ  (4) 

in virtue of Eq. (2); by definition, v! = 1 for v = 0. 
The L-statistic (3) depends on the partition {Δj} and the model {λ(Δj)}. 

The partition is an important component of the methodology, because the 
partition can be used to good advantage in the testing problem. The simplest 
examples of the partition are related to the following representation of the 
rate measure: 
 ( ) ( ) ( ) ,p g q Mλ Δ = Λ Δ Δ  (5) 

where  Λ  is the rate of target events in G, p(Δg)  and  q(ΔM) are normalized 
distributions of the events over space and over magnitude, respectively. 

Taking the case of the trivial partition as represented by a single element 
Δ = G × M,  we arrive at the statistic  v(Δ) = N. The L-statistic in this case 
labeled as L(N) is then given by Eq. (4); the distributions of L(N) and N   
depend on the single parameter Λ = λ(G × M), i.e., N is a sufficient statistic 
for the analysis of Λ. 

If the partition deals with magnitude only then  Δj = G × ΔjM  and the  
L-statistic, L(M), is sufficient for the analysis of the parameters {Λq(ΔjM)}. 
In practice we use this partition to analyse the frequency-magnitude law. 

Finally, the space partition is based on Δj = ΔjG × M; the corresponding 
L-statistic, L(G), is sufficient for the analysis of parameters {Λp(ΔjG)}. 

The conditional distribution of {vj} provided  Σvj = N  is the multinomial 
distribution with parameters {p1,…, pn; N}, pj = p(ΔjG): 

 1
1 1 1 1

1

!( ,..., | ) ,..., , ... .
!,..., !

nk k
n n n n

n

NP k k N p p k k N
k k

ν ν= = = + + =  (6) 

The respective L-statistic for the conditional distribution of {vj} is 
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1 1

( | ) ln ln ! ln( !) .
n n

j j j
j j

L G N p Nν ν
= =

= + −∑ ∑  (7) 

The statistics N and L(G | N)  enable us to perform a separate analysis of 
the parameters Λ and {pj} (see e.g., Molchan and Podgaetskaya 1973, 
Molchan et al. 1997, Werner et al. 2010). The necessity for the separate 
analysis is caused by many things: the small amount of data N, catalog 
declustering, standardization of catalog magnitude, etc. (see e.g., Kagan 
2010, and Werner et al. 2011). 

3.1 The significance of the L-test 
The Monte Carlo method can be used to find the distributions of all type  
L-statistics under H0. In the case L(G | N)  the distribution (6) corresponds  
to the model of N independent trials with n outcomes and probabilities 
{p1,…, pn}. 

The distribution of L can be used to find the observed significance level 
for an observed L-value, ˆ :L  

 0
ˆˆ { | } .P L L Hα = ≤  

In the cases L: L(M), L(G | N), L(G) the hypothesis H0 is rejected if α̂  is below 
the nominal significance level α0 (the conventional value α0 = 0.05 is used). In 
the case of statistic N, both small and large values are suspects, so a two-sided 
test is used: 0ˆ ˆmin( , 1 ) / 2α α α− ≤ . 

This is a standard scheme for testing any hypothesis. The key point for 
applications in this scheme is the choice of the test statistic.  

4. WHY  L? 
To answer this question, let us discuss some peculiarities of the RELM  
experiment: 

 In general, the number of tested models λ(Δ) for the same territory 
can be arbitrary. This is naturally due to the existence of different 
approaches to create such models. Some local change in a test model 
can be considered as a new test model. The past seismicity may only 
impose some integral limitation on λ(Δ); 

 The partition {Δj, j = 1, …, n} is usually very detailed, therefore n is 
large and the numbers of events {vj} are small; 

 Any possible local relations between {λj} are not used. To be spe-
cific, if the bins {Δj} are small we could assume that the λj are equal 
within some space structures. 
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In other words, in the RELM experiment we have to deal with the statis-
tical problem of a large number of degrees of freedom f because usually 
f = n. The advantage of the likelihood method in such conditions is not  
obvious. Cox and Hinkley (1974) in their book “Theoretical Statistics” tried 
to formulate some general principles underlying the theory of statistical in-
ference. One of the obstacles that impede the use of likelihood theory is 
worded as follows: “in considering problems with many parameters one 
generally focuses on a small number of components, but to do this one needs 
principles that are outside the pure likelihood theory” (Section 2.4. VIII). 

In the hazard evaluation case we are interested in the accuracy of the rate 
measure λ(Δ). However, small values {vj} carry little information for this 
purpose and rejection of the {H0 , λ}-hypothesis does not mean that the  
model  λ(Δ) is unsatisfactory. It is possible that some components of the hy-
pothesis, i.e., independence of {vj} or the Poisson property may be violated. 

In the framework of the likelihood approach we possess a good enough 
tool to focus on the essentials in the rate measure. The tool in question is the 
partition of the phase space. For purposes of seismic risk analysis, the physi-
cally reasonable partitions with {vj} that are not small are preferable. The  
effect of small/large values of {vj} can be observed by examining the  
L(G | N)-statistic for N >> 1.  

4.1 The case of large {vj} 
Using Eq. (7) and the following the approximation 

 ! ( / ) 2πe νν ν ν≈  (8) 

for large {vj}  and N, we can represent L(G | N) as follows: 

 1

1

ˆˆ ˆ( | ) ln( / ) : ( , ) ,
n

j j j
j

N L G N p p p P Pρ−

=

− ≈ =∑  (9) 

where  x ln x = 0 for x = 0. Here, ˆ ˆ{ / }j jP p Nν= =  is an empirical analogue of 
the distribution P = {pj = λj /Λ}, while ρ(P1, P2) is the well-known Kullback–
Leibler entropy distance from P1 to P2 (see e.g., Harte and Vere-Jones 2005). 
This distance is non-negative but is not a metric; for example, ρ(P1, P2) ≠ 
ρ(P2, P1). It is important that  ρ(P1, P2) = 0  if and only if  P1 = P2.  

Consistency of the L(G | N)-test 
By Equation (6), we have ˆ t

j jp p→  as N becomes large; here { }t t
jp P=  is the 

true distribution. Consequently, ˆ( , ) ( , )tP P P Pρ ρ→  for N >> 1. We can use 
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this fact to conclude that P is the true distribution if ˆ( , ) 0P Pρ → . Indeed, the 
relation  ρ(Pt, P) = 0 implies  P = Pt. In statistical terms this means that the 
procedure of selecting the correct model based on small values of ˆ( , )P Pρ  
or |N 

–1L(G | N)|  is consistent (Borovkov 1984). 
We remind this useful notion for the general situation. Suppose we ac-

cept the P-model when vector {vj} belongs to some set ΩN. Suppose this rule 
guarantees that the P-probability to reject the P-model is fixed, e.g., is equal 
to α0. By definition, the rule is consistent if the Pt-probability to accept the 
P-model goes to zero as N → ∞. In other words, any consistent test must re-
ject an incorrect model almost surely as N becomes large. This natural prop-
erty is highly desirable in the selection problem of the correct model. 

In our case ˆ{ ( , ) }N NP P cρΩ = < , where  cN → 0 because the distribution 
of ˆ( , )P Pρ , provided P is true, is concentrated close to 0 as N increases in-
definitely. But then the relation ˆ( , ) NP P cρ <  is impossible for an incorrect 
distribution P for large enough N because the  ρ(Pt, P)  is strictly positive. 

The χ2-test 
The notion of the entropy distance from an empirical to the corresponding 
theoretical distribution becomes quite transparent in the case N >> 1. We have 
ˆ ,t

j jp p→  hence 

 ˆ ˆln / ( ) / .t t t
j j j j jp p p p p≈ −  (10) 

Using Eq. (9), we get 

 
2

1

ˆ( )ˆ( , ) .
tn

j jt
t
jj

p p
P P

p
ρ

=

−
≈ ∑  (11) 

The right-hand side of Eq. (11) is well-known as the chi-square statistic. For 
large N in the conditions H0 the statistic ˆ( , )tN P Pρ  is approximately distrib-
uted as chi-square with  f = n – 1 degrees of freedom, hence the quantity  

ˆ( | ) ( , )tL G N N P Pρ− ≈   is of the order of  n. 

Splitting of L(G) 
Note that 
 ( ) ( ) ( ) .L G L N L G N= +  (12) 

By Equation (4), one has L(N) = Nφ(Λ / N) where φ(x) = lnx – x + 1 ≤ 0 and 
max φ(x) = φ(1) = 0, i.e., L(N) > cN if |Λ / N – 1| > ρ. As we have shown, the 
contribution of L(G | N) in Eq. (12) is of order n in the case of the true  
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P-model. Hence, the term L(N) will dominate (12), if {pj} is a satisfactory 
model but Λ is not. This circumstance emphasizes the need for separate 
analysis of Λ and {pj}. In practice there are other reasons for this: the pa-
rameter Λ is very unstable because the declustering operation is not unique, 
and the Poisson distribution of N is questionable (Kagan 2010). 

4.2 The case of small  {vj} 
This case with vj = 0 or 1 is typical of the RELM model experiments because 
of detailed space partition. As a result, one has L(G | N) = NξN + N ln |Δ| + lnN! 
where 

 
1

1 ln , 0 or 1 , | | ,
n

N j j j j j
j

p p p
N

ξ ν ν
=

= = = Δ∑  

and |Δ| is the bin volume. A similar representation of the likelihood function 
was recommended for the testing of seismicity models by Rhoades et al. 
(2011).  

To analyse the situation when N >> 1, the {vj} values and bin size are 
small, we have to modify the statistic  ξN  as follows:  

 ˆ (d ) ln ( ) .N p g p gξ = ∫  (13) 

Here ˆ ( ) ( ) /p NνΔ = Δ  is the empirical distribution of the events in space, and 
( )p g is density of the rate model measure p(Δ). If the density is constant 

within the partition elements then both representation of  ξN  are identical. 
The random variable ξN  given H0 is a sum of N independent identically 

distributed random variables ln ( )jp g , where gj are random event locations in 
the space G with a distribution X := x(Δ); more exactly,  X = P for the  
P-model and X = Pt for the true model. Therefore, ξN  is approximately 
Gaussian with the following mean m(X) and variance  σ2(X) / N: 

 2 2 2( ) (d ) ln ( ) , ( ) (d ) ln ( ) ( ) .m X x g p g X x g p g m Xσ= = −∫ ∫  

Thus, the critical zone ΩN of size approximately 95% for acceptance of 
model P looks as follows: 

 1 ( ) 2 ( ) / .NN m P P Nξ σ− > −  (14) 

If  m(P) = m(Pt), then Pt probability of  ΩN  is greater than 50%. Indeed, given 
Pt,  we have the following representation: 

 ( ) ( ) / ,t t
N m P P Nξ ξσ= +  
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where  ξ  is approximately a standard Gaussian variable. Substituting this rela-
tion in Eq. (14) and taking the equality  m(P) = m(Pt) into account, we have 

 ( ) 2 ( ) / ( ) ( 0) 0.5 .t t
NP P P P Pξ σ σ ξ⎡ ⎤Ω = > − > > ≈⎣ ⎦  

Obviously, the relation m(P) = m(Pt) does not yield the equality P = Pt,  
because this relation holds for any pair  p(Δ)  and  pt(Δ) = p(Δ) + εψ(Δ), where 
ψ  is orthogonal to the following functions:  φ1(g) = 1  and  2 ( ) ln ( ) ,g p gϕ =  
i.e., (d ) 0 , (d ) ln ( ) 0 .g g p gψ ψ= =∫ ∫  

Hence, the likelihood approach in the case of small {vj} is not consistent 
because  Pt(ΩN) > 0.5  for a large enough N. 

5. COMPARISON  OF  THE  MODELS 
Schorlemmer et al. (2007) tried to rank the tested models using pairwise com-
parison of the hypotheses H(i) = {H0, λ(i)(Δ)}. To test  H(1) versus H(2), the sta-
tistic R = L(1) – L(2) is used (L(i) is the L-statistic for the H(i)-hypothesis). A small 
observed value of R under H(1), i.e., 

 (1)
0

ˆ{ | } ,P R R H α≤ ≤  

is treated as evidence for the H(2) model. In classical approach, the  
R = L(1) – L(2) test operates with unique reference model (see the Neyman–
Pearson Lemma, Cox and Hinkley 1974). On the contrary, in the 
CSEP/RELM approach any of tested models is considered as a reference, i.e., 
the direction in the test procedure is lost. Therefore, the interpretation of test-
ing results in such a case might be difficult. We now consider this point. 

Proceeding as above, we shall restrict ourselves to the parameters 
{p1, …, pn) alone. The analogue of R is then the statistic R(G | N) = 
L(1)(G | N) – L(2)(G | N). In virtue of  Eq. (7) one has 

 (1) (2) (2) (1)1

1

ˆ ˆ ˆ ˆ ˆ( | ) ln / ln / ln / ,
n

j j j j j j j j j
j

N R G N p p p p p p p p p−

=

= = ∑ −∑∑  

 1 (2) (1)ˆ ˆor ( | ) ( , ) ( , ) .N R G N P P P Pρ ρ− = −  (15) 

As above, ˆ ˆ{ }jP p=  is the empirical distribution. In contrast to the approxi-
mate relation between L(G | N) and the entropy distance, Eq. (15) is exact. The 
fact R(G | N) > 0 means that the empirical distribution P̂  is closer to  P(1) than 
to P(2). 

The linearity of R(G | N) in the data {vj} makes it easier to estimate the 
distribution of this statistic (Rhoades et al. 2011), because for large N the 
quantity N 

–1R(G | N) is approximately normal and under H(1)  has the mean 
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 (1) (1) (2) (1) (2)

1

ln / ( , ) ,
n

j j j
j

m p p p P Pρ
=

= =∑  (16) 

and the variance  σ2/N  where 

 (1) (1) (2)2 2 2( ln / ) .j j jp p p mσ = ∑ −   (17) 

The following example demonstrates the difficulties arising in the 
R(G | N)  test interpretations. 

Example  
Let us consider a model P(1) = (p1, p2, …, pn–1, pn) and the dual model 
P(2) = (pn, p2, …, pn–1, p1); in other words, P(1) and P(2) are only different in 
two bins Δ1 and Δn . It is convenient to use the following representation:  

 (2)(1) (1) (2)
1 1, and , ,n np a p a p a p aδ δ δ δ= + = − = − = +  

where  a > δ  and  a + δ < 1. Then 

 11 ( | ) ln .n aN R G N
N a

ν ν δ
δ

− − +=
−

 (18) 

Considering the case of large  v1, vn, N  we can have R(G | N) > 0 with P(1)-
probability greater than or equal to 0.95 for suitable parameters (a, δ, N).  
Indeed, according to Eqs. (16) and (17), we have with probability greater  
than 0.95 

 1 ( | ) 2 / ,N R G N m Nσ− ≥ −  

where 

 22 ln and 2 4 ln .a am a
a a

δ δδ σ δ
δ δ

+ += = −
− −

 

The threshold 2 /m Nσ−  is positive if 2 2 / ( 4) ;a Nδ > +  for example, if 
a = 0.01, δ = 0.009, and  N = 300. 

Now impose a single requirement on the true model, namely, 1 .t t
np p=  

Then one has Pt(v1 ≤ vn) = Pt(v1 ≥ vn) and therefore the true distribution of 
the R-statistic (18) will be symmetrical. This entails instability of the infer-
ences based on R(G | N). 

To show this, we proceed as follows. Suppose we observe v1 ≤ vn , then 
we have R(G | N) ≤ 0. Given P(1), the model P(1) will be rejected in favor  
of P(2) at confidence level 95%. That means that the relation 

(2) (1)ˆ ˆ( , ) ( , )P P P Pρ ρ≤  is significant under P(1) or briefly (2) (1) (1)( | ) ,P P P  
where “ ” means  “better than”. 
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Due to duality of distributions  P(1) and P(2)  we shall have the diametri-
cally opposite inference, namely (1) (2) (2)( | ) ,P P P  if  v1 ≥ v2 . Hence, in the 
case  v1 = vn  the two models will reject each other. 

The CSEP group encountered this seemingly contradictory situation em-
pirically (Gerstenberger et al. 2009). Rhoads et al. (2011) explained it as fol-
lows: “In fact, an R-test rejection of model P(1) does not imply anything 
regarding the superiority of model P(2); it simply indicates that the observed 
catalogue is inconsistent with model P(1)”. The last sentence is not entirely 
accurate. When the R(G | N) test rejects P(1)-model relative to a reference 
model P(2), that means that P(1) has significant local departures from P(2). 
This does not mean, however, that P(1) can be far from the true distribution in 
the area where both models are identical, because the contribution of this ar-
ea into the R-test is zero. 

Inconsistency of the R-test 
We can consider  R(G | N)  as a possible statistic for testing the model provided 
P(2) is a reference distribution. In such a case the R-test will not necessarily be 
consistent, that is, the false model will not always be rejected as N becomes 
large. 

The proof of this statement is the same as in previous Section 4.2 The 
key point here is the following. In the case of large {vj} the random variable 
ξN = N 

–1R(G | N) given (H0, P) is approximately Gaussian with mean 
m(P) = ρ(P, P(2)) – ρ(P, P(1))  and variance of the type σ2(P) / N,  see Eq. (17). 
By arguments of Section 4.2, the R-test is consistent if the relation 
m(P(1)) = m(Pt)  results in P(1) = Pt.  However, this is not true. 

We can illustrate our assertion using the dual models P(1), P(2) (but not Pt) 
from our example. One has 

 (1)(1) (1)
1 1( ) ( ) ln and ( ) ( ) ln .t t t

n n
a am P p p m P p p
a a

δ δ
δ δ

+ += − = −
− −

 (19) 

These quantities are equal if one has  (1) (1)
1 1
t t

n np p p p− = −  only while other bin 
probabilities are arbitrary.  

6. THE  AREA  SKILL  SCORE,  AN 
The area skill score test, AN , was put forward by Zechar and Jordan (2010a, b). 
The test is based on the following helpful idea. Consider a family of subareas 
Uh of the region G that increases if h does 

 0 , .h hU U U G h h′ ′⊂ ⊂ ⊂ <  (20) 

For example, the family may be linked to levels of some positive function in G 
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 { : ( ) } .hU g u g h= ≤  

The function u(g) may be specified as a prior rate of seismic events within a 
magnitude range. 

Suppose ˆ ( )NF h  gives the relative number of target events that fall in Uh 
for some test period. Accordingly, 

 ( ) ( ) : (d ) .
h

h
U

F h P U P g= = ∫  (21) 

is the probability of a target event falling in Uh under {H0, P}. In this way we 
have reduced the problem of agreement between the data and the model to the 
classical problem of agreement between an empirical and a theoretical distri-
bution. The freedom of choice for  Uh  allows one to focus on those elements 
in the models {P(i)} which are important for the investigator and to group the 
available observations accordingly. 

The statistic AN is defined by Zechar and Jordan (2010a) in terms of the 
(n, τ) diagram (Molchan 1997), but in the situation we are considering it can 
be represented as follows: 

 
0

ˆ1/ 2 ( ) ( ) d ( ) .N NA F h F h F h
∞

⎡ ⎤− = −⎣ ⎦∫  (22) 

When N is large, the empirical distribution converges to the true distribution, 
F 

t(h), i.e.,  (22) → 0  if   F(h) = F 
t(h). But this is true also for any distribution 

of the type F(h) = φ[F 
t(h)], where φ(x) is an arbitrary distribution on (0, 1) 

with mean 1/2 .This fact means that the AN-test is not consistent. The formal 
way to prove the statement is the same as in Section 4.2.  

Namely, the random variable  ξN = AN – 1/2  has the following represen-
tation in terms of N independent identically distributed variables {hk}: 

 11/ 2 ( ) .N kN F hξ −= − ∑  

The distribution of  hk  is  F(h)  for the case of a P model and  F 
t(h) for the 

case of the true model Pt. Thus  ξN  is asymptotically Gaussian with mean  
m(P) = 0  for the P case and 

 
0 0

( ) 1/ 2 ( )d ( ) ( ) ( ) d ( ) ,t t tm P F h F h F h F h F h
∞ ∞

⎡ ⎤= − = −⎣ ⎦∫ ∫  

for the Pt case, while the variance of  ξN  for any model  is of order N 
–1/2. 

We have already shown that the solution of the equation  m(P) = m(Pt) is 
not unique and is given by the formula  F(h) = φ[F 

t(h)]. Therefore, proceed-
ing as in Section 4.2, we can conclude that the A-test is not consistent. 
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The situation can be changed by transforming Eq. (22) into a distance as 
follows:  

 [ ]
0

ˆ ˆ( , ) | ( ) ( ) | ( ) d ( ) ,NF F F h F h F h F hαρ ψ
∞

= −∫  

where ψ(x) is some weight function. The case  α = 2  with  ψ(x) = 1/x(1 – x)  or 
ψ(x) = 1 gives the well-known nonparametric ω2-test (Bolshev and Smirnov 
1983). The Kolmogorov–Smirnov (K–S) test gives us another example of dis-
tance (even a metric): 

ˆ ˆ( , ) max | ( ) ( )| .F F F h F hρ = −  

Rhoades et al. (2011) successfully applied the K–S test in the framework of 
the CSEP experiments.  

In other words, a reasonable choice of the metric can be a natural alterna-
tive to the likelihood method. The non-trivial part of this approach consists 
in the choice of the sequence of subsets Uh which depend on the goals of re-
search.  

7. CONCLUSIONS 
The CSEP experiment deals with testing and ranking of seismicity rate mod-
els. In this approach there is no prior limitation on the number of models, all 
models are a priori equally acceptable, and the number of partition elements of 
phase space, n, to group the  data is large. Under these conditions the advan-
tage of the likelihood (LH) method that is used as the main tool is not obvious.  

We analyzed theoretically the LH method in two particular cases:  
(i) numbers of events {vj} in space bins are  large, which can be of interest 
for  testing the long-term seismicity maps, and (ii) the {vj}  are small, which 
is typical of the CSEP experiments. In the second case, LH method loses  
a highly desirable property, namely, statistical consistency. In other words, 
there exist nontrivial models which cannot be classified as wrong by the LH 
method as the number of observations N becomes large. The same is true re-
garding the other tests being used under the less stringent limitations on {vj} 
(the R and the Area Skill Score tests).  

The case of small {vj} arises from the detailed partition of the phase 
space, i.e., when n is large. As a result, an additional undesirable property of 
the test methodology appears. The testing procedure is based on the rate 
model and on the assumption of independence of the variables {vj}. Selec-
tion of the correct rate model is the most important part of the testing while 
the independence property is usually questionable. The greater n is, the more 
the independence property affects on the statistical conclusions. Consequent-
ly the statistical test analysis should be as weakly sensitive to this property as 
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possible, focusing on important elements of the rate measure. Practically this 
is achieved by (i) a physically reasonable coarsening of the phase space, and 
(ii) by choosing a suitable measure of closeness between empirical and mod-
el seismicity rate in the space. A formal realization of this idea is presented 
in Section 6 as a generalization of the Area Skill Score test. 
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A b s t r a c t  

Acoustic emissions prior to rupture indicate precursory damage. 
Laboratory studies of frictional sliding on model faults feature accelerat-
ing rates of acoustic emissions prior to rupture. Precursory seismic emis-
sions are not generally observed prior to earthquakes. To address the 
problem of precursory damage, we consider failure in a fiber-bundle 
model. We observe a clearly defined nucleation phase followed by 
a catastrophic rupture. The fibers are hypothesized to represent asperities 
on a fault. Two limiting behaviors are the equal load sharing  p = 0 
(stress from a failed fiber is transferred equally to all surviving fibers) 
and the local load sharing  p = 1  (stress from a failed fiber is transferred 
to adjacent fibers). We show that precursory damage in the nucleation 
phase is greatly reduced in the local-load sharing limit. The local transfer 
of stress from an asperity concentrates nucleation, restricting precursory 
acoustic emissions (seismic activity). 

Key words: earthquake precursors, acoustic emissions, fiber-bundle 
model, rupture, nucleation. 
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1. INTRODUCTION 
A magnitude  Mw = 6.0  earthquake occurred on the Parkfield segment of the 
San Andreas fault on 28 September 2004. This was the most recent in a se-
quence of  M ≈ 6.0  earthquakes that have occurred on this segment with 
mean intervals of about 30 years. In expectation of this event, a dense array 
of instruments were deployed to study all aspects of the earthquake. Seis-
mometers were installed to monitor any precursory seismic activity. No pre-
cursory seismic activity was observed on or near the rupture surface. The 
instrument sensitivity extended down to at least an  M = 1  earthquake  
(Bakun et al. 2005).  

The object of this paper is to study the physical processes responsible for 
precursory seismicity. Two examples of precursory seismicity have received 
considerable attention. The first of these are foreshocks. Extensive statistical 
studies have shown that the magnitudes of most foreshocks are very nearly 
as large as the subsequent mainshocks (Savage and dePolo 1993). In addi-
tion, the times of occurrence of the foreshocks are quite close to the times of 
the mainshocks (Agnew and Jones 1991). These observations have led to the 
working hypothesis that a foreshock is an aftershock that had a magnitude 
larger than the magnitude of the original mainshock (Helmstetter and 
Sornette 2003). About 5% of earthquakes have foreshocks (Reasenberg 
1999). No foreshocks occurred prior to the 2004 Parkfield earthquake. 

A second example of observed precursory seismicity is accelerated mo-
ment release (AMR) (Bowman et al. 1998). There is considerable evidence 
that there may be an increase in the number of intermediate-sized earth-
quakes prior to some large earthquakes. This precursory seismicity occurs 
over periods of years and accelerates in frequency prior to the large earth-
quake. The region over which this seismicity occurs appears to scale as a 
correlation length which is a function of the magnitude of the large earth-
quake. Earthquakes associated with foreshocks and AMR occur on faults 
other than the fault on which the subsequent large earthquake occurs. In this 
paper our concern is the occurrence of precursory seismicity on the fault 
zone on which a large earthquake subsequently occurs. No such seismicity 
was observed prior the 2004 Parkfield earthquake. We propose a model for 
the physics of material failure associated with an earthquake. 

Our understanding of the physics of material failure is largely based on 
laboratory experiments. The Parkfield earthquake occurred on a well defined 
fault, the San Andreas, that had been subject to many previous ruptures. It is 
generally hypothesized that fault ruptures occur when the applied shear 
stress exceeds the “static” coefficient of friction. Many laboratory studies of 
frictional sliding on model faults have been carried out (Marone 1998). 
Probably the most relevant in terms of precursory damage prior to failure 
was carried out by Weeks et al. (1978). A large granite block containing  
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a through-going saw cut was confined at pressures up to 100 MPa. Under con- 
stant stress-rate loading, fourteen violent slip events occurred. Some 8000 
microseismic events also occurred. A systematic increase in the rate of 
microseismic events was observed prior to each major slip event. These 
events satisfied a power-law frequency-amplitude scaling to a good approx-
imation. 

The granite blocks constituted rigid elastic half spaces with near uniform 
properties. The frictional resistance of the saw cut can be attributed to  
“asperities” (points of contact) across the saw cut. These asperities can be 
assumed to have a range of scales and strengths. When an asperity fails, the 
stress carried by the asperity is transferred to other asperities. The physics of 
this stress transfer is a major focus of this paper. The precursory acoustic 
emissions can be associated with failure of weak “asperities” (points of con-
tact). A major question in earthquake physics is: Why do we not observe as-
perity failures (small earthquakes) prior to an event such as the Parkfield 
earthquake? 

Before presenting our model for earthquake rupture it is appropriate to 
discuss the relevance of these laboratory studies to earthquake ruptures. It is 
generally accepted that friction is the applicable rheology for faults. Howev-
er, there are differences between the laboratory conditions and the conditions 
of a fault. In the laboratory, normal stresses are much lower and the rates of 
strain are much higher. In addition, the role of fluids in terms of fluid pres-
sure and chemical healing of a fault are not duplicated. Thus caution must be 
exercised in relating the laboratory experiments to earthquakes. 

In this paper we restrict our earthquake discussion to the precursory be-
havior prior to the 2004 Parkfield earthquake because of the very sensitive 
seismic network adjacent to the rupture which provides the best available ev-
idence for the absence of precursory small earthquakes. We have restricted 
our discussion of laboratory experiments to those of Weeks et al. (1978) be-
cause they most closely simulate the earthquake rupture. 

The basic observation we address in this paper is the absence of small 
earthquakes on a fault prior to a large earthquake. This is not the case for the 
laboratory experiments discussed above, in which a large number of 
microseismic events preceded rupture. In order to provide an answer to this 
question, we will consider a discrete model for the behavior of asperities on 
a rupture surface. Several discrete models for faults have been proposed. The 
first large-scale model was studied by Carlson and Langer (1989). These au-
thors considered a long linear array of slider blocks; each block was attached 
to a constant velocity driver plate by loader springs, spring constant KL , and 
was connected to the two adjacent blocks with connector springs, spring 
constant Kc. They used a velocity weakening friction law and considered up 
to 400 blocks. Slip events involved various numbers of blocks. The frequency-
size distribution of events was found to satisfy power-law scaling. Many 
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other slider-blocks simulations have been carried out with similar results. 
This work has been reviewed by Turcotte (1999). A near uniform behavior is 
found under a wide range of conditions. This behavior is controlled by the 
ratio of spring constants 

 .C

L

K
K

γ =  (1) 

If γ is very small, single block failures dominate; as γ is increased a power-
law frequency-size distribution of small events develops but no large events 
occur. The ratio of spring constants γ can be increased until the power-law 
distribution extends across the entire array; this is taken to be a critical point, 
and γ is the turning parameter. As γ is increased further, system wide events 
occur with a power-law distribution of small events. In the limit  γ → ∞   
only system wide events occur (Turcotte et al. 2007). There are similarities 
between the large γ slider-block model and the experiments described above. 
However, a systematic acceleration of small slip events prior to a large event 
is not seen.  

In this paper we will model fault rupture using a fiber-bundle model. We 
associate the fibers with asperities on a fault. We will consider in some detail 
the relation of the fiber-bundle model to the slider-block model in the  
Appendix. Fiber-bundle models have been widely used to model material 
failure (Pradhan et al. 2010), specifically for composite materials. Two types 
of fiber-bundle models have been proposed. The first is a static model in 
which the failure strength of each fiber is specified from a statistical distribu-
tion (Daniels 1945). There is no time dependence in this model, a fiber fails 
instantaneously when the stress on the fiber is equal to or greater than the 
prescribed failure strength. The second type of model is dynamic and time 
dependent. A time to failure is specified for each fiber from a statistical dis-
tribution. These failure times are strongly stress dependent (Coleman 1958).  

It is also necessary to specify how the stress from a failed fiber is redis-
tributed to other fibers. One extreme case is an equal load sharing. The stress 
from a failed fiber is redistributed equally to all surviving fibers. The other 
extreme case is a local load sharing. The stress from a failed fiber is redis-
tributed equally to adjacent fibers. Fiber-bundle models have been  
reviewed by Phoenix and Newman (2009). 

An important distinction between slider-block and fiber-bundle models is 
healing. In the standard slider-block model, the surface heals after a slip 
event and multiple slip events involving a block can occur. In the standard 
fiber-bundle model, the fiber is removed from the system when it fails and 
cannot carry a stress again. 

Our objective is to model the failure of asperities on a fault during stress 
accumulation. We make the hypothesis that when an asperity fails it does not 
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restick and therefore we utilize the fiber-bundle model in preference to the 
slider-block model. Since stress accumulation on a fault is a slow process we 
choose the static model and specify the distribution of the strengths of the  
fibers (asperities). We find the variability of these strengths (coefficient of 
variation representing material heterogeneity) to be an important parameter. 
Redistribution of stress from a failed fiber is also important. Two extremes 
are the uniform load sharing (the load is redistributed uniformly to surviving 
fibers) and the local load sharing (load is redistributed to adjacent fibers). 
We associate the near uniform load sharing with the laboratory experiments 
described above due to the rigidity of the granite matrix. We associate the 
local load sharing with actual faults due to the damaged matrix in which they 
are embedded. We will show that precursory failures are fewer with local 
load sharing than with uniform load sharing. 

There have been extensive discussions in the physics literature whether 
the transition from nucleation to rupture is a phase change. This work has 
been reviewed by Alava et al. (2006) and Pradhan et al. (2010). The thermo-
dynamics of fiber-bundle models has been discussed by Pride and Toussaint 
(2002). Central to this work is the definition of temperature for the problem. 
Fluctuations can be introduced but they do not follow naturally from the 
basic fiber-bundle model. 

A relevant set of laboratory experiments have been carried out by 
Garcimartin et al. (1997) and by Guarino et al. (1998, 1999, 2002). These  
authors studied the failure of circular panels (222 mm diameter, 3-5 mm 
thickness) of chipboard. A differential pressure across the panel was (1) in-
creased linearly in time until failure occurred, or (2) increased instantaneous-
ly and held constant until failure occurred. The use of chipboard introduced a 
relatively soft material with interacting fibers similar to our fault model. Pre-
cursory micro fractures occurred. Initially, the micro fractures occurred ran-
domly but they subsequently coalesced in the region of subsequent rupture 
initiation. Precursory acoustic emissions occurred similar in form to those  
illustrated in Fig. 4b. We conclude that the near uniform tension hoop stresses 
in the panels result in a near uniform stress distribution from failed fibers.  

Scorretti et al. (2001) and Ciliberto et al. (2001) discussed the failure be-
havior of the chipboard in terms of a fiber-bundle model. They argued that 
the dominant feature is a random (thermal) distribution of stresses. The het-
erogeneous stress field is not due to thermalization but rather due to the 
stress interactions in the heterogeneous chipboard. Their explanation would 
appear also applicable to earthquakes on faults. The heterogeneous nature of 
the earth’s crust due to distribution of faults and joints on all scales leads to a 
strongly heterogeneous stress field. This heterogeneous stress field masks 
the build up of stress during the tectonic earthquake cycle, as discussed 
above. 
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2.  FIBER-BUNDLE  MODEL 
Our model consists of a square array of n0 fibers, as illustrated in Fig. 1. 
A load F0 is applied to the array and the mean stress on the fibers f  is given 
by 

 
0

.Ff
n

=  (2) 

The failure force for each fiber i, ffi, is specified by a statistical distribu-
tion of failure forces. Based on many studies, we choose the Weibull distri-
bution (Weibull 1951, Meeker and Escobar 1998). The unique property of 
the Weibull distribution is the scale-invariant, power-law behavior of its  
hazard function. The cumulative distribution function (cdf) for this distribu-
tion is given by 

 ( )
0

1 exp ,fi
fi

f
P f

f

β⎡ ⎤⎛ ⎞
⎢ ⎥= − −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (3) 

where f0 is a reference failure force and β is the power-law exponent. The 
mean f , standard deviation σ, and coefficient of variation Cv of the Weibull 
distribution are given by 

Fig. 1. Illustration of the model. A square array of fibers is considered with L fibers 
on a side. For the example shown  L = 20  so the original number of fibers is 
n0 = 202 = 400. The load on the fibers is increased until the weakest fiber fails, this is 
indicated by the solid square. A local load sharing region is defined, for the case  
illustrated  r = 1  and the number of fibers in this region is nrd 8 as given by Eq. (7). 
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When  β = 1, the Weibull distribution reduces to the exponential distribution. 
In the limit  β → ∞  all fibers fail at the reference failure force f0. The appli-
cability of the Weibull distribution to the failure of fibers has been estab-
lished directly by experimental studies (Pradhan et al. 2010). 

We determine the failure strength of the fibers is in our fiber bundle ran-
domly. For each fiber, a random number Pi in the range 0 to 1 is chosen.  
Using this random number, the failure force ffi /f0 is obtained from Eq. (3). 
The first fiber fails at  ffi = ffmin , the smallest failure stress. The force on the 
array is increased until  f = ffmin , and the weakest fiber fails. The failed fiber 
is removed from the array and the force on this fiber ffmin is redistributed onto 
the surviving fibers, the total force on the array F remains constant. 

The redistributed force is divided into two parts. A fraction p is redis-
tributed equally to all surviving fibers within a range of interaction r (Kun et 
al. 2000). The parameter p is a measure of the stiffness of the system. A stiff 
system has p near zero and a soft system has p near unity. If the medium in 
which a fault is embedded behaves elastically then the stress is redistributed 
according to the laws of elasticity. However, actual faults are embedded in a 
damaged region. Transfers of stress induce displacements on the ensemble of 
embedded faults. The result is that the matrix is relatively soft. 

The concept of local load shearing is illustrated in Fig. 1 with  r = 1. This 
local load sharing is carried out over a square region with  2r + 1  fibers on a 
side. The number of fibers nrd over which this fraction of the failed load is 
redistributed is 
 ( )22 1 1 .rdn r= + −  (7) 

For example, in Fig. 1,  nrd = 8. Each of these nrd fibers has an increase in 
force Δflls given by  

 min .f
lls

rd

pf
f

n
Δ =  (8) 

In subsequent redistributions, some of the fibers in the local load sharing 
region may have been removed due to previous failures. In this case, the 
stress is redistributed to the surviving fibers. In terms of the fiber-bundle 
model, local load sharing takes into account the frictional transfer of stress to 
adjacent fibers when a fiber fails. 
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The other redistribution fraction (1 – p) is distributed equally to all sur-
viving fibers. This is uniform load sharing. For the failure of the first fiber 
each of the  n0 – 1  surviving fibers has an increase in force Δfels given by 

 min(1 )
.

( 1)
f

els

p f
f

n
−

Δ =
−

 (9) 

The fibers within the square local load sharing region receive both con-
tributions. The limit  p = 0 is the uniform load sharing. A fiber does not in-
teract with other fibers and when it fails its stress is redistributed equally to 
all other fibers. This equal redistribution of stresses would be appropriate for 
the granite block experiments carried out by Weeks et al. (1978) and dis-
cussed above. This would be a very stiff system. In order to specify our 
problem we require: (1) array size n0, (2) range of interaction r, (3) measure 
of load sharing p, and (4) Weibull exponent β. As a measure of the applied 
load we consider the mean load per original fiber as given in Eq. (2). We fur-
ther assume that the applied load F(t) increases linearly with time t and write 

 0
0

,tf f
t

=  (10) 

where t0 is a reference time and f0 is the reference failure force introduced in 
Eq. (3). 

3.  MEAN-FIELD  SOLUTION 
To illustrate our fiber-bundle model we first consider the mean-field (uni-
form-load sharing) limit  p = 0. In this case we can obtain an analytic solu-
tion. In the mean-field limit, the forces f(t) on the surviving fibers are equal. 
The number of surviving fibers is n(t). From Eq. (3) we note that in the limit 
β → ∞  all fibers fail at the reference fiber load f0. Thus from Eq. (10) we see 
that the failure of the array in this limit occurs at  t = t0. We will obtain our 
solutions as a function of the nondimensional time t/t0.  

In order to quantify the failure of our fiber bundle we introduce the con-
cept of damage mechanics (Krajcinovic 1996). The damage variable α is de-
fined by 

 0 (1 ) ,E E α= −  (11) 

where E is Young’s modulus during failure and E0 is the original reference 
value of Young’s modulus. The damage variable α quantifies the deviation 
from linear elasticity due to damage such as microcracks. For our fiber-
bundle array with equal load sharing we have 

 
0

1 .n
n

α = −  (12) 
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This follows from the relation 

 0
0

.nE E
n

=  (13)  

A primary objective of our studies is to obtain α(t/t0). 
We first write a force balance for the array with equal-load sharing. This 

is given by 

 0 .F n f nf= =  (14) 

Since the fiber force f is the same for all fibers, the number of surviving 
fibers is related to the fiber force by Eq. (3) with the result 

 
0 0

exp .n f
n f

β⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 (15) 

Combining Eqs. (10) and (14) gives 

 
0 0 0 0

.f f n t
f f n t

= =  (16) 

Combining this with Eq. (16) gives 

 
0 0 0

exp .t f f
t f f

β⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

 (17) 

This equation gives f/f0 as a function of t/t0. It is important to note that for 
each value of t/t0 there are two values of f/f0. This will be illustrated below. 
From Eqs. (12) and (16) we have  

 0

0 0
1  1 ,

fn t
n t f

α = − = −  (18) 

which can be used to obtain α as a function of t/t0. The dependence of α on 
t/t0 is given in Fig. 2 for  β = 2, 6, and 10. We see that the damage increases 
slowly to a maximum critical value of α, αc , at which time, tc , the total fail-
ure occurs catastrophically. The increase in damage from  α = 0  at  t = 0  to 
α = αc  at  t = tc  is a nucleation phase and the increase in damage from  
α = αc  to  α = 1  at  t = tc  is a rupture phase. This transition can be associated 
with a second-order phase change since dα/dt is continuous but d2α/dt2 is 
discontinuous. As noted above, there are two values of α for each value of 
t/t0. The upper values shown as dashed lines are not physical. When  
dα/dt → ∞  the value of α increases instantaneously, as shown by the solid 
lines in Fig. 2. 
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Fig. 2. The dependence of the damage variable α on the nondimensional time t/t0 in 
the uniform load sharing (mean field) limit with  β = 2, 6, and 10. The transition 
from the nucleation phase to the rupture phase occurs when  dα/dt → ∞  with  α = αc  
and  t = tc. The vertical lines represent the rupture phase, the dashed lines are solu-
tions of Eq. (18) but are not physical.  

We can obtain simple analytic expressions for the critical failure time tc 
and the corresponding value of damage αc. As can be seen in Fig. 2 we have 
dα/dt = ∞  at this critical point. This corresponds to the condition  df/dt = ∞  
or  dt/df = 0. Taking the derivative of Eq. (17) we obtain 
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f t f f
t f f f

β β
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 (19) 

which gives 
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And from Eq. (17) we have 
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0
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β

β β
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Combining Eqs. (18), (20), and (21) gives 

 11 exp .cα β
⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 (22) 

For the examples considered in Fig. 2 we have for  β = 2, 6, and 10, 
fc /f0 = 0.707, 0.742, and 0.794; tc /t0 = 0.429, 0.628, and 0.719; and 
αc = 0.393, 0.154, and 0.095.  
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Although we have a critical failure of the array, we do not have a propa-
gating fracture. In the equal load sharing (mean field) limit failures are spa-
tially random. There is no localization and nucleation of a propagating rup-
ture. 

It is also of interest to determine the energy dissipated by fiber failure. 
We assume that the energy dissipated is the elastic energy in the fiber just 
prior to failure. We associate this energy with acoustic emissions and seis-
mic energy. Our objective is to determine the time dependence of the dissi-
pated energy during the nucleation phase and the relative magnitudes of 
energy dissipated during the nucleation phase and the rupture phase. 

We will again define a reference failure energy E0 in the limit  β → ∞. In 
this limit all fibers fail at the reference fiber load f0. The energy dissipated 
when a fiber fails at this load e0 is given by the elastic energy in the fiber at 
this load 
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0 ,
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f f

f

A L
e

E
σ

=  (23) 

where Af is the fiber area, Lf is the fiber length, Ef is Young’s modulus of the 
fiber, and σ0 is the fiber failure stress. Using the relation 

 0 0 .ff A σ=  (24) 
Equation (23) can be written as 
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The total energy associated with the failure of the fiber bundle in the limit  
β → ∞, E0 is given by 
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The energy dissipated when a fiber fails at the load f is given by 
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Using Eqs. (25) and (27) we introduce the nondimensional failure energy 
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0 0
.fe f

e f
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 (28) 

We now apply this result to our mean-field fiber bundle failure. In this 
case all fibers have the same force f(t). We next determine the cumulative 
energy E dissipated in the fiber bundle as it fails. We consider the 
nondimensional ratio E/E0 which is given by 
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Taking the derivative of Eq. (15) we obtain 
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Substitution of Eqs. (28) and (30) into Eq. (29) gives 
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Making the substitution 
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Equation (31) can be written as 
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where γ is the lower incomplete gamma function (Abramowitz and Stegun 
1972). 

From Eqs. (17) and (31) we obtain E/E0 as a function of t/t0 . 

Fig. 3. Dependence of the nondimensional accumulative energy dissipated Ef /E0 on 
the nondimensional time  t = t0  in the uniform load sharing (mean field, p = 0) limit 
with  β = 2, 6, and 10. The transition from the nucleation phase to the rupture phase 
occurs when  dEf /dt → ∞  with  Ef = En  and  t = tc. The vertical lines represent the 
rupture phase, the dashed lines are solutions of Eq. (17) and (31) but are not physical. 
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The dependence of the cumulative energy dissipated E/E0 on t/t0 is given 
in Fig. 3 for  β = 2, 6, and 10. The nucleation and rupture phases are clearly 
illustrated. The energy dissipated during the nucleation phase En is associated 
with precursory fiber failures or foreshocks. The energy dissipated during 
the rupture phase Er is associated with the propagating rupture or main 
shock. For  β = 2  we have  En/E0 = 0.097  and  Er/E0 = 0.893  so that 
En/Er = 0.109, about 10% of the energy is dissipated in the nucleation phase. 
For  β = 6  the values are  En/E0 = 0.064,  Er/E0 = 0.830, and  En/Er = 0.072. 
For  β = 10  we have  En/E0 = 0.049,  Er/E0 = 0.870,  and  En/Er = 0.056. 

4.  SIMULATIONS 
In order to understand the behavior of our model we have carried out a  
sequence of numerical simulations. All simulations are carried out on a square 
array of width 150 so that the original number of fibers is  n0 = 1502 =  
22 500. Our simulations will also be restricted to the range of interaction  
r = 1. Results will be given for power-law exponents  β = 2, 6, and 10 and  
a range of values of the redistribution parameter p. Varying the range of in-
teraction r gives results similar to those obtained by varying the redistribu-
tion parameter p. 

In Figure 4 nucleation and propagation of the rupture are illustrated for 
several typical examples. The distributions of failed fibers (dark areas) are 
given for increasing values of the damage variable. The lowest value of the 
damage variable, α = 0.07  in Fig. 4a, is during the nucleation phase. The se-
cond value of the damage variable, αc = 0.145  in Fig. 4a, is at the critical 
transition from nucleation to rupture. The largest value of the damage varia-
ble, α = 0.3  in Fig. 4a, is during the propagation phase. Note that periodic 
boundary conditions are assumed so that when the propagating fracture 
reaches the top boundary of the array its extension appears at the lower 
boundary. The amount of damage during the nucleation phase decreases with 
increasing value of p and β. 

It is also of interest to study the distribution of cluster areas at the critical 
transition from nucleation to propagation. In Figure 5 we give the cumula-
tive number of clusters Ncc with areas greater than Ac for the four examples 
given in Fig. 4. The cluster area Ac is taken to be the number of adjacent  
fibers that have failed. We compare our data in Fig. 5 with the power-law 
scaling relation 

 /2 .D
cc cN CA−=  (34) 

We find quite good scaling taking the fractal dimension  D = 4. Hemmer 
and Hansen (1992) found a similar dependence for their fiber bundle studies 
taking  D = 3. 
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Fig. 4. Four examples of rupture nucleation and propagation are illustrated. The dark 
regions are failed fibers. On the left are examples during nucleation, on the center 
critical (α = αc) nucleation is illustrated and on the right are examples during rup-
ture. In all cases  n0 = 22 500  and  r = 1. Results are given for: (a) β = 2, p = 1, 
(b) β = 6, p = 0.5, (c) β = 10, p = 0.5, and (d) β = 10, p = 1. 
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Fig. 5. Frequency-area statistics for failed clusters at the critical transition from nu-
cleation to propagation. The cumulative numbers of clusters Ncc are given as a func-
tion of cluster area Ac for the four examples in Fig. 4. The straight lines are the 
correlation with the power-law scaling given in Eq. (32) taking  D = 4. Colour ver-
sion of this figure is available in electronic edition only. 

In Figure 6 we give the dependence of the damage variable α on the 
nondimensional time t/t0. Typical simulations are shown. There is some vari-
ability among simulations, but this is generally small, a few percent. The nu-
cleation phase is delayed significantly as β is increased. This is expected 
since as  β → ∞  there will be no nucleation phase and the rupture will prop-
agate at  t/t0 = 1. The nucleation phase has only a weak dependence on p. 
However, as p is increased the critical values of the damage variable αc de-
crease. 

In Figure 7a we give the dependence of the critical nondimensional fail-
ure time tc /t0 on the load sharing parameter p and in Fig. 7b we give the de-
pendence of the corresponding critical damage parameter value αc on p. In 
each case, we give results for  β = 2, 6, and 10. We see that both tc /t0 and αc 
decrease with increasing values of p.  

We next determine the cumulative energy dissipated during fiber fail-
ures. During simulation, the nondimensional energy dissipated in a fiber 
failure Ef /E0 is given by Eq. (28). These values are added to give the cumu-
lative nondimensional energy dissipated Ef /E0. These values are given as a 
function of nondimensional time t/t0 in Fig. 8 for (a) p = 0, (b) p = 0.5, and 
(c) p = 1.0. In each case, results are given for  β = 2, 6, and 10.  

In Figure 9 we give the dependence of the ratio of energy generated in 
the nucleation phase En to the energy generated in the rupture phase Er on the  
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Fig. 6. Dependence of the damage variable α on the nondimensional time t/tc. Re-
sults are given for: (a) p = 0, (b) p = 0.5, and (c) p = 1.0. In each case results are giv-
en for: β = 2, β = 6, and β = 10. The simulations given in (a) are basically identical 
to the analytical results given in Fig. 2. 

(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 
(c) 
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Fig. 7: (a) Dependence of the critical nondimensional failure time tc/t0 on the load 
sharing parameter p; (b) dependence of the corresponding critical damage parame-
ters αc on p. In both cases results are given for  β = 2, 6, and 10. 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
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Fig. 8. Dependence of the nondimensional cumulative energy dissipated Ef /E0 on the 
nondimensional time t/t0. Results are given for: (a) p = 0, (b) p = 0.5, and (c) p = 1.0. 
In each case results are given for  β = 2, 6, and 10. The simulations given in (a) are 
basically identical to the analytical results given in Fig. 3. 

(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 

(c) 
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Fig. 9. Dependence of the ratio of energy generated in the nucleation phase En to the 
energy generated in the rupture phase Er on the load sharing parameter p with  β = 2, 
6, and 10. We associate Er with a main shock with magnitude mms and En with a sin-
gle foreshock of magnitude mfs. The energy ratios associated with  mms – mfs = 1  and 
2 are all given. 

load sharing parameter p with  β = 2, 6, and 10. We associate the propagation 
phase with a main shock of magnitude mms, and we associate the nucleation 
phase with a single precursor earthquake of magnitude mfs. Using the stan-
dard relation between earthquake energy and magnitude we write 

 1.5( )10 .ms fsm mn

r

E
E

− −=  (33) 

We also give in Fig. 9 energy ratios corresponding to  mms – mfs = 1 and 2. 
A major focus of this paper is to study the role of precursory damage 

prior to a propagating rupture. The objective is to provide an explanation for 
the absence of small earthquakes as a precursor to the 2004 Parkfield earth-
quake as well as other earthquakes. Figure 9 illustrates the conditions under 
which precursory damage is reduced. For  p = 0 (the uniform load sharing, 
mean-field limit) the energy in the precursory events is about 10% of the en-
ergy generated by the propagating rupture. There is only a weak dependence 
on the Weibull exponent β. The stress from a failed asperity is transferred to 
all other asperities. This transfer enhances precursory failures and a strong 
nucleation phase. We associate their behavior with the laboratory experi-
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ments discussed above. The rigid granite blocks transfer the stress from a 
failed asperity across the entire saw cut (model fault). 

For the  p = 1 (local load sharing) limit the energy in the precursory 
damage is reduced considerably. There is also a strong dependence on the 
Weibull exponent β. With  β = 10  and  p = 1  the energy in the precursory 
events is only 0.02% of the energy in the propagating rupture. In order to re-
late our results to the problem of precursory seismic activity we have also 
included in Fig. 9 the magnitude of a single precursory earthquake that 
would give the fraction of precursory energy release during the nucleation 
phase. For p near unity and large β, the precursory single earthquake would 
have a magnitude two units less than the main shock associated with the 
propagation phase. For the 2004 Parkfield magnitude 6.0 earthquake  this 
would be the energy associated with a single magnitude 4 earthquake.  

With  p = 1  the force from a failed asperity is transferred to adjacent  
asperities. This local transfer of stress accelerates fracture nucleation reduc-
ing precursory failures. We associate this behavior with faults. The matrix 
around a fault is heavily damaged and this damage inhibits the transfer of 
stress from a failed asperity over large distances. 

5.  DISCUSSION 
A major problem in understanding earthquake physics is the absence of 
a precursory build up of seismicity associated with the rupture of a major 
earthquake. There was no evidence for precursory seismic activity prior to 
the 2004 Parkfield  Mw = 6  earthquake. A very sensitive seismic array was 
located adjacent to the rupture and no systematic build up of activity was ob-
served. 

In order to study this problem, we have utilized a fiber-bundle model. 
Breaking fibers are hypothesized to be analogous to breaking asperities on 
a fault zone. The behavior of the fiber-bundle model is controlled by several 
parameters and assumptions. First we assume a “static” model in which fail-
ure forces on each fiber are specified. We believe that this is the appropriate 
approach for a model of a main shock since the build up of the tectonic stress 
is so slow. It is also necessary to specify the statistical distribution of failure 
stresses. We choose the Weibull distribution given in Eq. (3) because it is the 
accepted distribution for the failure of fiber bundle (Phoenix and Newman 
2009). It is also necessary to specify the power-law exponent β of the distri-
bution and we consider several values. 

There are alternative ways in which the force on a failed fiber is redis-
tributed. We introduce a redistribution parameter p which is the fraction of 
the force that is redistributed to neighboring fibers (local load sharing). The 
remainder of the force  1 – p  is redistributed to all surviving fibers (uniform 
load sharing). It is also necessary to specify the range of local load sharing. 
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We assume that the fraction of the load p is redistributed to all surviving  
fibers in a square region with  2r + 1  fibers on a side as defined in Eq. (7). 
When  2r + 1  is equal to the size of the square grid of fibers local load shar-
ing  p = 1  is equivalent to equal load sharing and  p = 0.  

In our simulations we consider only local load sharing with  r = 1. Our 
focus is on the role of parameters p and β on precursory failures. Our results 
are clearly illustrated in Fig. 9. Precursory failures are suppressed as  p → 1  
for relatively large β. Local load sharing leads to a weak nucleation phase 
and a strong rupture phase. This result is clearly illustrated in Fig. 4. Precur-
sory activity is very low for  p = 1  and  β = 10. 

In the Appendix we have related the fiber-bundle model to the slider-
block model. A slider-block model without healing is similar to the fiber-
bundle model. When a block slips, it does not stick. The primary parameter 
in the slider-block model is the ratio of spring constants defined in Eq. (1). 
As shown in Eq. (A21), with very weak springs, γ → 0, we have uniform 
load sharing corresponding to  p = 0  in the fiber bundle model and with very 
strong connector springs, γ → ∞, we have local load sharing corresponding 
to  p = 1  in the fiber-bundle model. The redistribution parameter p plays the 
same role in the fiber-bundle model as the spring constant ratio γ in the  
slider-block model. 

As discussed in the Introduction, the laboratory experiments on granite 
blocks carried out by Weeks et al. (1978) also exhibited systematic precurso-
ry acoustic emissions. Again it appears to be appropriate to associate these 
experiments with the uniform load sharing limit. The granite blocks behaved 
as loader plates in a slider-block model. When an asperity failed the rigid 
granite block transferred the force on that asperity to all surviving asperities. 

We attribute the lack of precursory seismicity prior to earthquakes to  
local load sharing from failed asperities. The Earth’s crust in seismogenic 
regions is populated by faults on all scales. This complexity allows the force 
on a failed asperity to be transferred only to neighboring asperities, i.e., local 
load sharing. Thus, the behavior of a fault is better approximated by the lack 
of precursory damage as illustrated in Fig. 4d. 

A P P E N D I X  

Slider-block model 

There are strong similarities between the fiber-bundle model and the slider-
block model. We will use these similarities to relate the load-sharing  
parameter p in our fiber-bundle model to the slider-block model. We consider 
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a slider-block model consisting of a two-dimensional square array of n0 slider 
blocks pulled over a surface by a driver plate (Turcotte 1997). A constant 
pulling force F is applied to the driver plate. Each block is connected to the 
driver plate with a driver spring with spring constant KL. Each block is con-
nected to nc adjacent blocks with connector springs with spring constants Kc. 
We assume that the blocks have a statistical distribution of static frictional 
failure strengths in analogy to the failure strengths of our fibers. The force F 
on the driver plate is increased from zero until the weakest block slips with 
a force F/n0 on it. The extension of the connector springs x is given by  

 
0

.
L

Fx
n K

=  (A1) 

In order to relate the slider-block model to the fiber-bundle model we as-
sume that the frictional force on the failed block is zero after slip. 

To illustrate the behavior of this slider-block model we first consider two 
limiting cases: (1) no connector springs (Kc = 0) and (2) very strong con-
nector springs (Kc » KL). When a block fails with  Kc = 0, there is no force on 
the block and the original force on the block xKL is transferred equally to the   
n – 1  remaining blocks. This results in an increase in the extension of the 
loader springs from x to  x + δx. The resulting force balance is 

 ( 1) ,L LxK n K xδ= −  (A2) 
or 

 .
( 1)

xx
n

δ =
−

 (A3) 

With  Kc = 0  and no frictional force on the failed block, the forces on the 
connector springs are zero so that the displacement of the failed block xb is 
given by 

 .
1b

nxx x x
n

δ= + =
−

 (A4) 

This is the uniform-load sharing (mean field) limit. This corresponds to the  
p = 0 (uniform load sharing) limit for the fiber-bundle model.  

When a block fails with  Kc » KL , the displacement of failed block is very 
small so that the force transmitted to this block through its loader spring  
remains unchanged. All loader springs transmit the same force so that there 
is no displacement of the driver plate and 
 0 .xδ =  (A5) 

The load on the failed block is distributed uniformly to the nc blocks to 
which it is connected by connector springs, this is local load sharing. The re-
sulting force balance on the failed block requires 
 .L c b c c c cxK n x K n x K= =  (A6) 
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The extension of the connector springs xc is given by 

 .L
c

c c

xK
x

n K
=  (A7) 

In the limit  Kc /KL → ∞  we have  xb = xc → 0. The load is redistributed 
locally and the driver plate does not move. This corresponds to the  p = 1 
(local load sharing) limit for the fiber-bundle model. 

We now give the general result for arbitrary values of Kc and KL. The 
force balance on the failed block before and after failure (slip) requires that  

 ( 1) .L L c c bxK n K x n K xδ= − +  (A8) 

This reduces to Eqs. (A2) and (A6) in the appropriate limits. In addition, the 
static force balance between the force exerted by the driver spring and the 
force exerted by the nc connector springs requires  

 ( ) L .b c c bx x x K n K xδ+ − =  (A9) 

Equations (A8) and (A9) can now be solved for the displacement of the 
loader plate δx and the displacement of the failed block xb. 

The displacement of the loader plate is given by  

 .
( 1)

L

c c L

K x
x

n K n K n
δ =

+ −
 (A10) 

This reduces to Eq. (A3) when  Kc = 0  and to Eq. (A5) when  Kc » KL. The 
displacement of the failed block is given by  

 .
( 1)

L
b

c c L

nK x
x

n K n K n
=

+ −
 (A11) 

This reduces to Eq. (A4) when  Kc = 0  and to Eq. (A7) when  Kc » KL. We 
finally consider the partition of the load from a failed site to the surviving 
sites. 

When a site fails the load  ff  that is redistributed to other sites is given by 

 ,f L mf LLSf K x f f= = +  (A12) 

where  fmf  is the fraction of the load redistributed uniformly (mean field) and 
fLLS is the fraction of the load redistributed locally. The equal load sharing 
(mean field) component is redistributed to all surviving blocks due to the 
displacement δx of the drive plate. This component  fmf  is given by 
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 ( 1) ,mf Lf n K xδ= −  (A13) 

and using Eq. (A10) we obtain 

 
2( 1)

.
( 1)

L
mf

c c L

n K x
f

n K n K n
−

=
+ −

 (A14) 

There is also a local load-sharing component that is redistributed to the 
nc local blocks connected to the failed block by connector springs. This 
component  fLLS  is given by 

 ,LLS c b cf n x K=  (A15) 

and using Eq. (A11) we obtain 

 .
( 1)

c c L
LLS

c c L

n K nK x
f

n K n K n
=

+ −
 (A16) 

Adding Eqs. (A14) and (A16) gives (A12), as required. 
We introduced the redistribution fraction in Eq. (7). Noting that  

 ,LLS rd llsf n f= Δ  (A17) 
and 
 min ,f ff f=  (A18) 

we find 

 .LLS

f

f
p

f
=  (A19) 

Introducing the ratio of spring constants defined in Eq. (1), substitution 
of Eqs. (A12) and (A16) in Eq. (A19) gives 

 .
( 1)

c

c

n n
p

n n n
γ

γ
=

+ −
 (A20) 

For  n » 1  we have  

 .
1

c

c

n
p

n
γ

γ
=

+
 (A21) 

This demonstrates that the local load sharing limit (p = 1) in the fiber bundle 
model corresponds to the  γ → ∞ (Kc » KL) limit in the slider-block model 
and that the uniform (mean field) limit (p = 0) in the fiber-bundle model cor-
responds to the  γ = 0 (Kc = 0) limit in the slider-block model. 
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A b s t r a c t  

The continuous background seismic activity contains information 
on the internal state of a volcanic system. Here, we report the influence 
of major regional tectonic earthquakes (M > 5 in most cases) on such 
state, reflected as changes in the spectral and dynamical parameters of 
the volcano continuous seismic data. Although changes do not always 
occur, analysis of five cases of earthquake-induced variations in the sig-
nals recorded at Popocatépetl volcano in central México reveal signifi-
cant fluctuations following the tectonic earthquakes. External visible 
volcanic activity, such as small to moderate explosions and ash emis-



DYNAMICAL  ANALYSIS  OF  POPOCATÉPETL  SEISMIC  VOLCANO 
 

665 

sions, were related to those fluctuations. We briefly discuss possible 
causes of the variations. We conclude that recognition of fluctuations in 
the dynamical parameters in volcano monitoring seismic signals after 
tectonic earthquakes, even those located in the far field, hundreds of 
kilometers away, may provide an additional criterion for eruption fore-
casting, and for decision making in the definition of volcanic alert levels. 

Key words: dynamical parameters, continuous seismic signal, volcanic 
activity, Popocatépetl volcano, tectonic earthquakes. 

1. INTRODUCTION 
Popocatépetl (19.02°N, 98.62°W) is an andesitic-dacitic stratovolcano,  
located about 60 km southeast of México City and about 45 km west of the 
city of Puebla. With an elevation of 5452 m a.s.l., it is the second highest 
volcano in the country. It has an elliptical summit crater measuring about 
800 × 600 m. About 23 000 years BP a major eruption destroyed a previous 
volcanic edifice (Boudal and Robin 1989). Since then Popocatépetl has pro-
duced several eruptive episodes of different types, including Plinian phases. 
The current eruption began on 21 December 1994, after 70 years of quies-
cence. It has been characterized by a succession of effusive dome growth 
and explosive destruction episodes, alternating with periods of relative qui-
escence (De la Cruz-Reyna and Tilling 2008). The seismic monitoring net-
work used for the surveillance of the volcano has produced a large data set 
that includes continuous base-line signatures of the quiescent periods, the 
signals produced by the eruptive activity, and the background tectonic seis-
micity, which is also recorded by the Servicio Sismológico Nacional (SSN; 
The National Seismic Network of Mexico, http://www.ssn.unam.mx).  

The occurrence of a tectonic earthquake sufficiently close to a volcano 
and/or sufficiently energetic can trigger changes in its internal activity (i.e., 
Ortiz et al. 2003, Manga and Brodsky 2006, and references therein; Walter 
and Amelung 2007, Walter et al. 2009, De la Cruz-Reyna et al. 2010) and in 
some cases even external manifestations such as occurrence of explosions, 
increased steam or ash emissions, or increased convection in a lava lake 
(Carniel et al. 2003). We present here examples of the influence of tectonic 
earthquakes located in Mexico on the ongoing activity of Popocatépetl vol-
cano, recorded as fluctuations in its continuous background seismic activity. 
The analysis has been carried out searching transitions in a number of pa-
rameters computed on the basis of the continuous seismic time series. Simi-
lar dynamical analyses at several other volcanoes have been reported in the 
literature (Carniel and Di Cecca 1999, Privitera et al. 2003, Tárraga et al. 
2006, Carniel and Tárraga 2006, Carniel et al. 2008). Here, we present sev-
eral examples of transitions in one or more parameters of the Popocatépetl 
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continuous seismic signals that may have been induced by the occurrence of 
tectonic earthquakes. The relation between the tectonic activity and the vol-
canic response is discussed in De la Cruz-Reyna et al. (2010), and it is as-
sumed to be primarily related either to the static stress transfer caused by the 
earthquake, or to the dynamic transfer related to the transit of seismic waves 
through the magmatic system. 

2. DATA  AND  METHODS 
The data analyzed here were recorded by three short-period seismic stations 
of the monitoring network for Popocatépetl, operated by CENAPRED 
(Centro Nacional para la Prevención de Desastres de México – the Mexican 
National Center for Disaster Prevention, http://www. cenapred.unam.mx). 
The stations are: Juncos (PPJ), located on the NW slope of the volcano 
(19.0342°N, 98.6446°W) at 4452 m a.s.l.; Cuervos (PPQ) (19.0009°N, 
98.6246°W) on the upper S slope, at 4200 m a.s.l.; and Tetexcaloc (PPT) 
(18.9745°N, 98.6241°W), located on the lower S slope at 3300 m a.s.l. The 
continuous seismic signals are sampled at 100 Hz, and transmitted to the 
CENAPRED monitoring center in Mexico City.  

It is important to consider that the entire seismic signal (seismic events, 
tremor, and seismic noise) contains not only information related to the vol-
cano activity but also additional information, generated by other natural 
and/or anthropogenic sources. On the basis of this hypothesis, it is necessary 
to separate and extract the information related to the volcano activity from 
others. A classical approach to the analysis of seismo-volcanic time series is 
to look for the seismic events above a reference seismic noise level, which 
can then be identified and classified in different categories such as volcano-
tectonic events, long period events, discrete tremor episodes and explosion 
quakes (Minakami 1974, Schick 1988, Chouet 2003). 

Recently, digital signal processing (DSP) techniques have been consid-
erably developed, leading to the increasing availability of software and even 
of specific processors. The earliest, and now considered classical, analysis 
techniques were the spectral analysis (e.g., Van Loan 1992), RSAM (real-
time seismic amplitude measurement; Endo and Murray 1991), SSAM 
(seismic spectral amplitude measurement; Rogers and Stephens 1995), and 
the spectrogram (e.g., Hellweg 1999). These functions are now normally in-
cluded in many software packages used for volcano monitoring (i.e., USGS 
Earthworm System, details at http://folkworm.ceri.memphis.edu/ew-dist). 

Besides these techniques, other functions can and should be included in 
routine seismic noise analyses of volcanic seismic signals. These can be  
applied directly on the original seismic record (i.e., the minimum spectrum, 
Vila et al. 2006), or sometimes can be applied more efficiently after a pre-
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processing that could be simply one of the now classical techniques de-
scribed above (i.e., RSAM, SSAM). One example is the variogram (Jaquet 
and Carniel 2001), aimed to recognize the “memory” of the system generat-
ing the experimental time series and/or its variations with time. Due to the 
large data volume to be analyzed, a preprocessing is also necessary to reduce 
the volume of data and to facilitate the interpretation of the results. 

2.1  Spectral analysis 
Related to the spectral analysis, one of the techniques is to characterize the 
system with the most significant spectral parameters in a series of suitably 
defined time windows, i.e., instead of (re)presenting the full spectrogram, 
one can reduce it to one or more scalar parameters. In the present work, the 
time evolution of the frequency content was analyzed by computing three 
scalar parameters (dominant frequency, average frequency, and spectrum 
standard deviation), derived from the normalized spectrogram over time 
windows of 60 s, as proposed by Carniel and Di Cecca (1999). The normali-
zation is carried out in order to look at the relative energy distribution within 
this frequency range and not at the absolute values. The dominant frequency 
is the central frequency of the spectrogram bin where the maximum is found 
in a given time window. The average frequency is computed by weighting 
the central frequency of each bin by its relative value, so that it represents 
the baricenter of the spectral distribution. Finally, the spectrum standard  
deviation measures how disperse the spectrum is in each time window. An 
hourly average is performed in order to smooth the graphs. 

2.2  Autoregressive models 
Another method is to represent the signal using a different basis, i.e., carry-
ing out decomposition, and then considering only the most relevant ele-
ments, such as the most significant autoregressive (AR) coefficients (Box et 
al. 1994). Although the volcanic phenomena probably involve nonlinearities, 
simple linear models like AR can still detect transitions in the time evolution 
of background seismicity related to significant changes in the volcano activ-
ity, as has been shown for instance at Villarrica volcano in Chile (Tárraga et 
al. 2008).  

Under the hypothesis that the original data follow a Gaussian distribu-
tion, we can represent the signal xt as a linear combination of its past values 
with an error term added up. Then, the autoregressive modelling of order p 
or AR(p) lies on the hypothesis that the time series values have been gener-
ated by an equation of the form: 

 0 1 1 2 2 0
1

...
p

t t t p t p t i t i t
i

x x x x e x eφ φ φ φ φ φ− − − −
=

= + + + + + = + +∑  . (1) 
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The  p + 2  parameters to be estimated are then the  p + 1  autoregressive 
coefficients  (φ0, φ1, ..., φp)  and the variance σ 2 of the residual. In practice, 
these are estimated using least squares to minimize the quadratic error EC: 
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where n is the length of the experimental time series. 
Therefore, the AR coefficients are 
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where X and Z are represented by 
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and the residual variance is 
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The order p of the autoregressive model is chosen as the minimum value 
for which the residuals are sufficiently decorrelated. In our case we chose the 
order  p = 15. Again, the aim is not to do a precise modeling but to look at 
the time evolution of the coefficients and possible (abrupt) changes in that 
evolution. 

2.3  Dynamical parameters 
The next set of parameters derives from the hypothesis that the volcano can 
be considered as a dynamical system characterized by states that evolve in 
time. If X is a set of variables that completely describes the system at a given 
time tn , the deterministic time evolution can be described by a function F 
such that  X (tn + 1) = F [X (tn)]. In this way, each variable carries information 
about the full dynamical history of all the other variables, and can be used to 
forecast the future evolution of the volcanic system. In practice, as the  
dimension (i.e., the number of state variables) is generally high, the function F 
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is nonlinear and random noise cannot be avoided in experimental data, one 
cannot reasonably expect long-term predictability, i.e., the system will typi-
cally show a chaotic behaviour. From the single available variable (in this 
case the vertical ground velocity) we then reconstruct a pseudo-state space 
using the time-delay method introduced by Packard et al. (1980). Two  
parameters are needed for the reconstruction: the delay time, τ, that separates 
each couple of successive coordinates, and the embedding dimension, m, the 
number of coordinates used in the pseudo-state space (Carniel and Di Cecca 
1999). The simplest method to choose the delay time is by using the autocor-
relation function: 

 XY
XY

X Y

σ
ρ

σ σ
=  , (6) 

where σXY represents the covariance, and σX  and σY the standard deviation of 
the random variables X and Y; we thus define 

 { } ( )   0, ..., –   the original time serieskX x k N τ= =  

and 

     ( )max  { }   0, ..., –  and   0, ...,   the delayed time series ,kY y k N tτ τ τ+= = =  

where N is the length of the time series. 
After computing the correlation between the original time series and the 

delayed time series for values of τ from 0 to a maximum delay τmax , the op-
timal delay time will be the first for which ρXY is zero, i.e., the first zero of 
the autocorrelation function. This choice guarantees linear independence of 
the coordinates.  

Another approach to data embedding is the singular value decomposition 
(SVD; Carniel et al. 2003, 2006), whose singular values can then be moni-
tored as a function of time. It is noteworthy that these parameters are often 
proposed on a mostly empirical basis, although interpretations can follow 
later. For instance, the information coming from the singular values of SVD 
has been recently interpreted, using asymptotic properties of the eigenvalues 
of Toeplitz, as strictly related to the power spectrum of the analyzed time se-
ries (Bozzo et al. 2010). 

The SVD can be described as a four-step procedure. During the first  
step (embedding), the monodimensional time series is transformed into  
a L-dimensional time series called trajectory matrix. While the time delay 
for this embedding is chosen equal to 1, the matrix depends on the choice of 
the window length, which defines the embedding dimension. So, for a time 
series  x = {x1, x2, ..., xn}  and an embedding dimension m, the resulting trajec-
tory matrix is 
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which is by definition a Hankel matrix, i.e.,  Xi, j = xi+j-1 . 
The embedding dimension must be sufficiently high to capture the global 

behaviour of the system. Similarly to the case discussed before, a common 
method to determinate m is by using the first zero of the correlation between 
the first and the last columns. 

In the second step (decomposition), this matrix is decomposed as 

  = TX U S V  , (8) 

where U is a  (n – m + 1) × (n – m + 1)  orthogonal matrix, V is a  m × m  or-
thogonal matrix, and S is a  (n – m + 1) × m  diagonal matrix whose elements 
are the singular values of X. 

This is carried out by computing the covariance matrix 

 1 XT

n m
=

−
C X  . (9) 

The spectral decomposition of this matrix is 

  =  TΛC Φ Φ  , (10) 

where Φ is an orthonormal matrix whose columns are the eigenvectors of C, 
and S is a diagonal matrix whose elements σi

2 are the eigenvalues of C in 
decreasing order. The singular values of X are given by the square root of 
the eigenvalues of C. Therefore, 
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We then obtain the spectral decomposition of the trajectory matrix as 
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where ui and vi are the i-th columns of the matrices U and V. 
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This decomposition can also be expressed in a simpler form as 

 
1

m
T

i i
i=

= ∑X XΦ Φ , (13) 

where Φi is the i-th column of Φ. 
The n-th eigenvalue represents the variance of the n-th principal compo-

nent, and the total variance is given by the sum of all eigenvalues. It is then 
convenient to normalize the eigenvalues so that this sum becomes 1; in this 
case, each normalized eigenvalue represents the percentage of the variance 
“explained” by its associated component. 

In the optional third (reconstruction) and fourth (de-embedding) steps, 
such components are re-aggregated, usually according to some specific op-
timization criterion. In the present work, however, we limit ourselves to the 
analysis of the time evolution of the single SVD coefficients, or of the rela-
tion between the values of different subsets of them. 

3. RESULTS 
We present next five different periods in which earthquakes with magnitudes 
greater than five were observed at distances less than 600 km from Popo-
catépetl volcano. In each period, significant changes were observed at the 
volcano. Those periods are June 1999, July-August 2000, October 2001, and 
January 2003. It should be emphasized here that the tectonic earthquakes did 
not always affect the volcano. An example is a  M = 5.9  earthquake located 
at only 100 km from the volcano that did not cause any detectable change in 
the dynamic parameters, nor in the volcanic activity.  

3.1  First case: June 1999 
On 15 June 1999, 20:42 UTC, a  Mw = 7.0  earthquake was detected at 
144 km SE from the volcano, in the hypocentral location 18.38°N, 97.43°W 
at 70 km depth (Singh et al. 1999, www.ssn.unam.mx). During the next  
24 hours, 8 other events were recorded with magnitudes between 3.5 and 
4.5, some in the same area of the main shock, and others closer to the vol-
cano (www.ssn.unam.mx). On 16 June, at 15:00 UTC (375 h counted from 
the beginning of 1 June 1999 as shown in Fig. 1), Popocatépetl showed  
an increase in the local volcano-tectonic (VT) activity first, and in the  
ash and gas emission later (CENAPRED daily reports, available at 
http://www.cenapred.unam.mx/cgi-bin/popo/reportes/consulta.cgi). The VT 
swarm, shown as shorter bold vertical bars in Fig. 1, included 76 events dis-
tributed along 17 hours. Low-intensity exhalations (protracted gas and ash 
emissions) at the volcano were detected at 397.3 h and two large explosions 
recorded at 465.2 h and 466.4 h. 
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Fig. 1. Evolution of singular value decomposition (SVD) during June 1999, as rec-
orded by the Juncos seismic station. Long vertical lines indicate earthquakes with 
magnitude greater than 3 and distance less than 200 km (http://www.ssn.unam. mx/). 
Short vertical bars represent the VT swarms. Time is in hours counted from 1 June 
at 00:00 UTC.  

Continuous seismic data recorded at Juncos (PPJ), Cuervos (PPQ), and 
Tetexcaloc (PPT) stations were analyzed. Juncos station showed a clear 
change in most of the parameters after the tectonic earthquake sequence. Fig-
ure 1 illustrates the evolution of the first three singular values related to SVD. 

In the data recorded by the Tetexcaloc station (not shown), changes  
associated with the 15 June event are less evident, while a clear transition is 
seen following two earthquakes with smaller magnitudes, M = 3.5 and 3.8, 
on 7 June 1999, at 00:24 and 07:31 UTC, respectively. The first was located 
at 30 km from the volcano and 3 km depth, and the second at 150 km from 
the volcano and 53 km depth, in the same area of the 15 June event.  

Analyzing the timing of the transitions in the evolution of the first three 
SV, and comparing with the evolution of the seismic noise energy SSEM 
(spectral seismic energy measurement; Tárraga et al. 2006) during the same 
event at Popocatépetl (discussed in De la Cruz-Reyna et al. 2010), we  
observe that significant SV changes do not occur immediately after the  
Mw = 7  earthquake (hour 358), but only at hours 400~408, when the SSEM 
reveals an hyperbolic acceleration of the seismic energy release rate. The  
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delay of the SSEM accelerated response was attributed to the retardation of 
the static stress transfer of the earthquake caused by a viscoleastic shell sur-
rounding the magmatic system and conduit of the volcano (De la Cruz-
Reyna et al. 2010). The singular values (SV) then return to values compara-
ble to the pre-earthquake state during hours 466~480, when more earth-
quakes and some explosions at the volcano seem to release the remnant 
stress perturbation caused by the main earthquake. In this case, we may thus 
relate the SV changes to the same sources that caused the acceleration of the 
SSEM, namely a modified stress condition in the marred material holding 
the magma which develops a progressive sequence of microfailures, until it 
becomes incapable to keep a pressurized portion of magmatic volatiles and 
an eruption occurs. 

3.2  Second case: August 2000 
On 9 August 2000, 11:41 UTC, a  M = 7.0  earthquake was recorded on the 
Pacific coast between Guerrero and Michoacan, at 447 km from the volcano 
and 9 km depth (www.ssn.unam.mx). This event caused significant changes 
in the activity of Popocatépetl, clearly observed in all parameters and at all 
stations. During the next 10 hours, 7 aftershocks of  M > 4  were recorded, 
 

Fig. 2. Spectrogram of 9 August 2000. Long bold vertical lines represent the  
M = 7.0  earthquake and its aftershocks. Time is in hours counted from 9 August at 
00:00 UTC. 
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and on 10 August, 14:14 UTC Popocatépetl erupted with an ash column 
reaching a height of 3.5 km above the crater (www.cenapred.unam.mx).  
Figure 2 shows the spectrogram of 9 August, showing a clear change about 
2.5 hours after the  M = 7.0  event.  

In this case, the timing of the volcano seismic response shown in the 
spectrogram is much quicker than in the previous case, suggesting that in 
this event the spectral response changes had different causes. The epicenter 
of this  M = 7  earthquake was located farther away compared with the June 
1999 event, reducing the magnitude of the static stress transfer. Therefore, 
a possible explanation may be an alteration of the spectral content of the 
seismic signal caused by the pressure increase in the magma bubbles induced 
by a rectified diffusion during the transit of the main earthquake seismic 
waves (Ichihara and Nishimura 2009, Chouet et al. 2005, Manga and Brod-
sky 2006, De la Cruz-Reyna et al. 2010). 

3.3  Third case: October 2001 
The significant event was a  M = 6.1  earthquake recorded on 8 October, 
03:39 UTC, at 10 km depth, in Guerrero at 280 km from the volcano 
(www.ssn.unam.mx). This earthquake was followed by 6 aftershocks  
of M > 4. That earthquake significantly changed the continuous signal of 
Popocatépetl, as shown by the evolution of the first four SVD singular  
values displayed in Fig. 3. 

The timing in this case is similar as in the August 2000 event, so the 
causes of the modified state of activity are probably similar. 

3.4  Fourth case: January 2003 
In January 2003 two significant earthquakes were recorded: the first (M = 
5.3) at 25 km depth on 10 January, 02:08 UTC, in the Guerrero Pacific coast, 
at 300 km from the volcano, and the second (M = 7.6) at 10 km depth, on 
22 January, 02:06 UTC, in the Colima Pacific coast, at 600 km from the vol-
cano. The second was followed by 9 aftershocks with  M > 4  in the follow-
ing 4 hours (www.ssn.unam.mx). Changes in volcanic seismic activity 
caused by these two earthquakes could be observed in all the parameters. 
This M = 7.6  earthquake caused quite evident changes in spite of the greater 
distance from the volcano. Figure 4 shows the spectrogram for January 2003. 
This again seems to be a case of a modification of the volcano state by the 
passage of seismic waves. 

3.5  Fifth case: April 2009 
An earthquake of  M = 5.7  was recorded on 27 April 2009, 16:46 UTC, at 
a depth of 7 km, in the state of Guerrero, at a distance of 349 km SSW from  
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Fig. 3. Evolution of the singular values related to SVD during the period 2-12 Octo-
ber 2001. The bold vertical line marks the  M = 6.1  earthquake, centered 280 km 
from the volcano. Time is in hours counted from 2 October at 00:00 UTC. 

Fig. 4. Spectrogram of January 2003 at Cuervos (PPQ). Bold vertical lines mark the 
M = 5.3  and  M = 7.6  earthquakes described in the text. Time is in hours counted 
from 1 January at 00:00 UTC. Colour version of this figure is available in electronic 
edition only. 
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Fig. 5. Autoregressive coefficients for the days 21-30 April 2009 at Juncos (PPJ). 
Bold vertical line marks the  M = 5.7  earthquake described in the text. Time is in 
hours counted from 21 April at 20:00 UTC. 

Popocatépetl volcano (www.ssn.unam.mx). The influence of this earthquake 
on the continuous seismic signal is visible at Cuervos (not shown) and  
Juncos stations. Figure 5 shows the time evolution of the four first autore-
gressive coefficients at Juncos station for the last 9 days of April 2009. The 
influence of the earthquake is mostly visible on the third and fourth AR coef-
ficients. Again, the response of the system is very fast, and the volcano state 
alteration may be attributed to the transit of high amplitude seismic waves. 

3.6  A negative case: July 2000 
We consider it important to point out that not all tectonic earthquakes cause 
changes in the volcano activity, even if their hypocenters are relatively close 
to the volcano and/or are energetic events. An example is the earthquake  
occurred on 21 July 2000, 06:13 UTC, at 47 km depth (Fig. 6). Notwith-
standing its relative short distance, 109 km from the volcano, and its rela-
tively high magnitude, M = 5.9, no effect was observed in the Popocatépetl 
volcanic seismicity or activity after the event. Figure 6 shows the absence of 
significant changes in the four first autoregressive coefficients for July 2000. 
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Fig. 6. Autoregressive coefficients, July 2000. Thin vertical lines represent earth-
quakes with magnitudes greater than 3, located at distances under 200 km from  
Popocatépetl volcano. The thicker line CENAPRED (the National Center for Disas-
ter Prevention of México; http://www.cenapred.unam.mx) represents the  M = 5.9 
earthquake described in the text (http://www.ssn.unam.mx/). The gap in the data 
around 450 h was caused by a data-transmission failure. Time is in hours counted 
from 1 July at 00:00 UTC. 

4. CONCLUSIONS 
We have described several examples of earthquakes sufficiently energetic 
(M > 5) and/or sufficiently close to the volcano (distance less than 600 km), 
affecting the volcanic seismicity and the eruptive activity of Popocatépetl. 
However, we also have observed that other earthquakes do not seem to  
influence the volcanic activity in any significant way. Furthermore, there are 
also frequent cases where clear transitions observed in the volcano are unre-
lated to tectonic earthquakes. Nevertheless, our statistics, although somehow 
limited, shows that there is usually at least one earthquake per year, with 
magnitude greater than 5 and distance less than 600 km, out of 2 to  
14 earthquakes per year with these characteristics in the period 1999-2009, 
that affects the behaviour of the volcano, and this we certainly consider  
significant. 
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An important question that remains open is why only some earthquakes 
affect the volcano, while others do not. Possible answers may involve the 
transfer mechanisms of the stresses released by the earthquakes (De la Cruz-
Reyna et al. 2010). For a system already in, or approaching, a critical condi-
tion such as a chronically restless volcano, the prevailing unstable equilibri-
um can be disrupted by small perturbations such as those caused by the small 
stresses transferred by tectonic earthquakes, even if these are located at dis-
tances large compared to their rupture lengths. If the volcano is not in  
a “subcritical” condition (e.g., if the volcanic plumbing system is “open”, 
thereby allowing easy release of pressure) even intermediate magnitude clos-
er earthquakes may not necessarily perturb its internal state. Thus no spectral 
or dynamical fluctuations are detected in the continuous seismic signals. 

Explaining the actual physical changes occurring in a volcanic system 
that could be linked to the spectral and dynamical parameters fluctuations 
associated to regional tectonic activity is beyond the scope of this paper. 
However, some considerations may be discussed regarding the nature of the 
continuous signal analysis methods described here. All of these methods are 
based − in different fashions − on the measure of the strength of the autocor-
relation of the continuous seismic signal, which in turn is strictly linked to its 
spectral content. Even the singular value decomposition can be directly re-
lated to the classical spectral analysis, as shown by Bozzo et al. (2010).  
In general, the frequencies composing the signal that persist for longer times 
are strongly emphasized by those autocorrelations, even if the energy contri-
bution of those signals is small. In contrast, transient, high-energy frequen-
cies barely affect the long-term autocorrelations. The persistent frequencies 
reflect a steady state of a volcano in the same way that the timbre reveals the 
type of instrument that is playing a note with a given pitch. The source of the 
continuous signal (a magma body, a hydrothermal system, etc.) and the har-
monics caused by the geometrical and structural features of the volcanic sys-
tem generate spectrograms that maintain some of their characteristics for  
a long time, generating sets of stationary spectral and dynamic parameters. 
The relevance of the spectral and dynamic parameter analysis presented here 
is that it permits detection of minute variations in a prone volcanic system 
caused by the very small changes in the regional stress field produced by the 
tectonic earthquakes (De la Cruz-Reyna et al. 2010) or by the transit of high-
amplitude seismic waves (Ichihara and Nishimura 2009). Such variations  
revealing subtle changes in the internal state of a volcano may remain unde-
tected by other type of analysis. 

In any case, the behaviour of Popocatépetl should be monitored with par-
ticular attention after an earthquake, because if a significant change is evi-
denced in the time evolution of the dynamic parameters, the possibility of  
a triggered eruption cannot be excluded. 
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A b s t r a c t  

Rapid decompression experiments on natural volcanic rocks  
mimick explosive eruptions. Fragment size distributions (FSD) of such 
experimentally generated pyroclasts are investigated using fractal geome-
try. The fractal dimension of fragmentation, D, of FSD is measured for 
samples from Unzen (Japan) and Popocatépetl (Mexico) volcanoes. 

Results show that: (i) FSD are fractal and can be quantified by 
measuring D values; (ii) D increases linearly with potential energy for 
fragmentation (PEF) and, thus, with increasing applied pressure; (iii) the 
rate of increase of D with PEF depends on open porosity: the higher  
the open porosity, the lower the increase of D with PEF; (iv) at compara-
ble open porosity, samples display a similar behavior for any rock  
composition. 

The method proposed here has the potential to become a standard 
routine to estimate eruptive energy of past and recent eruptions using 
values of D and open porosity, providing an important step towards vol-
canic hazard assessment. 

Key words: experimental volcanology, rapid decompression experi-
ments, fragment size distributions, fractals, eruptive energy. 
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1.  INTRODUCTION 
The introduction of fractal geometry in geosciences (e.g., Turcotte 1992) has 
caused a growing interest in the use of these techniques to a large number of 
geological patterns and processes. Any field of research has experienced the 
application of fractal geometry methods and developed new techniques to 
quantify geological features (e.g., Sammis et al. 1986, Turcotte 1992, Korvin 
1992, Barton 1995, Holtz et al. 2004, Perugini and Poli 2005, Perugini et al. 
2006, 2007). The power of fractals in geology is that they have been proven 
to quantify, often by a single parameter (the fractal dimension, D), complex 
processes that would be otherwise difficult to quantify only by classic geo-
logical techniques. 

One of the research fields of geosciences where the application of fractal 
techniques has been very fruitful is the one studying the development of 
fragmentation processes of Earth materials. In particular, Fragment Size  
Distributions (FSD) generated by a number of geological processes, such as 
rock fragmentation (e.g., Matsushita 1985, Turcotte 1986, Sornette et al. 
1990), fault gauge development (e.g., Sammis et al. 1986, Storti et al. 2003) 
and subsidence breccias (Barnett 2004), have been successfully studied by 
applying fractal statistics. The major result arising from these studies is that 
fractal dimension, D, typically increases as the fragmentation efficiency  
increases providing a powerful tool to quantify the fragmentation process for 
different fragmentation mechanisms (e.g., Turcotte 1986). 

In recent years, the application of fractal techniques has been proven to 
be a powerful tool also in the study of volcanic products including the mor-
phology and shape of ash particles (Dellino and Liotino 2002, Maria and 
Carey 2002, 2007) and FSD resulting from both natural deposits (Taddeucci 
et al. 2004, Pepe et al. 2008, Suzuki-Kamata et al. 2009, Perugini et al. 
2011) and experiments (Kueppers et al. 2006a, b). These studies provided  
a deeper understanding of the mechanisms of magma fragmentation during 
explosive eruptions. They thereby opened new research lines aimed at deriv-
ing empirical relationships linking fragmentation efficiency and eruptive ener-
gy. A major objective of some of these studies is to furnish new tools for 
volcanic hazard assessment starting from the analysis of pyroclastic samples 
(e.g., Kueppers et al. 2006b, Suzuki-Kamata et al. 2009, Perugini et al. 2011). 

In this contribution, the fragment size distributions (FSD) of experimen-
tally generated pyroclasts are investigated using fractal geometry techniques. 
Studied samples derive from Unzen (Japan) and Popocatépetl (Mexico) vol-
canoes and are sampled from the deposits of pyroclastic density currents and 
lava flows. We drilled cylinders from these natural products and used them 
in rapid decompression experiments in the laboratory. The fractal fragmenta-
tion theory is applied to FSD obtained under different pressurizations for 
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samples with different open porosity, and the fractal dimension of fragmen-
tation D of such distributions is measured. The results are discussed in the 
light of their possible applicability in the study of natural pyroclastic depos-
its to estimate the eruptive energy of past and recent eruptions and for  
volcanic hazard assessment. 

2.  SAMPLE  DESCRIPTION  AND  FRAGMENTATION  EXPERIMENTS 
Unzen samples derive from the deposits of dense pyroclastic density currents 
(“block-and-ash flows”), triggered by the gravitational collapse of the active 
dome during the 1990-1995 eruption. The samples have a dacitic composi-
tion and fairly constant phenocryst contents (23-28%, Kueppers et al. 
2006a). Three sets of samples representing values of open porosity of 7.0, 
20.5, and 35.5 vol. % have been chosen. Samples from Popocatépetl have 
 a more heterogeneous origin, with samples from both lava flows (Nealticál 
eruption, about 2100 years BP) and pyroclastic density currents from  
a Plinian eruption occurred about 1200 years BP. All samples have andesite 
composition and a fairly homogeneous phenocryst content of 20% (Alatorre-
Ibargüengoitia et al. 2011). Three sets of samples with open porosity of 18.0 
(lava), 14.0, and 20.0 vol. % (pyroclastic blocks) have been analysed.  

Using these six different samples from natural volcanic eruptions,  
twenty-five rapid decompression experiments were performed in the frag-
mentation bomb (Alidibirov and Dingwell 1996), modified as described by 
Spieler et al. (2004). This apparatus permits the simulation of the physical 
conditions during explosive eruptions in terms of temperature (up to 900 °C), 
gas overpressure (up to 50 MPa), and rate of decompression (up to several 
GPa/s). It consists of three units (Fig. 1): 

 A low-pressure tank at ambient P and T where the experimentally gener-
ated pyroclasts collect (i.e., the atmosphere). 

 A pressurization system with up to three diaphragms, arranged vertically 
(i.e., a plug, dome or similar). 

 A high-pressure steel autoclave with the sample therein (i.e., the volcano). 
This set-up allows for a precise and reproducible pressurization of the 

sample by argon gas. All experiments were heated externally to 850 °C. The 
fragmentation process was triggered by a sudden pressure drop due to the 
opening of diaphragms (Fig. 2) and the propagation of a rarefaction wave  
into the autoclave that will ultimately hit the sample. 

Magmatic fragmentation is driven by gas overpressure in the pore space, 
generated by volatile oversaturation during magma ascent. As for nature, 
magma is fragmented during the experiments when the deformation rate 
(applied via rapidly expanding gas) exceeds the capability of a silicate melt to 
deform by viscous relaxation (Dingwell 1996). Therefore, our experiments 
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Fig. 1: (A) Schematic drawing and (B) picture of the experimental set-up, the frag-
mentation bomb. The large tank is at ambient pressure and collects the pyroclasts. 
 A set of three diaphragms maintains the pressure differential to the externally heat-
ed, high-pressure autoclave, where the cylindrical sample is placed (after Spieler  
et al. 2004).  

are mimicking fragmentation during natural volcanic eruptions as the trig-
gering factor for fragmentation (rapidly expanding gas) and the boundary 
conditions (at elevated gas overpressure and magmatic temperature) are 
comparable (Kueppers et al. 2006a). 

The pyroclasts generated from each decompression experiment have 
been flushed from the low-pressure tank with distilled water through  
a 250 µm sieve and thereby separated into a coarse and a fine fraction. Both 
fractions were dried and weighed. As the experimental set-up is gastight, the 
sample yield is very high. Sieving was performed at half-Φ steps (Φ =  
–log2(d), with d equal to particle diameter (in mm); e.g., Cas and Wright 
1987 or literature therein). In this study, only the coarse fraction (i.e., greater 
than 250 µm) has been used. It is important to note that the experimentally 
generated pyroclast sample does not reflect any transport-related sorting. 

The potential energy for fragmentation (PEF) available in any experi-
ment depends on the sample size, the open porosity of the respective sample 
and the applied pressure: 
 CylPEF [J] ,V Pθ= × × Δ  (1) 
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Fig. 2. Schematic drawing of the experimentally driven fragmentation process:  
(A) A cylindrical rocks sample is placed inside the autoclave, pressurized and heated 
to the desired temperature; (B) When the pressure applied to the uppermost dia-
phragm exceeds − on purpose − its stability, this diaphragm fails and opens, causing 
the immediate opening of the diaphragms below (in the figure only one diaphragm is 
shown for sake of clarity) and a rarefaction wave propagates into the autoclave and 
the sample therein, leading to rapid decompression (of the order of GPa/s) and brittle 
fragmentation. 

where VCyl [m3], θ, and ΔP [Pa] are the volume of the sample, open porosity 
fraction and the applied pressure, respectively. 

As porosity and also the effectively acting overpressure inside the pore 
space are subject to strong horizontal and vertical gradients in ascending 
magmas, the volume of magma affected by an eruption is crucial for the  
energy calculation. Therefore, we are considering the sample volume also for 
the calculation of PEF during the experiments. In particular, sample volume 
was constant for all experiments and equal to 3 × 10–5

 m3. For Unzen sam-
ples, open porosity, θ, and applied pressure, ΔP, ranged from 7 to 
35.5 vol. % (i.e., 0.07 < θ < 0.355) and from 7.5 × 106  to  50 × 106 Pa, respec-
tively, resulting in PEF from about 50 to 270 J. For Popocatépetl, open  
porosity and applied pressure ranged from 14 to 20 vol. % (i.e., 0.14 < θ < 
0.20) and from 11 × 106  to  30 × 106 Pa, respectively, resulting in PEF from 
about 55 to 160 J. In all cases, the lower value of applied pressure was  
depending on sample fragmentation threshold (Spieler et al. 2004). 

3.  FRACTAL  ANALYSIS  OF  EXPERIMENTALLY  GENERATED  
PYROCLASTS:  BASIC  PRINCIPLES 

As reported by Mandelbrot (1982), Korcak in 1938 performed empirical 
studies on the size distribution of the areas of islands and developed the  
empirical relationship: 
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 ( ) ,bN A a a−> ≈  (2) 

where  N(A > a)  is the total number of islands having size A greater than a 
given comparative size, a, and b is a constant equal to 1/2 for all islands 
(Korvin 1992). Mandelbrot (1982) studied Korcak’s work and found that b 
actually varied between island regions with b always being greater than 1/2. 
In the light of fractal theory, he realized that the size distribution of a popula-
tion of islands was actually a consequence of fractal fragmentation and that 
the empirical constant b correlated with the fractal dimension. He therefore 
suggested that fragmentation could be quantified by measuring the fractal 
dimension through the equation 

 ( ) ,DN r R C R−> ≈ ×  (3) 

where D is the fractal dimension of fragmentation; N(r > R)  is the total num-
ber of particles with linear dimension r which is greater than a given com-
parative size, R; and C is a proportionality constant. It is to note that fractal 
dimension, D, derived from Eq. (1) is not a measure of irregularity, but  
a measure of the size-number relationship of the particle population or, in 
other terms, the fragmentation of the population. 

The number-based relationship given in Eq. (3) can be utilized in the 
analysis of fragment size distributions (FSD) of pyroclasts by making  
assumptions about the unit weight of individual particles, since FSD are typ-
ically determined by mass comparison (i.e., mass retained on successive 
sieve sizes). In particular, Eq. (3) can be used by modeling individual parti-
cles as uniform shapes, thereby developing standard uniform densities. By 
assuming the size of the particle to coincide with sieve screen dimensions, 
the number of particles per sieve size can be calculated by dividing the total 
weight material retained on each sieve by the density of an individual parti-
cle. Kueppers et al. (2006a, b) used this approach in the study of experimen-
tally fragmented samples from Mt. Unzen volcano and they showed that 
there is a linear relationship between fractal dimension, D, and potential  
energy of fragmentation (PEF) for samples with different open porosity. 

In practical applications, however, the relationship given by Eq. (3) may 
be not convenient and errors can be introduced in the calculations when con-
sidering particle uniformity with respect shape and density. To avoid such 
potential errors Tyler and Wheatcraft (1992) and Turcotte (1986, 1992) de-
veloped a relationship relating mass measurements and sieve diameters. 
Note that this mass-based approach is directly applicable to data obtained 
from analyses of pyroclastic deposits, where typically mass fractions, rather 
than number fractions, are measured. The mass-based form of Eq. (3) can be 
expressed as 
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 ( ) ,v

T

M r R R
M
<

=  (4) 

where  M(r < R)  is the cumulative mass of particles with size r smaller than 
a comparative size R; MT is the total mass of particles; R is the sieve size 
opening; and v is a constant exponent. Equation (4) is a power-law that can 
be related to the fractal number-based relation by taking incremental values, 
as reported in Matsushita (1985) and Turcotte (1992). Logarithmic transfor-
mation of Eq. (4) results in a linear relationship of  M(r < R)  and R for a 
scale-invariant (i.e., fractal) FSD. The exponent v is found by estimating the 
slope coefficient of the log-log plot. It is possible to derive a direct relation-
ship between the scaling exponent v and the fractal dimension of fragmenta-
tion D. Taking the derivatives of Eqs. (3) and (4) with respect to the size R 
yields, respectively 

 1d d ,DN R R− −∝  (5) 
and 
 1d d .vM R R− −∝  (6) 

The volume of a particle with size r is proportional to its mass m, and, 
hence, r3 ∝ m; it follows that for incremental particle numbers and masses 
we obtain 
 3d d .R N M∝  (7) 

As shown by Turcotte (1992), by substituting Eqs. (5) and (6) into (7) we 
get  
 1 3 1 ,D vR R R− − − −∝  (8) 

from which it follows that 
 3 .D v= −  (9) 

Therefore, the fractal dimension of fragmentation, D, can be calculated using 
the exponent v from the mass-based approach. Equations (4) and (9) are use-
ful in estimating D for pyroclastic deposits since the FSD obtained by parti-
cle size analysis can be utilized directly. This approach has been used to 
analyze FSD of experimentally generated pyroclasts studied in this contribu-
tion with the aim to evaluate their possible fractal nature, to estimate the ex-
ponent v, and, hence, to compute their fractal dimension of fragmentation, D.  

4.  RESULTS  AND  DISCUSSION 
The nature of experimentally generated FSD is displayed in the log-log  
cumulative distributions plots of Fig. 3, used to quantify the degree of frag-
mentation by fractal analysis. In this figure, representative samples with 
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Fig. 3. Log-log plots of fragment size distributions for six representative samples 
from Popocatépetl (A-C, left) and Unzen (D-F, right) volcanoes with different open 
porosity and potential energy for fragmentation (PEF). Symbols denote experimental 
data, dashed lines denote model fits. Grey color data are those not included in the 
linear fitting. Values of r2, slope v, and fractal dimension of fragmentation D are also 
reported in each plot. 
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different open porosity and potential energy for fragmentation (PEF) from 
Popocatépetl (left) and Unzen (right) volcanoes are reported. From these 
graphs it is clear that all FSD display linear trends over a range of length 
scales, following a fractal distribution. The fractal dimension of fragmenta-
tion, D, was estimated for all studied samples from the slope of the linear fit-
ting according to Eqs. (4) and (9). The degree of fragmentation of each 
sample, hence, was quantified by the value of fractal dimension of fragmen-
tation, D: the larger D, the higher the fragmentation efficiency, i.e., the more 
fine fragments. Results indicate that for Unzen and Popocatépetl samples D 
values range from 1.90 to 2.27 and from 1.91 to 2.15, respectively.  

The conceptual model used to derive Eqs. (3) and (4) is based on the 
self-similar fragmentation of an initial solid mass into progressively smaller 
particles (Matsushita 1985, Turcotte 1986). In particular, starting from  
a cubic shape of size h, it is fragmented into eight smaller cubes of size h/2. 
These smaller cubes are further fragmented following an iterative procedure 
to give cubes with size h/4, and so forth. In this fragmentation model, the 
cube has a certain probability, p, to fragment, which is assumed to be con-
stant for all orders of fragmentation. The cube is maximally fragmented into 
eight smaller cubes if  p = 1.0  and into one smaller cube if  p = 1/8. Turcotte 
(1986) established the following relationship between the fragmentation 
probability, p, and fractal dimension, D: 

 log (8 ) ,
log (2)

pD =  (10) 

with the possible range of fractal dimension being  0 < D < 3. A plot of 
Eq. (10), along with p values calculated using values of D measured on stud-
ied samples, is given in Fig. 4. From the graph it is clear that, on average, 
fractal dimension of fragmentation, D, tends to increase as open porosity in-
creases for both Popocatépetl (Fig. 4A) and Unzen samples (Fig. 4B). This 
feature appears to be in agreement with recent results of fractal analyses of 
natural pyroclastic deposits presented by Perugini et al. (2011), where a di-
rect relationship has been found between fractal dimension of fragmentation, 
D, and sample porosity. These authors suggested that, being D correlated 
with fragmentation probability, p, it can be also interpreted as a proxy for 
sample “fragility” (i.e., ability to fragment into smaller fragments). The frac-
tal analysis performed on experimentally produced pyroclasts presented in 
the present work, therefore, appears to corroborate this hypothesis.  

Our results also indicate that there is a systematic increase of fractal  
dimension of fragmentation, D, as the potential energy for fragmentation 
(PEF) increases. It is worth noting that similar results were obtained by 
Kueppers et al. (2006b) for fractal analysis of grain-size distributions based 
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Fig. 4. Fragmentation fractal dimensions, D, and probabilities, p, of fragmentation. 
The dashed line represents Eq. (10), symbols are calculated with Eq. (10) from  
experimentally determined fractal dimensions. 

on the number of fragments (i.e., by applying Eq. (3)) for Unzen samples. 
Although absolute values of D necessarily change because the method to 
measure D in the present work is based on mass comparisons, the structure 
of data is the same (i.e., linear increase of D with PEF, see below). As grain-
size distribution (granulometry) is a generally accepted tool to describe vol-
canic deposits, we have used the size-dependent mass fractions in this study 
to estimate the fragmentation efficiency (i.e., D) without recalculating the 
number  of fragments for each class.  Figures 5A and 6A  show  the variation  
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Fig. 5: (A) Linear increase of fractal dimension of fragmentation, D, as the potential 
energy for fragmentation (PEF) increases for samples of Mt. Popocatépetl volcano 
with different open porosity; (B) Variation of the slope of linear fitting of data pre-
sented in (A) plotted against the open porosity of samples. 

of D versus PEF for experimental samples of Popocatépetl and Unzen,  
respectively. The graphs show that the increase in the fractal dimension of 
fragmentation, D, is linear (r value of linear fitting greater than 0.95) for 
each sample set but the rate of increase of D with PEF is different. Quantita-
tively this effect is shown in Figs. 5B and 6B in which the variation of the 
slope of linear fitting of data presented in Figs. 5A and 6A is plotted against 
the open porosity of samples. It can be seen that there is decrease of slope 
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Fig. 6: (A) Linear increase of fractal dimension of fragmentation, D, as the potential 
energy for fragmentation (PEF) increases for samples of Mt. Unzen volcano with 
different open porosity; (B) Variation of the slope of linear fitting of data presented 
in (A) plotted against the open porosity of samples. 

for both sample sets, consistent with the above discussion. Note that the 
variation slope is significant, i.e., well outside errors estimated with linear 
regression. The only exceptions are the sample sets at 18 and 20 vol. % of 
open porosity of Popocatépetl that display quite close values (considering er-
rors) of slopes. The slope similarity of these two sample sets is quite reason-
able given that the difference in open porosity is small (i.e., about 2 vol. %). 
This result also indicates that fragmentation efficiencies may not be easily 
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discriminated by fractal analysis for differences in open porosity of this  
order of magnitude. We stress that these two sample sets were collected from 
entirely different deposit types (lava flow and pyroclastic density current). 
This may imply that the open porosity of samples is the parameter playing 
the greatest role in determining fragmentation efficiency, irrespective of the 
composition of the starting material. Note that this statement is related  
exclusively to the fragmentation process itself. Without doubt, the chemical 
composition plays a major role defining the speed and efficiency of any 
physical process acting during magma ascent. This consideration is corrobo-
rated by the comparison of the behaviour of the above two set of samples 
(Popocatépetl, open porosity equals 18 and 20 vol. %) with the set of sam-
ples from Unzen with open porosity of 20.5 vol. %. Indeed, slope values  
for these three sets of samples are very similar, ranging from  1.62 × 10–3  to 
2.10 × 10–3, arguing again in favour of the hypothesis that fragmentation effi-
ciency does not depend on the starting composition of samples or on specific 
volcanologic conditions.  

On the basis of these results it is possible to derive sets of linear equa-
tions relating fractal dimension of fragmentation, D, and potential energy for 
fragmentation (PEF) for the different sample sets. They are reported in the 
graphs of Figs. 5A and 6A. Therefore, on the basis of these results we pro-
pose that it is possible to estimate the potential energy for fragmentation of 
natural deposits by measuring values of D and open porosity of samples and 
using the relationships obtained experimentally for samples with similar 
open porosity. 

5.  SUMMARY  AND  CONCLUSIONS 
Fractal analysis of experimentally produced pyroclasts has been carried out 
for six sets of variously porous samples from Unzen and Popocatépetl volca-
noes. Fractal fragmentation theory was applied to mass fragment size distri-
butions and the main results can be summarized as follows: 

 The fragment size distribution of pyroclasts produced by decompres-
sion experiments is consistent with the fractal fragmentation theory in that 
size distributions are fractals and they can be univocally quantified by meas-
uring a single parameter, i.e., the fractal dimension of fragmentation, D. The 
fractal nature of fragment size distributions holds for all studied samples,  
irrespective of potential energy for fragmentation and open porosity. This  
result corroborates the idea that the fragmentation  mechanism  during vol-
canic eruptions can be regarded as a highly non-linear process in which  
a hierarchical propagation of fractures at different length scales occurs. 

 Fractal dimension of fragmentation increases linearly with potential 
energy for fragmentation. This result has been recognized for all six sample 
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sets irrespective of volcano or deposit type. Such a feature provides new 
 information about the mechanisms acting during decompression-induced 
fragmentation and, in particular, indicates that a linear increase of fragmenta-
tion efficiency (i.e., fractal dimension of fragmentation, D) has to be  
expected at increasing applied pressure. 

 The velocity of increase of fractal dimension of fragmentation, D, 
with applied pressure (or equivalently potential fragmentation energy, PEF) 
is different for samples having different open porosity. In particular, the 
higher the open porosity, the lower the increase of D with PEF. This point 
has important implications because it indicates that it is possible to derive a 
set of linear equations relating D and PEF and allows estimating potential 
fragmentation energy for natural deposits by measuring D and open porosity 
of samples. 

 Samples with the same open porosity display a similar behavior irre-
spective of starting composition and emplacement style (pyroclastic blocks 
or lava flow samples). This point is very important because it highlights the 
fact that the method illustrated in this work may become a standard routine 
to estimate eruptive energy for any volcanic deposit and for any composition 
of the starting material using values of open porosity and fractal dimension 
of fragmentation, D. 

The results presented in this contribution are very encouraging and may 
represent a further step towards a better understanding of the mechanisms 
acting for rock fragmentation during explosive volcanic eruptions. Further 
research needs to be carried out by considering other case studies in order to 
test the hypotheses presented in this work. In particular, it would be amena-
ble to check for the effect of transport on fragments generated by explosive 
eruptions to study possible variation in the fragment size distributions due to 
this secondary process. Our results indicate that it is possible to derive sim-
ple equations by which the most important factors influencing volcanic erup-
tion can be estimated. This aspect is particularly important because it 
constitutes the basis for developing a totally different approach in the study 
of natural volcanic deposits and, ultimately, may furnish new tools for vol-
canic hazard assessment. In this respect, results presented in this work may 
help in evaluating volcanic risk by estimating the explosivity (e.g., pressure 
in the conduit) from the value of fractal dimension of fragment size distribu-
tion for samples collected around volcanic areas. This may give the oppor-
tunity to draw iso-D or iso-explosivity maps based on fractal statistics 
(Kueppers et al. 2006a, b). 

A possible future application of this method may be the on-line estimate 
of explosivity during volcanic eruptions. By placing sets of sieves with dif-
ferent aperture in strategic positions around an erupting volcano it may be 
possible to collect masses of pyroclasts with specific grain sizes. Every sieve 
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set will be equipped with a special inlet device that prevents the destruction 
due to the impact energy. When the individual sieves are connected to well-
calibrated balances, it may be possible to obtain the weight fractions needed 
to estimate the fractal dimension of fragmentation (i.e., eruptive energy), to 
estimate in real-time the explosivity of volcanic bursts, and to follow the 
time-development of an eruption. This idea has to be complemented with  
existing studies on the influence of transport-related sorting to the grain-size 
distribution (Taddeucci et al. 2004). 
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A b s t r a c t  

In earthquake occurrence studies, the so-called q value can be con-
sidered both as one of the parameters describing the distribution of inter-
event times and as an index of non-extensivity. Using simulated datasets, 
we compare four kinds of estimators, based on principle of maximum  
entropy (POME), method of moments (MOM), maximum likelihood 
(MLE), and probability weighted moments (PWM) of the parameters 
(q and τ0) of the distribution of inter-events times, assumed to be a gener-
alized Pareto distribution (GPD), as defined by Tsallis (1988) in the 
frame of non-extensive statistical physics. We then propose to use the 
unbiased version of PWM estimators to compute the q value for the dis-
tribution of inter-event times in a realistic earthquake catalogue simu-
lated according to the epidemic type aftershock sequence (ETAS) model. 
Finally, we use these findings to build a statistical emulator of the q val-
ues of ETAS model. We employ treed Gaussian processes to obtain par-
titions of the parameter space so that the resulting model respects sharp 
changes in physical behaviour. The emulator is used to understand the 
joint effects of input parameters on the q value, exploring the relationship 
between ETAS model formulation and distribution of inter-event times. 

Key words: probability weighted moments, q statistics, inter-event 
times, ETAS model, emulator. 
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1.  INTRODUCTION 
In the context of seismological studies, it is essential to establish the time  
between subsequent earthquakes, within defined margins of reliability. For 
this reason, the study of the probability distribution of the so-called inter-
event times plays a relevant role. Abe and Suzuki (2003, 2005) suggest that 
calm times, or periods elapsing between two successive events, follow  
a Zipf–Mandelbrot type distribution, corresponding to a q-exponential distri-
bution with  q > 1. Furthermore, recent applications to solid earth physics (in 
regional or planetary scale), summarized into Tsallis (2009), mainly focused 
in seismology (Abe and Suzuki 2003, 2005, Telesca 2010a, b) using earth-
quake catalogues from different seismic zones, fault lengths distribution 
(Vallianatos et al. 2011a, b; Vallianatos and Sammonds 2011) and very  
recently to natural hazards (Vallianatos 2009), plate tectonics (Vallianatos 
and Sammonds 2010) and geomagnetic reversals (Vallianatos 2011) sup-
ports the applicability of NESP (non-extensive statistical physics) in com-
plex geosystems. More details on q exponential and other q statistics will be 
presented in the following section. What Abe and Suzuki (2003, 2005) call  
“q-exponential” function, is indeed the complementary cumulative distribu-
tion function (CCDF) of a generalized Pareto distribution with a location pa-
rameter of 0, a scale parameters of τ0 , and a shape parameter equal to  (q – 1). 
This distribution is already known in seismology, since it has been used to 
model earthquakes magnitude (Kagan and Shoenberg 2001, Pisarenko et al. 
2010). The procedure usually applied to estimate the q value refers to the 
principle of maximum entropy (POME). However, this technique may not be 
the most adequate in every context: Singh and Guo (1997) suggest using 
POME estimators when the coefficient of variation of the data is high  
(CV ≥ 1.5). 

The present work is organized as follows: after introducing the main 
concepts about q statistics (Section 2), we will compare the performance of 
different estimators (Section 3), based on principle of maximum entropy 
(POME), probability weighted moments (PWM), method of moments 
(MOM) and maximum likelihood (MLE), in order to select the most suitable 
estimator for the computation of the q value. We will be using randomly 
generated data to compute bias and root-mean-square error (RMSE) for each 
estimator. Then, we will apply the best estimator to a set of simulated earth-
quake catalogues obtained according to the ETAS model (Section 4) and we 
will use the resulting values to build an emulator (Section 5) that will let us 
draw some conclusions about the relationships between the parameters of the 
ETAS model and the distribution of inter-events times, summarized by  
parameters q and τ0. Conclusive remarks will also include some indications 
on future work and on possible practical application of this kind of analysis 
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to real data (Section 6). This work was conducted using the statistical soft-
ware R and, namely, the following packages: POT, LHS, PtProcess (Harte 
2010), nleqslv, tgp (Gramacy 2007). 

2.  A  SUMMARY  ON  q  STATISTICS 
We summarize in which way the q value can be interpreted in terms of non-
extensive statistical physics. We express the non-extensive Tsallis entropy Sq 
(Tsallis 1988, 1999, 2009) 

 
1 ( )

,
1

q

q B

p X
S = k

q
−

−
∑  (1) 

where kB is Boltzmann’s constant, in terms of the probability distribution 
p(X), where X could be the scalar moment, M, and the inter-event time, T 
(i.e., the time interval between two successive events). In the limit  q → 1,  
Sq → S1  and the approach reduces to the well-known Boltzmann-Gibbs (BG) 
entropy (Tsallis 2009). However, simple additivity is violated, because for a 
system composed of two statistically independent systems, A and B, the 
Tsallis entropy satisfies 

 ( ) ( ) ( ) ( ) ( )1 .q q q q q
B

qS A,B = S A + S B + S A S B
k
−   (2) 

The last term on the right hand side of this equation describes the interaction 
between the two systems and is the origin of non-extensivity. This is the rea-
son why q can be seen as an index of non-extensivity: it accounts for de-
pendency or long-range interaction between microfractures and for  q < 1, 
q = 1,  and  q > 1, respectively, correspond to super-additivity (super-
extensivity), additivity (extensivity), and sub-additivity (sub-extensivity). 
This is the fundamental principle of non-extensive statistical mechanics. All 
other quantities, which are concerned with thermodynamics, may be derived 
from it. As we already mentioned, the distribution p(X) and the parameter q 
are obtained according to the principle of maximum entropy, which involves 
the maximization of the entropy under appropriate constraints. This leads to 
the definition of some auxiliary functions (Tsallis 2009 and references 
therein), such as the q-exponential: 

 ( ) ( ) 1/1
exp 1 1

q
q X = + q X

−
⎡ ⎤−⎣ ⎦  , (3) 

which corresponds to the cumulative distribution function (CCDF) of a gen-
eralized (tapered) Pareto distribution (as noted by Shalizi 2007) with a loca-
tion parameter of 0, a scale parameter of 1 (that is, the variable X has been 
rescaled dividing its values by the scale parameter τ0) and a shape parameter 
equal to  q – 1. 



M. GALLUCCI et al. 
 

702

3.  COMPARISON  OF  ESTIMATORS 
As a first issue, we ask whether there is a better way to estimate the q value, 
with respect to estimators based on the principle of maximum entropy 
(POME), comparing the available alternatives in terms of accuracy (meas-
ured by the estimator’s bias) and efficiency (measured by the root-mean-
square error). This will allow us to obtain more reliable results in the compu-
tation of the q value from more realistic data samples. Bias and root-mean-
square error (RMSE) will be evaluated by means of Monte Carlo experi-
ments where data are randomly drawn from a distribution with known  
parameters and then are used to estimate parameters themselves. Subsec-
tion 3.1 will introduce the alternative estimators, while Subsection 3.2 will 
present the results of the comparison. 

3.1  Estimators under consideration 

Principle of maximum entropy (POME): the entropy of a distribution is de-
fined as the expectation of the logarithm of its PDF (probability density 
function). The estimates of the parameters are obtained maximizing the en-
tropy under linearly independent constraint of the form 
 ( ) ( )di iC = w x f x x∫  , (4) 

where f (x) is the PDF and wi(x) are functions whose averages over f (x) are 
specified. POME estimators for generalized Pareto distribution were dis-
cussed by Singh and Guo (1997) . 

Maximum likelihood estimators (MLE): the likelihood of a distribution 
with respect to a sample is the joint PDF of the sample, where the real values 
of the parameters are viewed as unknown; estimates are obtained by maxim-
izing the likelihood, that is, by finding the values of the parameters which 
make the actual sample more likely to have been obtained. 

Methods of moment (MOM): estimates are obtained by equating as 
many sample moments as the parameters to be estimated with the corre-
sponding theoretical moments computed as a function of the parameters. 

Probability weighted moments (PWM) were defined by Greenwood et 
al. (1979) as follows: 
 { } { }( ) 1 ( )r sp

p,r,sM = E X F X – F X⎡ ⎤
⎣ ⎦  , (5) 

where F(X) is the cumulative distribution function (CDF). Estimates are  
obtained considering a selection of these moments. Applications of PWM to 
generalized Pareto distribution were explored by Hosking and Wallis (1987), 
in comparison with the two previous estimators. The PWM unbiased estima-
tors (PWMU) are based on the unbiased estimators of  αs = M1,0,s , which are 
given by 
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where xj:n is the j-th element of the ordered sample. Resulting estimators for 
the parameters of the generalized Pareto distribution are 

 0 0 1
0

0 1 0 1

2ˆˆ ˆ ˆ1 2 and
2 2

a a aa = q = b = =
a a a a

τ− −
− −

 . (7) 

3.2  Comparison via Monte Carlo experiments 

To compare the aforementioned estimators, two Monte Carlo experiments, 
as in Singh and Guo (1997), are proposed. We generate  N = 1000  replica-
tions of independent identically distributed samples of size each  n = 100  or 
1000, according to a generalized Pareto distribution (GPD)1, whose probabil-
ity density function (PDF) is 

 ( )
1 11 1 if 0
aaxf x = + a

b b

⎛ ⎞− −⎜ ⎟
⎝ ⎠⎛ ⎞ ≠⎜ ⎟

⎝ ⎠
 , (8) 

 ( ) ( )/1 if 0x bf x = e a =
b

− . (9) 

where a is the shape parameter (corresponding to  q – 1) and b is the scale 
parameter (corresponding to τ0). Then we apply the proposed estimators and 
we compute bias and root-mean-square error (RMSE). Real values for the 
parameters and corresponding coefficients of variation2 are shown in the  
Table 1. According to Singh and Guo (1997), the coefficient of variation 
(CV), which is defined as the ratio between the standard deviation and the 
mean, is relevant in the selection of the best estimator, since the estimators  
based  on the principle  of  maximum entropy  (POME)  should  be preferred 
when CV is greater than 1.5, but in our case CV appears to be often below 1. 
Table 1 quantifies the biases and the RMSEs of the estimates. On the whole, 
the comparison of the results is in favor of the unbiased version of PWM 
(PWMU) estimators which appears to be comparable to competitor estima-
tors in terms of RMSE, but it shows a sensibly lower bias, especially when 
the sample size, n, is small. Therefore, it is used in the computation of the q 
value in the simulations in the following section. 
 

1In Singh and Guo (1997) the parameter a has an opposite sign; this difference  
affects the expressions of the involved functions but does not change the results. 

2Note that in the generalized Pareto distribution with location parameter equal to 0 
the coefficient of variation does not depend on the scale parameter b. 
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Table 1  
Estimators comparison 

 Bias(a) Bias(b) RMSE(a) RMSE(b) 
n = 100,  a = 0.2,  b = 5,  CV = 0.77 

MLE –0.105 0.023 0.633 0.165 
PWM –0.142 0.020 0.595 0.160 
PWMU –0.051 0.005 0.576 0.155 
MOM –0.275 0.058 0.584 0.157 
POME –0.348 0.082 0.641 0.209 

n = 1000,  a = 0.2,  b = 5,  CV = 0.77 
MLE –0.017 0.003 0.193 0.050 
PWM –0.013 0.002 0.186 0.048 
PWMU 0.001 –0.002 0.192 0.049 
MOM –0.052 0.012 0.228 0.057 
POME –0.004 –0.004 0.197 0.053 

n = 100,  a = 0.1,  b = 0.9,  CV = 0.89 
MLE –0.266 0.026 1.177 0.158 
PWM –0.217 0.027 1.185 0.159 
PWMU  –0.106  0.003 1.169 0.155 
MOM  –0.392 0.042 1.106 0.155 
POME –0.677 0.075 0.819 0.150 

n = 1000,  a = 0.1,  b = 0.9,  CV = 0.89 
MLE –0.022 0.002 0.355 0.049 
PWM –0.025  0.003 0.370 0.049 
PWMU 0.004 0.002 0.365 0.049 
MOM –0.038 0.005 0.360 0.047 
POME –0.175 0.020 0.459 0.070 

4.  SIMULATED  CATALOGUES  AND  q VALUE  ESTIMATES 
The simulated earthquake catalogues are generated according to an epidemic 
type aftershock sequence (ETAS) model (Ogata 1988). The ETAS model is 
a point process whose full likelihood is given by the marginal distribution of 
the magnitude multiplied by the conditional distribution of occurrence times, 
given past history; taking the logarithm, the second part, that is the condi-
tional log-likelihood, can be expressed as 

 ( ) ( )
1 0

log d
Tn

i
i=

L = λ t ,θ λ t,θ t−∑ ∫  , (10) 

where λ is the conditional intensity function, ti is the time in which the i-th 
event occurred and θ is the set of parameters. Among possible formulations 
for the conditional intensity function, we adopt the following, which com-
bines the Omori Law and the productivity law: 
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where mi is the magnitude of the i-th event and mc is the cut-off magnitude. 
The simulation software (PtProcess) considers the threshold magnitude 

as an implicit parameter: in fact, all magnitudes are expressed in terms of the 
difference  mi – mc. In simulation we do not have measurement problems, 
since all events are observable, and the threshold mc can be as small as 0; 
then one may fix another threshold m0 to select the events for the computa-
tion of the inter-event times. Our choice was to consider all available events. 
Wang et al. (2010a) discussed the issue of missing links in simulated cata-
logues: the problem arises because events above the threshold magnitude mc 
can be triggered by events below the threshold itself, and this leads to ne-
glecting the corresponding triggering connections. 

In this model, five parameters are involved in the ground intensity func-
tion: μ (which represents background seismicity in terms of shocks per day; 
results remain valid if a different time unit, instead of days, is adopted), A, α, 
c, and p (which express the aftershocks sequences). The distribution of 
earthquakes magnitude is assumed exponential (according to the Gutenberg–
Richter law) with parameter  β = log(10). We select 500 combinations 
(points) of values for the five parameters of the ETAS model according to  
a Latin hypercube sampling (LHS) design (McKay et al. 1979). The ranges 
for the parameters are shown in Table 2 and Fig. 1. We selected these ranges 
after several trials so that they were short enough that they can be fully  
explored considering 500 points and wide enough to show some appreciable 
effect. 

For each LHS point, we simulate 10 “replicated” catalogues, each con-
taining 1000 events, we compute the inter-events times and we estimate the 
parameters q and τ0 for each catalogue. Replicates are used to obtain more 
reliable information on the effect of the input parameters: in fact, we obtain 
different outputs corresponding to the same input values, as the model is sto-
chastic. A single simulation could be affected by the realization of a rare 
value (so-called “outliers”), but this is compensated by the other catalogues 
which share the same input values. In this way, even a relatively small num-
ber of replicates (N = 10) is more effective in order to reduce the uncertainty 
than a comparable increase in the sample size (n = 10 000) would be, since 
the usage of replicates reduces the auto-correlation in the simulation (alterna-
tive methods are proposed in Naylor et al. 2009). Of course, an  
increase in both the sample size and the number of replicates would improve 
the results obtained, but it would extend the execution time. The same issue 
was addressed, in a different context, by Wang et al. (2010b). It is difficult  
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Table 2  
The epidemic type aftershock sequence parameters ranges 

Parameters Minimum value Maximum value 
μ  (shocks/day) 0.014 1.998 
A  (shocks/Day p + 1) 0.012 1.998 
α 0.012 1.499 
C  (days) 0.005 0.055 
p 1.001 1.499 

 

Fig. 1. The Latin hypercube sampling points projections. 

to quantify the improvement provided by our technique: we do not know 
how large the sample size of a single catalogue should be, in order to have 
comparable results. However, we have computed that the coefficient of 
variation of the 10 estimates of the q value, obtained using the PWMU esti-
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mators, in each set of replicated catalogues is, on average, 3.5%; so we may 
consider that using 10 replicates provides a good balance between the reduc-
tion of uncertainty and the time of execution. Table 3 shows the ranges of 
the estimates obtained for the q value and τ0 using the unbiased version  
of the probability weighted moments estimators, corresponding to a selection 
of LHS points. As expected, the variability in the estimates of the q value, 
due to the changes in the input parameters, is less pronounced with respect to 
those of the scale parameter τ0. 

Table 3  
Parameters estimates (PWMU) ranges for selected LHS points 

μ A α c p q τ0 

0.957 1.884 1.399 0.033 1.348 1.350-1.437 0.332-0.438 
0.897 1.352 0.031 0.039 1.409 1.088-1.212 0.712-0.891 
0.171 1.176 0.454 0.007 1.103 1.025-1.103 4.850-5.660 
0.118 0.374 1.308 0.033 1.340 1.051-1.183 6.123-7.514 
1.898 1.395 1.381 0.027 1.388 1.145-1.282 0.282-0.348 
 
Touati et al. (2009, 2011) studied the relationships between ETAS pa-

rameters and mean inter-event time, which is computed as the sample mean 
of the distances between events. In Figure 2 the relationship between scaled 
mean inter-event time and the q value is shown, when we adopt the hypothe-
sis of a generalized Pareto distribution for inter-event times and we compute 
the parameters of the distribution itself. This means that, if the assumption 
on the form of the distribution is acceptable, we have a description of the 
 

Fig. 2. Relationship between scaled mean inter-event time (miet) and q. 
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phenomenon which is more informative in comparison to an analysis where 
only the sample mean is considered. 

In preliminary studies, we built emulators of mean inter-event times for 
ETAS models, but the lack of smoothness of the response either required 
enormous sample sizes or did not yield an emulator with low uncertainties. 

Moreover, in our analysis the input values (i.e., ETAS model parameters) 
are all varying simultaneously, while in the aforementioned studies each  
parameter effect is analyzed by fixing the values of other parameters, and 
this gives us the chance to explore possible joint effects. 

5.  ANALYSIS  WITH  THE  EMULATOR 

5.1  Description and functioning of an emulator 
When a model is too complex to be explored in direct experimentation, 
computer simulations, like those performed in the previous section, can sub-
stitute the real experiment with virtual ones. But in some cases, simulations 
are very demanding in terms of computation capability and execution time. 
Under these circumstances, emulators can give a practical solution. The first 
references on Design and Analysis of Computer experiments date back to the 
1980s (see e.g., Sacks et al. 1989). An emulator is a statistical model which 
gives a simplified (surrogate) representation of a complex simulation model, 
analyzing the relationships between inputs (parameters) and output (results). 
The simulator is a function that maps inputs into outputs and the emulator 
provides an approximation for such a function (O’Hagan 2006), giving the 
opportunity to identify the effect of each input by means of the sensitivity 
analysis. Emulators are usually made employing Gaussian processes. These 
are random functions where, for an untried input x, the output point f(x) has 
a Gaussian distribution conditional on the set of available outputs. This  
approach does not assume that the outputs of the computer model are Gaus-
sian, as it constitutes an advanced random interpolation of the model outputs. 
A Bayesian approach is often applied in parameters fitting as one can  
include prior expert knowledge to improve the emulator (e.g., Rougier et al. 
2009). Moreover, to obtain a more flexible model that can accommodate 
sharp and non-stationary behaviors, the input space can be partitioned so that 
in each sub-space a different Gaussian process is fitted. In this respect,  
a possible method is given by treed partitioning (Gramacy and Lee 2008, 
Gramacy and Taddy 2010), which makes binary splitting for each input  
variable. 

5.2  Results from the emulation 
Figures 3a-e show on the left the estimated and emulated projections of q as  
a function of each individual ETAS parameter (the others vary according to 
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Fig. 3. Continued on next page. 

(a) 
 
 
 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 
 

(c) 
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Fig. 3. Effect of each ETAS parameter on the q value for: (a) μ, (b) A, (c) α, (d) c, 
and (e) p. On the left panels, q is plotted as a function of the ETAS parameter: cir-
cles represent the actual 5000 q values (as estimated in the 5000 simulations) while 
the red lines represent the ranges of the estimates provided by the emulator, that is, 
the difference between the maximum and the minimum predicted value correspond-
ing to each input point. On the right panels, the error in the estimate of q as a func-
tion of the ETAS parameter is expressed by the quantile differences (difference 
between 95% predictive quantiles and 5% predictive quantiles). Vertical dotted 
lines, where present, show the treed partitioning of the parameter space. Colour  
version of this figure is available in electronic edition only. 

the LHS design, which explains the sharp variation), and on the right  
a measure of uncertainty in the estimation of this relationship. The error in 
the estimates (right panel) appears to be differently clustered in parameters 
 

(d) 
 
 
 
 
 
 
 
 
 
 
 

(e) 
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Fig. 4. Continued on next page. 
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Fig. 4. Continued on next page. 

(d) 
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Fig. 4. Continued on next page. 

(g) 
 
 
 
 
 
 
 
 
 
 
(h) 
 
 
 
 
 
 
 
 
 
 
(i) 
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Fig. 4. Joint effect of couples of ETAS parameters on the q value for: (a) μ and A, 
(b) μ and α, (c) μ and c, (d) μ and p, (e) A and α, (f) A and c, (g) A and p, (h) α and c, 
(i) α and p, and (j) c and p. On the left panels, q is plotted as a function of two ETAS 
parameters. On the right panels, the error in the estimate of q is shown (green areas 
present less uncertainty with respect to pink and yellow ones). Vertical and horizon-
tal dotted lines, where present, show the treed partitioning of the parameters space. 
Colour version of this figure is available in electronic edition only. 

subspaces defined by treed partitioning. Parameters A, α and, with more  
uncertainty, c exhibit a positive effect on q, while the effect of μ and p is not 
clearly identifiable. This is due to the fact that, as we already mentioned, 
ETAS parameters are all varying randomly and simultaneously; the emulator 
will provide a convenient solution since it will let us perform sensitivity 
analysis.  

Similarly, Figs. 4a-j show the projections of q as a function of each cou-
ple of ETAS parameters. In Figure 4a (μ and A), the effect of A is prevailing, 
but a slight decreasing effect of μ on q is detectable. The same behavior is 
shown in Figs. 4b (μ and α) and 4c (μ and c) but the surfaces appear to be 
less smoothed, meaning that there is a higher degree of uncertainty. An anal-
ogous problem occurs in Fig. 4d (μ and p), where roughness is so pro-
nounced that it is impossible to assess the nature of the joint effect. Finally, 
in Fig. 4j (c and p), the effect of p seems to be non-monotonic, but this may 
be due to the high level of uncertainty. 

6.  CONCLUSIONS 
In the analysis of inter-event times, we adopt the hypothesis of a generalized 
Pareto distribution (GPD) with a location parameter of 0, a scale parameters 
of τ0, and a shape parameter equal to  q – 1. The q value also has a physical 

(j) 
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interpretation in terms of non-extensivity. We propose the use of estimators 
based on unbiased probability weighted moments to compute the parameters 
of the distribution. We apply this method to catalogues simulated according 
to the ETAS model. Taking into account the values of parameters of the dis-
tribution, with respect to the mean alone, provides more information on the 
distribution itself. To have a deeper comprehension of the influence of the 
parameters of the ETAS model on the quantity of interest, we also suggest to 
let them all vary simultaneously, so that joint effects can be explored. We 
plan to replicate the analysis with different intervals to verify whether these 
effects are different over other ranges. In some cases, an extension of the  
parameter range can be a suitable solution to identify some effects that were 
not detected in our study; on the other hand, the range cannot be enlarged in-
definitely, because, if amplitude is too wide, the effect of one parameter can 
be so strong that it overwhelms the others. 

We considered here the first version of the ETAS model, with no spatial 
component (Ogata 1988) since at the moment we are interested in exploring 
the temporal distance among events; we plan to consider the model with  
a spatial component (Ogata 1998, Ogata and Zhuang 2006) in future work. 
The use of the emulator let us draw some first conclusions on the relation-
ships between the parameters of the ETAS model and the q value: the effect 
of μ and p is quite uncertain, so we will need to explore it more accurately 
performing further sensitivity analysis; the effect of A, α, and c is more de-
tectable and it appears to be positive (an increase in the input variable pro-
duces an increase in q). The analysis of joint effects showed a slight negative 
effect for both μ and p, but further study is required in order to confirm it and 
also to verify whether the joint effect of couples of input parameters (e.g., c 
and p) can produce a non-monotonic relationship with q. A possible practical 
use of this technique is as follows: given a new seismic event, one may up-
date the estimates of ETAS parameters in real time and obtain as a result the 
updated distribution of inter-event times. 
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A b s t r a c t  

The fracture-induced oscillations in sea ice were detected by seis-
mographs and seismic tiltmeters established on the Arctic ice pack. Field 
observations were supplemented with a laboratory experiment. The ener-
gy distributions in elastic waves generated during: (i) large-scale ice pack 
fragmentation over area of about 105 km2, (ii) local crack propagation in 
ice floe, and (iii) laboratory ice crashing were constructed and analyzed 
using principles of the Tsallis statistics. The energy release regimes at 
different stages of fracturing were characterized by the parameter of non-
extensivity q. In terms of the non-extensive statistical mechanics,  q > 1  
evidences the correlated (non-extensive) dynamics of the process in non-
equilibrium system,  q = 1  responds to the additivity of events occurring 
in equilibrium system, and  q < 1  takes place when the energy release is 
additive and limited by an upper cut-off. All these scenarios were re-
vealed in fracture processes occurring at three hierarchic levels. The var-
iation of the q-value demonstrates high thermodynamic changeability of 
the fracture process driven by irregular external source. The role of ener-
gy conservation in fracturing sea ice is discussed in connection with the 
observed reversible transitions between extensive and non-extensive 
modes of fracture. 

Key words: sea ice, dynamic fracture, Tsallis statistics. 
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Un gatto che sogna di specchiarsi fa tre gatti 
Giovanni Raboni 

1.  INTRODUCTION 
The Arctic sea ice cover (ASIC) is the open, non-equilibrium, multi-
component geophysical system with hierarchic properties (Overland et al. 
1995, McNutt and Overland 2003) and well-pronounced scaling behavior 
(Weiss 2003, Chmel et al. 2005). Its multi-component structure provides 
conditions for multi-scale fluctuations in the system’s dynamics with form-
ing and maintaining fractal structures. In general, the behavior of each indi-
vidual component (as well as a limited cluster of components) in open 
system is unpredictable. However, the space-time trajectory of the whole  
ensemble of system’s elements is determined by the thermodynamic attractor, 
which manifests itself through power law distributions of principal system’s 
characteristics, such as component size, energy release, and recurrence times 
between events of energy release/exchange. 

As regards the ASIC, the size distribution of ice floes, as well as the ge-
ometry of the crack-and-lead pattern exhibit fractal properties (Weiss and 
Marsan 2004, Chmel et al. 2010a); the space and energy scale invariance is 
supplemented by self-similar recurrence time intervals in trains of fracture 
events (Chmel et al. 2010b). 

The sea ice drift is caused, mainly, by the wind forcing and, to a lesser 
extent, by the ocean currents, tidal action, gravimetric waves, etc. (Martin 
and Drucer 1991, Weiss 2003). Owing to the non-uniform drift speed in dif-
ferent parts of the sea ice cover, there appear significant deformations over 
vast areas, and the permanent fracture process flows with varying activity. 
The most significant fracture events, icequakes, are represented by high rate 
propagation of giant (~102 km) leads and by formation of “faults” – areas of 
highly fragmented sea ice, reaching 105 km2. These perturbations are quite 
similar to those in geostructures both in their spatial scale and in mechanics; 
however, the mechanical processes in sea ice are much more fluent and sta-
tistically reproducible in accessible time intervals due to refreezing of frag-
mented ice cover. 

In this communication we present a statistical analysis of the cracking 
dynamics in drifting sea ice, which was monitored at the Russian ice re-
search camps “North Pole” established on the ice pack. The project “North 
Pole” (NP) was launched in 1937. From 1950 to 2011, a total 37 stations 
worked on the drifting sea ice. These stations carry out the program of com-
plex year-round research in the field of ocean science, ice studies, meteorol-
ogy, geophysics, and hydrophysics. From 2004, the studies of self-organized 
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dynamics in the Arctic sea ice cover are performed on a regular basis (Chmel 
and Smirnov 2008). 

We shall consider some statistical characteristics of the fracture process 
in marine cryosphere at three hierarchic levels represented by: (i) large scale 
faulting occurred in March 2008 in the working region of the camp NP 35, 
(ii) localized sea ice cracking in the immediate vicinity of the camp NP 37 in 
January 2010, and (iii) ice crashing in laboratory experiments. 

The icequakes in the ice pack were monitored using seismic devices, 
seismographs and tiltmeters, capable to detect ice floe oscillations excited 
during shearing and stick-slip motions and cracking. The laboratory experi-
ments were carried our in order to assess the uniformity of the fracture pro-
cess in ice at all accessible hierarchic levels. 

The obtained results were analyzed and discussed in terms of the non-
extensive statistical mechanics (NESM) developed by Tsallis (1988, 2009, 
2011) as a generalization of the Boltzmann–Gibbs statistics for cases of the 
non-exponential energy distribution in non-equilibrium dynamical systems 
characterized by long-range interrelation between energy release/exchange 
events. We shall show that the fracturing ice exhibits highly changeable 
thermodynamic properties under non-regular external forcing. 

2.  NON-EXTENSIVE  CONJECTURE 
A vast of experiments and computer simulations carried out in two last dec-
ades have demonstrated the scaling character of the fracture process in sol-
ids, which manifests itself in fractal pattern of fracture surfaces and 
invariance of the energy release in fracture events. In the latter case, a term 
“scaling” is defined through the relation 

 ( ) ( ) ,bN E N Eλ λ−=  (1) 

where N is the number of events characterized with the energy E, b is the 
constant, and λ is the scaling factor. This definition corresponds to the power 
law energy distribution of fracture events, say, breaks of structural links in 
a loaded solid: 

 ( ) ,bN E E E −′ ′> ∝  (2) 

where  N (E > E′)  is the number of events characterized with the energy E 
exceeding a threshold value E′. In geophysics, the latter relation is used  
as an alternative designation of the celebrated Gutenberg–Richter law, 
log N (m > M) ∝ –bM, where N is the number of earthquakes having magni-
tudes m greater than M. 

However, the Gutenberg–Richter law, as well as any other known power 
law relations between the event number and event size in statistical systems, 
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is essentially empirical relation, which cannot be derived from the thermo-
dynamics of equilibrium systems. The Boltzmann–Gibbs distribution implies 
the independence of individual events between each other since the effect of 
each of them on the environment decays exponentially with the distance. 
This causes the additivity of contributions of individual events to the total 
process (i.e., extensivity). The function that determines the thermodynamic 
state of statistical system is the entropy. In classical definition, the entropy is 
the extensive value because it increases as the system increases in accord-
ance with the rule of additivity: if a system can be divided into two inde-
pendent parts, A and B, then for the total entropy, S, one has 

 ( ) ( ) ( ) .S A B S A S B+ = +  (3) 

Accordingly, the Boltzmann expression for the entropy of closed, equilib-
rium system is 

 
1

ln ,i i
i

S k p p
=

= − ∑  (4) 

where pi is the probability of i-th state, and k is the Boltzmann constant. 
In open, non-equilibrium systems, the additivity of events might be dis-

turbed due to not exponential but power law decay of the interrelations be-
tween components. In this case, the correlation radius of each event exceeds 
the dimension of involved site, and emerging long-range interactions result 
in non-additive, non-extensive energy distribution in the system’s dynamics. 
The existence of important seismological (Kalimeri et al. 2008, Conto-
yiannis et al. 2010, Telesca 2010a, b), hydrological (Keylock 2005, Chmel 
and Smirnov 2011), and atmospheric (Shi et al. 2005, Ferri et al. 2010) phe-
nomena characterized by power law relations demonstrates the non-
extensive nature of many geophysical processes, which cannot be adequately 
described in the framework of equilibrium thermodynamics (Genshaft 2009, 
Vallianatos and Sammonds 2010). 

In order to take into account long-range correlations in processes occur-
ring in non-equilibrium systems, Tsallis (1988) introduced a concept of non-
extensive entropy through a transition from the conventional logarithmic 
definition for the entropy given by Eq. (4) to the power-law relation, ln p → 
(p1–q – 1)(1 – q), which led him to the following expression: 

 ( )
1

1 1 ,q
q i

i
S k p q

=

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

∑  (5) 

where q is the parameter that specifies a “degree of non-extensivity”. In this 
case, the expression for the total entropy of two subsystems takes the form 

 ( ) ( ) ( ) ( ) ( )( )   1 – .q q q q qS A B S A S B S A S B q k+ = + +  (6) 
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The classical Boltzmann–Gibbs statistics corresponds to the limit  q → 1, 
because in this case  pi 

(q – 1) = exp(q – 1) × ln pi ≈ 1 + (q – 1) ln pi. Then 
Eq. (5) grades into Eq. (4), and Eq. (6) reduces to Eq. (3). For  q < 1  the 
formalism imposes a high-energy cut-off, i.e.,  pi = 0  whenever the argument 
of the power function becomes negative, i.e., when all probabilities vanish 
but one which equals unity. Finally, the value  q > 1  signalizes the presence 
of long-range interactions – the distinctive property of open, non-equilibrium 
systems. It is worthy to note that a temporary transition from the Boltzmann–
Gibbs statistics to Tsallis statistics might take place also in a closed system 
during a limited time interval when such a system deviates from the thermo-
dynamic equilibrium state (Milovanov and Zelenyi 2000). 

The Tsallis’ concept provided a basis for the development of non-
extensive statistical mechanics, which considers the processes in both equi-
librium and non-equilibrium systems in the framework of a common ther-
modynamic approach. 

3.  NON-EXTENSIVE  ENERGY  DISTRIBUTION 
Sotolongo-Costa and Posadas (2004) applied the Tsallis statistics for the 
analysis of seismic activity. They derived a generalized Gutenberg–Richter 
relation issuing from a simplified model of the tectonic process as the stick-
slip motion of plates controlled (gained or hindered) by the interaction of 
debris of previous contact breakage with hard asperities. Their key supposi-
tion was the proportionality between the energy released and the dimension 
of rock fragments. This fragment-asperity model was slightly modified by 
Silva et al. (2006) who obtained the following expression for the number of 
earthquakes with magnitudes, m, larger than a value m′ normalized to the  
total number of events N: 

 ( )2 2/32 1log ( )  log log 1 10 ,1 2
mq qN m m N aq q

−⎡ ⎤− −⎛ ⎞ ⎛ ⎞′> = + −⎜ ⎟ ⎜ ⎟⎢ ⎥− −⎝ ⎠ ⎝ ⎠⎣ ⎦
 (7) 

where a is the volumetric energy density. In terms of the energy released  
(m ≈ 1/3 log E), Eq. (7) takes the form: 

 ( ) ( )
( )2

1
2/31  1 / .2

q
qqN E E N E aq

−
−⎡ ⎤−⎛ ⎞′> = − ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦

 (8) 

These relations allow one to determine the q-value by fitting the analyti-
cal expressions to the plots N (m > m′) versus m′ or N (E > E′) versus E′ con-
structed on the basis of experimental data. Silva et al. (2006) fitted Eq. (7) to 
the frequency magnitude distributions taken from earthquake catalogues for 
different seismic regions in Brazil, USA, and Turkey by varying the q and  
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a values. A good agreement between analytical and registered N (m > m′)/N 
distributions was obtained in all cases. This result was supported by similar 
calculations performed by Telesca (2010a) and Telesca and Chen (2010) for 
seismicity in Italy and Taiwan, respectively. Telesca (2010b) reported that 
the q-values corresponding to the best fitting reflect the variation of seismic 
activity both over area and in time. 

4.  NON-EXTENSIVE  PROCESSES  IN  FRACTURING  SEA  ICE 
The ASIC is fully open to the exposure from the atmosphere and ocean. The 
non-uniformity of the external action causes substantial deformations in the 
ice pack, localized cracking, and cycles of multiple sea ice cover fragmenta-
tions over vast areas. The scale of mechanical perturbations depends both on 
the heterogeneity of the external forcing and on the actual sea ice consolida-
tion: the higher degree of consolidation, the vaster area becomes involved 
into the common mechanical process. 

Fractioning and freezing cause fluctuations in the system’s entropy  
because its total value in the fragmented pack is higher than that in the con-
solidated sea ice. Therefore, one should consider the fracture processes in 
sea ice as non-extensive ones (Sotolongo-Costa et al. 2000). 

The deforming and fracturing of sea ice induce redistribution of internal 
stresses with generating longitudinal, transverse, flexural, and gravimetric 
elastic waves in the range 0.1 to 103 Hz; some of them propagate over hun-
dreds kilometers. The intensity and frequency of excited oscillations in sea 
ice give information on their origin and, in particular, on the energy release 
in icequakes. In the following subsections we shall present the NESM analy-
sis of experimentally determined energy distributions in mechanical processes 
in sea ice at two scale levels characterized by: (i) large-scale fault formation, 
and (ii) individual crack propagation. In addition, the ice crashing was stud-
ied under laboratory conditions using the high-resolution acoustic emission 
(AE) technique. 

4.1  Faulting 
The cracking, shearing, and stick-slip motions in sea ice are similar to those 
in geostructures. The seismic activity gives rise to wave processes of differ-
ent nature, which manifest themselves in the electromagnetic emission 
(EME) (Rabinovich et al. 2001, Kapiris et al. 2003) and seismic electric sig-
nals (SES) (Balasco et al. 2002, Varotsos et al. 2006). However, in field ob-
servations of the cryosphere, the mentioned emission techniques are not 
much applicable due to their inadequacy to specific physical and mechanical 
properties of ice. Therefore, some other tools, such as seismographs and 
tiltmeters, are widely used for analyzing the wave processes in sea ice 
(Smirnov 1996). 
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Fig. 1. Satellite image of a fault formed on 5-8 March 2008 in the Polar region in the 
vicinity of the ice-research camp North Pole 35. 

The propagating crack and shearing motions generate in sea ice oscilla-
tions in the frequency range 0.1 to 5 Hz (Martin and Drucer 1991, Smirnov 
1996). The intensity of ice pack fracturing varies in dependence of the exter-
nal driving and accumulated inner energy. From time to time, bursts of large 
scale sea ice cracking cover the area comparable in dimensions with tectonic 
plates, and a two-dimensional “fault” consisting of highly fragmented sea ice 
emerges in stressed ice pack. 

Figure 1 shows a fault that has formed in the period from 5 to 9 March 
2008. The fracture-induced elastic waves emitted from this origin were  
detected by horizontal seismic tiltmeters established at the research camp 
NP 35 that drifted at the distance of ~200 km from the fault epicenter. 

The accessible frequency range of tiltmeters (10–3 to 0.5 Hz) was  
reduced with a low-frequency cut-off of 0.1 Hz in order to discriminate  
oscillations caused by swell forcing and gravimetric waves. The range of  
detectable tilts was 0.1 to 103 μrad. A fragment of the series from one of the 
tiltmeters is depicted in Fig. 2. 

There was an interval of low oscillation activity in the pre-faulting period, 
2-4 March. Then, two strong bursts of oscillations separated by a short-term 
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Fig. 2. Amplitudes of tiltmeter’s signals excited by elastic waves in sea ice as meas-
ured at the camp North Pole 35 from 1 to 15 March 2008. 

quiet period were detected on 5-6 and 8 March. In these time intervals the 
amplitudes of some signals exceeded the background level by more than an 
order of magnitude. A series of “aftershocks” continued a few days. 

The squared signal amplitude, A2, is proportional to the energy released 
in stress discharges and, correspondingly, the energy distributions N (E > E′) 
versus E′ are equivalent to the distributions N (A2 > A′2) versus A′2. The  
intensity/energy distributions in the daily series are depicted in Fig. 3 together 
with the analytical curves calculated using the best-fitting procedure for  
parameters q and a in Eq. (8). 

The best-fitted q-value decreased from  q ≈ 1.2-1.45  at the pre- and post-
faulting periods down to  q = 0.87 ± 0.04  on 5 March, and  q = 0.65 ± 0.11  
on 8 March, respectively. A drop of the q-value to below unity means the 
prevalence of rare, uncorrelated events, which one could expect in the equi-
librium ensemble of flowing ice floes immediately after the fragmentation. 

The q-value variation is accompanied with changes in the energy density 
(Fig. 4). The time-profile of the parameter a reproduces the q-value profile 
with an opposite trend: the highest values of the parameter a coincide with 
minima in the q-value profile (and, simultaneously, with periods of the high-
est fracture activity). A growth of the q-value in the post-faulting period of 
time is accompanied with a gradual decrease of the energy density. The 
highest energy densities were during the largest sea ice fragmentations. 
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Fig. 3. Daily energy distributions in 
sea ice oscillations (squares) and fit-
ting with Eq. (8) (curves). The values 
of  N (E > E′)  are normalized by N  
because the number of detected events 
was not the same in different days. The 
best fitted q-values are given in each 
panel. More detailed profiles of the  
parameters q and a are shown in Fig. 4. 
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Fig. 4. Variations of the Tsallis parameter, q, and the energy density, a, as revealed 
from fitting procedure applied to experimental points shown in Fig. 3. 

4.2  Localized cracking 
In this experiment, three conjugated seismographs were established on 
a drifting ice floe in the vicinity of the research camp NP 37. A day-and-
night monitoring of the sea ice oscillations continued during three months in 
2010. On 18 January 2010, a large-scale crack passed across the ice floe, and 
two trains of elastic waves were detected by seismographs (Fig. 5) synchron-
ically with the event. A comparison of the signal lags from three spaced 
seismographs allowed us to measure the speed of passing waves, which was 
about 2 × 103 m/s. Both trains, separated by a 4-min gap of oscillations, 
came from the same direction. 

The spectral composition of the bursts of oscillations was determined in 
four 5-min “windows”; one window was selected in the first burst (A), and 
three other windows (B, C, D) in the second one; time positions of the win-
dows are denoted in Fig. 5 by horizontal bars. 

The results of the Fourier analysis of oscillations in selected time win-
dows are depicted in Fig. 6. In interval A, one can see a dominant feature at 
about 0.24 Hz, which is supplemented with a “comb” of very closely situated 
higher-frequency peaks, the intensity in which diminishes at about 0.5 Hz. 
This spectrum can be expected in trains of elastic waves emitted by growing 
crack; it reflects the irregularity of crack propagation. 

The spectra in windows of the second burst are quite different from those 
in interval A. There are a few wide peaks in the spectra of initial (B) and  
final (D) portions of the burst, while a discrete spectrum with well-pronounced 
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Fig. 5. Time sweep of seismograph signals recorded on 18 January 2010 at ice  
research station North Pole 37 during the crack propagation. Time windows selected 
for spectral analysis are denoted by horizontal bars. 

frequency gaps between peaks is seen in the middle (C) part. The bursts 
characterized by the spectra consisting of a few discrete features were de-
tected almost in all daily records during the three-month period of continu-
ous monitoring. We ascribe these bursts to quasi-regular stick-slip motions 
of neighboring ice floes, which are commonly occurring in drifting sea ice 
(Smirnov 1996). The spectrum close to continuum (Fig. 6a) was revealed 
only on the day of large-scale cracking. 

So, the monitoring revealed an event of crack propagation followed by 
the shearing motion of a couple of ice floe pieces. 

The intensities (amplitudes squared) of seismograph signals are propor-
tional to the energy release in elementary fracture events, E ∝ A2; therefore, 
the experimental distributions  N (A2 > A2′)  versus A2′ shown in Fig. 7 are 
equivalent to the energy distributions. 

The distributions are not the same in all four windows, this difference re-
flects a variability of the fracture process. In order to assess its degree of 
non-extensivity in different time intervals, the parameters q and a in Eq. (8) 
were fitted to the actual energy distributions. The results of the best-fitting 
procedure evidence a good agreement between measured and calculated  
frequency-size dependences under various regimes of fracturing. There are 
stages specified by  q > 1,  q ≈ 1, and  q < 1. The experimental dependences 
in the first window cannot be adequately described with a single combina-
tion of the parameters q and a. The values  q = 1.43  and  q = 1.07  in  
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window A indicate the complexity of fracturing under the given conditions 
where the well-pronounced non-extensive energy release (q = 1.43) is com-
bined with low q-value dynamics typical for near equilibrium process. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6. Spectral composition in 
bursts of oscillations in time 
windows: (a) A, (b) B, (c) C, 
and (d) D shown in Fig. 5. 
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Fig. 7. Experimental (signs) and calculated (lines) dependences N (E > E′) versus E′ 
in time windows: (a) A, (b) B, (c) C, and (d) D. 

The stick-slip motion (second burst) is characterized by lower values of 
the parameter q. It begins with  q = 1.26 (window B), and to the end of the 
motion becomes close to unity. Interestingly, Telesca (2010b) reported a re-
duced value of the parameter q in tectonic stick-slip process as compared to 
its value found for interaction between rock fragments with hard formations. 
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The parameter  q = 0.88  in window C (“stationary” part of the second 
burst) responds to the deterministic process with limited energy release. 
Such periods of regular oscillations in the Arctic ice pack are explained by 
the parametric energy exchange in clusters of oscillating ice floes (Chmel et 
al. 2007). This is a non-linear but extensive process occurring in dissipative 
systems. Characteristic frequencies are determined by size, geometry, etc. of 
ice floes. In contrast to non-extensive processes that take place in open sys-
tems with a multiplicity of metastable states, the self-organization in dissipa-
tive structures is conditioned by certain values (“tuned values”) of order 
parameters. The value  q = 1.01  in window D means that the dynamic pro-
cess finishes under almost equilibrium conditions. 

4.3  Laboratory modeling 
The crack initiation in solids occurs at the microscopic scale level. A com-
monly used technique for monitoring the micromechanical process is the 
acoustic emission (AE) method, which is widely used in experiments on the 
rock fracture. Weiss et al. (2001) applied the AE method for studying the ice 
crashing under compression loading. In this work, we recorded the AE time 
series during the impact fracture of ice in laboratory. 

A fresh water ice sample with dimensions of 20 × 20 × 20 mm was 
crashed with a falling 3 mm striker, and the excited acoustic emission (AE) 
signals were detected by a piesoceramic transducer (for description of the 
experimental setup see Shcherbakov et al. 2011, Vettegren et al. 2011). 
A relatively small size of the samples is caused by a necessity to avoid, as 
much as possible, the signal decay on the path from localized cracking to the 
transducer established on the sample surface. The signals were processed, 
converted into the digital form, and stored in PC. The time resolution of the 
AE signals was 10 ns. Figure 8 shows a recorded 600 μs time series; its  
beginning is synchronized with the striker impact. 

Again, the signal amplitude squared is proportional to the energy re-
leased during cracking, as has been proposed by Vallianatos and Triantis 
(2008). Figure 9 shows the experimental energy distribution N(>E) versus E 
and the distribution function (8) calculated with the best-fitted parameters q 
and a. One can see a close similarity in the energy release between the frac-
turing laboratory sample and the crack propagating in sea ice pack (cf. 
Figs. 7a and 9). In both cases, the frequency-size dependences include two 
well-pronounced portions characterized by the parameter q either greater 
than unity (flat segment) or less than unity (steep segment). 

Similar to the large-scale fracturing, the energy density characterized by 
the parameter a was approximately 20 times larger at the final part of the  
dependence  (43 against 1.9  at  the  flat  part).  Apparently,  the  high-energy 
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Fig. 8. Time sweep of AE signals recorded during the impact crashing of a fresh  
water ice sample. 

Fig. 9. Experimental (signs) and calculated (lines) dependences N(>E) versus E for 
fracturing ice sample. 
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(steeper) part of the distribution is associated with the macroscopic crack 
growth when no correlation between sparse, sample-wide events takes place 
(q = 0.75). The flat portion (q = 1.19) reflects the correlated multi-site  
nucleation of microcracks. Thus, combinations of the non-extensive/expen-
sive modes of fracturing manifest themselves in phenomena which are  
incomparable both in spatial and temporal scales but have the same physical 
nature. It is worthy to note that a very similar result was obtained when 
crushing a Westerly granite sample (Shcherbakov et al. 2011). Vallianatos et 
al. (2011) reported the evolution of q-values with increasing compression 
stress applied on rocks. 

5.  DISCUSSION 
The ASIC is the multi-scale, hierarchic, and dynamic geophysical system. 
Overland et al. (1995) suggested the existing of five scale levels in the ma-
rine cryosphere. The characteristic linear dimensions of the scale-specific 
formations and the typical fracture events are shown in Table 1. Characteris-
tic times of recorded events allow one to identify any given hierarchic level. 
As distinct to the hierarchic architecture of the Earth’s crust, which origi-
nates from the structural heterogeneity existing at all scale levels (tectonic 
plates, rocks, minerals), the hierarchic properties of the ASIC are determined 
by different dominants specific for particular levels: prevailing continental 
winds, non-uniformity of bottom pack profile, brine pockets, etc. In addition, 
the sea ice dynamics is affected by the dynamics of the ocean. 

Table 1  
Hierarchic structure for the sea-ice mechanics  

(according to Overland et al. (1995) with actual updates) 

Spatial 
scale 

m 
Features Fracture events 

Characteristic 
time in this 

study 

105 

104 

103 

  100-102 
10–3-10–1 

pack ice 
ice floe assemblage 
ice floe 
finger rafted ice 
crystals, brine pockets 

faulting 
polynya formation 
lead propagation 
thermal cracks, macrocracks
microcracks, “wing” cracks 

days 
n/a 
minutes 
n/a 
microseconds 

 
In this work we considered the fracture process at three principal levels: 

fault formation, lead propagation, and microcracking. The energy release 
distributions in the observed events were analyzed in the framework of 
a common approach based on the Tsallis statistics. We determined formalis-
tically a degree of non-extensivity/extensivity of the processes through the 
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parameter q that was introduced by Tsallis (1988) into his definition of  
entropy. In fact, issuing from the value of this parameter (as it is either 
greater or less than unity) one could characterize a certain stage of the frac-
ture process as non-equilibrium or equilibrium and, correspondingly, assess 
the efficiency of correlations in multi-site damaging. 

A comparison of the data related to different modes of fracturing reveals 
both spatial and temporal identity of ice fracture at all accessible scale levels, 
as regarded from the viewpoint of non-extensive thermodynamics. First of 
all, the presented energy distributions demonstrate a considerable variability 
of the degree of equilibrium in the system. Whilst the periods of multi-site 
fracturing are characterized by small variations of the q-value all time great-
er than unity, the dynamic fracture takes place at q close to or less than unity 
(from 0.80 to 1.07 in our experiments). Such transient drops of the parameter 
q signalize breaks of long-range interactions that are responsible for the cor-
related dynamics of multiple-site fracture process. The parameter q increases 
to higher values prior to the strongest bursts of energy release. The non-
equilibrium state is a thermodynamic precursor of dynamic fracture. 

The value of the parameter q reflects indirectly the conservation proper-
ties of the system. Really, the thermodynamic equilibrium of an open system 
is determined in many instances by its capability for energy conservation. In 
low-conservative systems, the energy exchange is restricted by neighboring 
sites, and the non-extensive process should be characterized by low values of 
the parameter q. On the other hand, there are no interactions between com-
ponents in fully non-conservative systems, such as flowing fragmented sea 
ice (Chmel et al. 2010a). Recent studies evidenced that the q-value in highly 
conservative systems, such as tectonic structures, never decreases to unity 
and varies around the value ~1.5 (Telesca 2010b, c; Vallianatos 2009, 
Vallianatos and Sammonds 2011). One should expect that the q-value would 
be a universal constant in a fully conservative system. 

A second important similarity between the ice fracturing occurring at dif-
ferent scale levels is a reversed variation of the energy density in relation to 
the q-value variation. The changes in the value of energy density could cover 
a few orders of magnitude with reaching the maximum value at the mini-
mum value of the parameter q, that is, during the most important fracture 
events. This is a clear physical result, which reproduced itself in all our  
experiments. 

Thus, despite a space-time hierarchy of fracturing due to different driv-
ing forces and structural particularities existing in the ASIC at different scale 
levels, the considered thermodynamic characteristics of the process, such as 
the non-extensivity and energy release, show at all hierarchic levels a uni-
form behavior, specific for the open, non-equilibrium system with a varying 
level of conservativity. 
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In fact, there are no well-defined criteria that could provide an unambig-
uous partitioning of the system in individual hierarchic levels. A universal 
estimate could be derived from the correlation radius of interactions that im-
plement the connectedness of the system. 

In conventional mechanics, the correlation radius is given by the distance 
of elasto-dynamic interactions (Bowman et al. 1998), which are realized 
through stationary (structural) links. Permanent sea ice breakage occurring at 
all scale levels restricts the establishing of the latter ones. 

In statistical non-linear mechanics, the correlation radius is determined 
by dynamic links limited only by the size of the system. The energy  
exchange in the ice pack is realized through wave processes. The sea ice  
oscillations that served in this work for detecting the fracture events establish 
dynamic integrity of the ASIC. 

6.  CONCLUSIONS 
The mechanical processes in drifting sea ice, such as fracturing and contact 
interactions, exhibit highly variable degree of non-extensivity in the sense of 
Tsallis statistics. The variations are caused by significant changes in the en-
ergy conservation in periods of intensive fracture processes, which disturb 
the connectedness of sea ice. This variability is a particular feature that dis-
tinguishes the thermodynamic of ASIC from that of conservative geostruc-
tures, though these geophysical formations are close to each other both in 
their dimensions and in the nature of mechanical processes. 
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A b s t r a c t  

The spring-block model proposed by Olami, Feder and Christensen 
(OFC) has several properties that are similar to those observed in real 
seismicity. In this paper we propose a modification of the original model 
in order to take into account that in a real fault there are several regions 
with different properties (non-homogeneity). We define regions in the 
network that is reminiscent of the real seismic fault, with different sizes 
and elastic parameter values. We obtain the Gutenberg–Richter law for 
the synthetic earthquake distributions of magnitude and the stair-shaped 
plots for the cumulative seismicity. Again, as in the OFC-homogeneous 
case, we obtain the stability for the cumulative seismicity stair-shaped 
graphs in the long-term situation; this means that the straight line slopes 
that are superior bounds of the staircases have a behavior akin to the  
homogeneous case. We show that with this non-homogeneous OFC 
model it is possible to include the asperity concept to describe high-stress 
zones in the fault. 

Key words: earthquake, faulting, cellular automata, OFC model. 
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1. INTRODUCTION 
The concept of self-organized criticality (SOC) was introduced by Bak et al. 
(1987, 1988) as a general organizing principle governing the behavior of 
spatially extended dynamical systems with both temporal and spatial degrees 
of freedom. According to this principle, composite open systems having 
many interacting elements organize themselves into a stationary critical state 
with no length or time scales other than those imposed by the finite size of 
the system. The critical state is characterized by spatial and temporal power 
laws. In such a state, a smaller event often begins a chain reaction that can 
lead to a catastrophe. According to Bak et al. (1987, 1988), the temporal 
“finger print” of the SOC state is the presence of 1/f-α noise and its spatial 
signature is the emergence of scale invariant (fractal) structure. The scale  
invariance is a well-known property of a lot of geological structures and 
phenomena. This statistical self-similar behavior is reflected through several 
empirical power-laws in geology and geophysics (Turcotte 1997, Ito and 
Matsuzaki 1990). The earth’s crust can be seen as a hierarchical set of shapes 
and sizes suitable for a fractal description (Barriere and Turcotte 1994). The 
so-called Gutenberg–Richter (GR) law for the size distribution of earth-
quakes is a typical power law of seismology (Gutenberg and Richter 1944). 
In fact, as Bak (1996) has asserted, any theoretical or numerical SOC earth-
quake model has to reproduce the GR law as a first proof of its seismic  
consistency. 

Since 1989, many authors (Carlson and Langer 1989, Ito and Matsuzaki 
1990, Nakanishi 1990, Brown et al. 1991, Olami et al. 1992, Christensen 
and Olami 1992, Ceva 1995, Ferguson et al. 1999, Muñoz-Diosdado and 
Angulo-Brown 1999, Angulo-Brown and Muñoz-Diosdado 1999, Caruso et 
al. 2006, Naylor and Main 2008, Bach et al. 2008, Main and Naylor 2009, 
Caruso and Kantz 2011, Yamamoto et al. 2010) have reported SOC versions 
of the Burridge–Knopoff (BK) spring-block model (Burridge and Knopoff 
1967) for earthquakes. In this model, the behavior of a real seismic fault is 
modeled by describing the dynamics of a linear spring-block array using dif-
ferential equations. Nevertheless, the subsequent BK type models are based 
on cellular automata. These BK type models have been extended to 2D and 
3D versions and they have been very successful in reproducing not only the 
GR law but several other properties of real seismicity (Muñoz-Diosdado and 
Angulo-Brown 1999, Angulo-Brown and Muñoz-Diosdado 1999, Hergarten 
and Neugebauer 2002, Helsmstetter et al. 2004, Kotani et al. 2008, Kawa-
mura et al. 2010). These results have strengthened the idea that the earth’s 
crust is a SOC system. This fact has produced a pessimistic atmosphere 
around the perspectives of the problem of earthquake prediction (Geller et 
al. 1997, Bak and Tang 1989), because the SOC system is intrinsically  
unpredictable in the sense that it is not possible to calculate the size and  
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occurrence time of the next event (Bak 1996). In the present paper, we show 
several interesting properties of a spring-block SOC model which are con-
comitant with properties of real seismicity. In particular, we make a compar-
ison between the original model of Olami, Feder and Christensen (Olami et 
al. 1992, Christensen and Olami 1992), which we call the homogeneous 
OFC model, and a variation of the model introduced by us, as an attempt to 
take into account the geometry of the seismic fault. The original OFC model 
is a spatially homogeneous model, but real earthquake faults are spatially 
non-homogeneous; then, a natural step is to extend the original OFC model 
to an inhomogeneous one, and there are various ways to do this task, for  
instance, it is possible to take the model parameters to be random from site 
to site, or it is possible to take a temporal variation of such parameters 
(Yamamoto et al. 2010). Our proposal is different in that we propose an 
OFC non-homogeneous model that considers several regions in the fault and 
that these regions have different elastic properties. We look for the model-
properties that are preserved and if there appear new features with this modi-
fication. We also make a comparison of the GR law and the stair-shaped 
plots for cumulative seismicity obtained with the model and the same plots 
obtained for real seismicity (Rudolf-Navarro et al. 2010). We propose that 
this model can be formulated to include in it the asperity concept, that is to 
say, a region with high stress surrounded by other region with less stress 
(Lay and Kanamori 1981, Kanamori 1981, Ruff 1992). Analyzing the results 
we can obtain valuable insights over the characteristics of the terrain where 
the seismic faults are located and, if we compare the patterns of real seismic-
ity with the synthetic patterns obtained from the model, we can attempt to  
explain, at least qualitatively, these patterns. 

The paper is organized as follows: In Section 1, we describe the OFC  
homogeneous model. In Section 2, we present the modification that leads to 
the OFC non-homogeneous model, which is different from that of Yamamoto 
et al. (2010). In Section 3, we present the results for the non-homogeneous 
model, and then compare it with the homogeneous model and we further dis-
cuss the similarities with real seismicity. In Section 4 we make the proposal 
that the model can be formulated in terms of the asperity concept. Finally, 
we make a discussion about the possibilities of this non-homogenous model. 

2. THE  HOMOGENEOUS  MODEL  OF  OLAMI,   
FEDER  AND  CHRISTENSEN 

The OFC earthquake model is a version in two dimensions of the spring-
block model of Burridge–Knopoff (Burridge and Knopoff 1967). It is the 
prime example for a supposedly self-organized critical yet nonconservative 
model. The model consists of equal blocks located on a plate, which is  
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Fig. 1. The geometry of the spring-block model. The force on the blocks increases 
uniformly as a response to the relative movement of the two plates. 

supposed to be in the fault (Fig. 1). Each block is connected to its neighbors 
by harmonic springs and they are lugged individually by other springs sub-
ject to other plate that moves with a constant speed. When the upper plate is 
moved slowly, it causes the force (or stress) to linearly increase in each 
block, to the point where the force equals a threshold (the force for the fault 
breaking); after that, the block slips to a state of residual force. A sliding 
block transfers force to its nearest neighbors; if these neighbors receive  
sufficient additional force to cause the slipping, and so on, it can generate  
a chain reaction or a synthetic earthquake that is stopped once all the blocks 
are down of the threshold. 

In the OFC model, each block is connected to its four nearest neighbors. 
It should be emphasized that the representation of the faults as objects of two 
dimensions does not imply that the faults are smooth, as objects without 
structure. However, a lot of structure is included upon discretizing the fault 
plane. Olami et al. (1992) assumed that the block that is moved will slip to 
the zero force position. We define an L × L arrangement of blocks by (i, j), 
where i and j are integers whose values are between 1 and L and if the dis-
placement of each block from its relaxed position on the lattice is xi,j, then 
the total force exerted by the springs on a given block (i, j) is expressed by 
(Christensen and Olami 1992) 

 , 1 , 1, 1, , , 1 , 1 ,2 2 ,i j i j i j i j i j i j i j L i jF k x x x x x x k x− + − +⎡ ⎤ ⎡ ⎤= − − + − − +⎣ ⎦ ⎣ ⎦  (1) 
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where K1, K2 and KL are the elastic constants. The force redistribution in the 
position (i, j) is given by the following relationship 

 1, 1, 1, , 1 , 1 , 1 ,, , 0 ,i j i j i j i j i j i j i jF F F F F F Fδ δ± ± ± ± ± ±→ + → + →  (2) 

where the force increment in the nearest neighbors is given by 
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where α1 and α2, are the elastic ratios. As can be observed, the force redistri-
bution is not conservative. The model is homogeneous because the same 
values of α1 and α2 are considered in the entire grid. If α1 = α2 the model is 
isotropic. Olami et al. made the mapping of the spring-block model into  
a continuous, nonconservative cellular automaton, modeling earthquakes 
with an algorithm as described in references of Olami et al. (1992) and 
Christensen and Olami (1992). 

With open frontier conditions Olami et al. obtained a robust SOC behav-
ior for the probability distribution of earthquake sizes, that is to say, that 
probability distribution is a power law, which, in fact, is in agreement with 
the GR law, and also establishes that the earthquake occurrence frequency is 
related to the magnitude m by means of the relationship 

 10log ( ) ,N M m a bm> = −   

where a and b are constants and N(M > m) is the number of earthquakes 
larger than m in a specific time interval. Although the GR relationship is 
universal, the values of a and b depend on the region. The constant a speci-
fies a regional level of seismicity. Reported values of b are approximately 
between 0.75 and 1.54. Olami et al. calculated b and concluded that the most 
approximate values to real seismicity are produced for α values around 0.2. 
This is reasonable, because if we assume that all the elastic constants are in 
the same scale (K1 ≈ K2 ≈ KL) then α ≈ 0.20, see Eq. (3). Olami et al. showed 
also that anisotropy does not seem to be a determinant factor in the modeling 
of the fault, since a similar behavior to the isotropic case is obtained. It has 
been proposed that a seismic fault model must be able to produce power 
laws of the type of the GR law (Bak 1996, Lomnitz-Addler 1993). However, 
the ability to produce a power law does not mean that the model will be  
useful, because it also must be able to reproduce other phenomena and lead 
to features that the seismologists could observe in real faults (Ferguson et al. 
1999). Fortunately, it has been found that the OFC model has other interest-
ing properties that seem to be related to real seismicity (Muñoz-Diosdado 
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and Angulo-Brown 1999, Angulo-Brown and Muñoz-Diosdado 1999, Her-
garten and Neugebauer 2002, Helsmstetter et al. 2004, Kotani et al. 2008, 
Kawamura et al. 2010). We calculated the cumulative seismicity, which is 
obtained by adding the number of blocks that are relaxed in each one of the 
events, and then we plotted it as a function of time. Such graphics are stair-
shaped plots similar to those of real seismicity. 

Angulo-Brown and Muñoz-Diosdado (1999) have reported that these 
stair shaped graphics are a characteristic of the model. They found that the 
synthetic cumulative seismicity in the long-term situation could be bounded 
by a straight line, whose slope depends on the system size and cannot be  
arbitrarily large. For certain values of the elastic parameters of the model, the 
recurrence times have a log-normal behavior. The best results for the model 
were found for α values around 0.2, and it coincides with the results reported 
by Hainzl et al. (1999). For this reason, we believe that a more complex 
model of spring-block simulating a seismic fault must consider values of the 
elastic parameter α around 0.2. This model can be used as basic model to  
describe the earthquakes occurrence associated with some seismic fault,  
because it has several properties that have been observed in real seismicity. 

3. THE  NON-HOMOGENEOUS  MODEL 
All the above-mentioned results are only for a homogeneous fault, and  
a seismic fault has regions with different properties. The present work shows 
that it is possible to obtain the previous results if it is supposed there are  
several regions in the fault. The interaction between these regions can be 
strong or weak. In the first case, if an earthquake begins in a region, it can 
induce other fractures in other regions; in the second case, the probability 
that this happen is very small. These regions do not occur in isolation but as 
parts of a hierarchical structure, often characterized by a fractal dimension 
with a value between two and three. However, in this work we only work 
with regions in regular arrays. 

Several regions can be modeled putting different α values in each one of 
the parts in which the grid is divided. In each one there are different elastic 
properties. As mentioned, in the spring-block model, α represents the values 
of the elastic properties and better results of the model have been obtained 
for α around 0.2. So, the α values were such that their average for all the re-
gions would be 0.2 or close to 0.2. We work mainly with the case of two and 
three parallel regions, the first with the same sizes and the latter with differ-
ent sizes. As in the homogeneous case, we obtain the probability distribution 
of earthquake magnitude frequency and with these graphics we obtain the 
values of the b exponent of the GR law. After that, we calculate the cumula-
tive seismicity to investigate if in this case a straight line bounds the stair-
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shaped graphics in the long-term situation. The objective is to compare the 
homogeneous case with the non-homogeneous one and to see which charac-
teristics are conserved or if there are other new properties. 

4. RESULTS  AND  COMPARISON  BETWEEN  THE  TWO  MODELS 
AND  WITH  REAL  SEISMICITY 

In the case of two and three parallel regions we obtained a power-law for the 
synthetic earthquakes magnitude, that is to say, the GR law. The GR law is 
obtained even for regions of different size. 

Using such graphics we determined the b values of the GR law. Logically 
the values are different from those in the homogeneous case, but furthermore 
we obtained another important difference. In the homogeneous case, the 
points of the distribution form a straight line that is extended in several  
orders of magnitude, before the line is curved downward due to the finite 
size effect (see Fig. 2). This happens because it is not possible to obtain re-
sults for a sufficiently large grid representing the real fault. In the non-
homogeneous case, even though we obtained the power-law, it is presented 
in one or two less magnitude orders than in the homogeneous case. We fur-
thermore obtained the staircase-shaped plots, but the stability towards a con-
stant slope delays more, mainly if the dimension of the matrix that represents 
the grid is large (L > 100) (see Fig. 3). The reason can be that these non-
homogeneities delay the system self-organization, that is not as fast as in the 
homogeneous case (it is the same situation for the frequency magnitude 
power-law). We must always wait until the system self-organizes, and then 
we can begin the statistics. At the beginning, the staircases are not stable, but 
these are stabilized in the long-term situation. 

If we wait more time, so that the system is self-organized, then the 
graphics have the same qualitative form as in the homogeneous case, though 
the slopes in either case are different. Again, we obtained the stability for the 
cumulative seismicity stair-shaped graphs in the long-term situation and this 
means that the straight line slopes that are superior bounds of the staircases 
have a behavior akin to the homogeneous case.  

It has been reported (Angulo-Brown and Muñoz-Diosdado 1999) that the 
slopes m of the straight lines that bound the cumulative seismicity depend on 
the system-size L. We obtained this dependence for a case with two parallel 
regions with two different α values (0.225 and 0.175) and we found the same 
behavior in the homogeneous case, that is, the slopes have an absolute max-
imum. Thus, as shown in Fig. 4, the cumulative synthetic seismicity cannot 
be arbitrarily large. These results are relevant because of two reasons: first, 
this model is more realistic than the homogeneous model, but it has the 
properties that have made it useful and second, the real seismicity has these 
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Fig. 2. Distribution of synthetic earthquake magnitude in a 100 × 100 system with 
open boundary conditions. The network is divided into two parallel regions with  
α values of 0.225 and 0.175, respectively; 1 000 000 events. 

 
Fig. 3. Cumulative synthetic seismicity for the case with α values of 0.225 and 
0.175. The structure of the stair-shaped plots can be seen when we plot less events. 
Although at the beginning there is no stability, it is reached in the long-term situa-
tion, where the fitting with a straight line seems to be excellent. 
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Fig. 4. Dependence of the slopes of the straight line envelopes associated to the 
stair-shaped curves of cumulative seismicity with system size N = 100; there are two 
parallel regions with α values of 0.225 and 0.175. The curve was smoothed using 
cubic splines. 

 
Fig. 5. Gutenberg–Richter law for a region in the Mexican Pacific coast, with 
4.2 < m < 8.0, between 14° and 21°N lat. and 94° and 106°W long., from 1 January 
1969 to 30 April 2010, with depths less or equal to 60 km. Note the finite size effect. 

characteristics. Actually, we have observed these kinds of plots in the seis-
mological zones of Oaxaca, Guerrero, Michoacán and Jalisco-Colima in 
Mexico (Rudolf-Navarro et al. 2010); all of them have been characterized by 
one value of the b exponent of the GR law. For instance, in Fig. 5, we show 
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the frequency of earthquakes with Ms (surface wave magnitude) greater or 
equal to m, for events occurred between 1 January1969 and April 2010, with 
deep focus less than or equal to 60 km, between 14 and 21 degrees north  
latitude and 94 and 106 degrees west longitude. The upper points follow  
a power law for seisms in the interval 4.2 < m < 7.0 of the form: 

 10log ( ) 4.34 0.69 .SN M m m> = −   

In Figure 5 we observe a change in the slope of the power law, which has 
been explained in two ways: As a finite size effect, which seems to be related 
with the size of the geographical region that is taken to make the earthquake 
statistics, or there is a discontinuity in the GR law; it means that we obtain  
a different behavior for earthquakes of large magnitude (greater than 7.0) 
than for the rest of the earthquakes (Pacheco et al. 1992). Obviously, the last 
interpretation does not coincide with the model results. Lomnitz-Adler 
(1993) suggested that if we suppose that there is a fault granularity, then  
finite size effects could be observed since the real faults have a finite size. 
Moreover, in Mexican seismological regions we can also obtain the cumula-
tive seismicity for real earthquakes. 

As can be seen in the plots as the one shown in Fig. 6 (Colima-Jalisco 
region) it seems that they can be characterized also by the value of the slope 
mf  of a long-term straight line. It means that, for real earthquakes, as in the 
synthetic seismicity, in the long-term behavior the envelope of the stair-
shaped plots seems to tend to a straight line, so when a quiescence is pro-
duced the plot tends to return to the historical slope of the seismological  
region. If the quiescence is large, the return has two possible ways: first, 
with a large earthquake and its aftershocks or second with a swarm (or sev-
eral ones) of many small earthquakes. When the second process takes place 
we say that a false alarm was produced. In a plot of this kind, quiescence 
could be easily recognized, because quiescence is present when a stair step 
remains almost horizontal during a lot of time. For example, in Fig. 6, the 
precursory seismic quietude for two earthquakes is shown. 

In the model most of the earthquakes have its epicenters in the regions 
with smaller α, but the earthquakes of greater magnitude are concentrated in 
the region with greater α values. We can illustrate this in Fig. 7a, which  
depicts three regions with different α values, the central region with α = 0.10 
and two lateral regions with α = 0.245. The figure shows the epicenters  
of 10 000 events, the majority of epicenters concentrate in the region with  
α = 0.10, but when we do a cut-off to eliminate the micro-seismicity, we find 
that the events of great magnitude tend to concentrate in the regions with 
large α values (Fig. 7b). With the aid of Eq. (3) we can see that the regions 
with greater α values are more globally stressed regions, because when the 
relaxation process takes place, almost all the stress is given to the neighbors. 
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Fig. 6. Number of earthquakes with Ms ≥ 4.3, for the Colima-Jalisco region in the 
Mexican Pacific coast, between 17.8° and 19.8°N lat. and 103° and 105.8°W long., 
from 1 January 1969  to 30 April 2010, with depths less or equal to 60 km. Note the 
two precursory seismic quietudes. 

(a)                                                                 (b) 

Fig. 7: (a) The earthquake epicenters for three regions with different α values, the 
central region with α = 0.10 and two lateral regions with α = 0.245; most epicenters 
concentrate in the region with α = 0.10, but when we do a cut-off to eliminate the 
seisms with less magnitude, we find that the events of great magnitude tend to  
concentrate in the regions with great α values, as we show in panel (b). The latter is 
obtained when we take away the events less than 1/16 of the event with maximum 
magnitude. 

In contrast, the regions with smaller α values are regions less globally 
stressed because only a little fraction of stress is given to the neighbors, that 
is to say, these regions do not store a lot of energy. Most of the energy is 
stored in the regions with greater α values, so it is in these regions where the 
earthquakes of greater magnitude are going to occur. These results motivated 
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us to see if there was possible to incorporate the asperity concept in our 
model, and later, if this model was able to describe at least qualitatively  
a pattern of real seismicity in some seismic region. 

5. THE  ASPERITY  CONCEPT  AND   
THE  NON-HOMOGENEOUS  MODEL 

The asperity concept was first proposed by Byerlee (1970) and further  
developed by Scholz and Engelder (1976), who suggested that the two sides 
of a fault are held together by surfaces of high strength called asperities. The 
stress on the asperities is higher than the average stress on the entire fault 
plane. We are not going to describe the origin of the stress concentrations, 
but the fact is that there should be a random distribution of stress concentra-
tions on various regions on the contact zone in a seismic fault. When a slip 
occurs in an asperity it is accompanied by an increase of stress on stronger 
asperities. A consequence of this is that when a stronger asperity breaks, an 
earthquake of great magnitude occurs and the aftershocks occur around the 
broken surface. Asperity size and stress distribution govern the degree of 
loading of adjacent asperities when a large asperity fails. Lay and Kanamori 
(1981) proposed that asperities can be seen as if the fault zone were subdi-
vided into sub-faults of somewhat independent behavior. These sub faults 
could interact themselves but it would be stress barriers between sub faults, 
like ridges, submarine canyons, or changes in the strike of the trench that 
vary the asperities interaction along the fault. Taking as a basis the paragraph 
at the end of last section, we can define a region (or regions) in the grid that 
represents the seismic fault; if we assign to it an α value larger than the sur-
rounding zone then we have a region into the grid that could be considered 
as an asperity. We can define several regions with different sizes and  
α values (it means different properties of the terrain). As a result we have  
encountered from the model that the synthetic earthquakes with great magni-
tude occurs just on the zones with greater α values and sizes. When  
a synthetic seism is produced, then in certain part of this zone a relaxation 
occurs, which implies that the next seisms will not occur in the same region, 
but it is possible that they occur near the region, out of the frontier, because 
there are sites in this part that were left for the relaxation process very close 
to the threshold. Thus, if there are aftershocks there is a high probability that 
they occur just outside the modeled asperity. 

If we have a high stressed asperity close to other asperity of the same 
kind and an earthquake is produced in one of them, then it is also possible 
that an event in one of them can trigger an event in the other. For example, 
taking as basis the results reported by Suárez et al. (1990), we defined two 
asperities with α = 0.245 immersed in the network that represents the rest of 
the fault, α = 0.13, but taking into account the geometry of the region. 
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Fig. 8. The earthquake epicenters in a region with two asperities with α = 0.245  
immersed in the network that represents the rest of the fault, with α = 0.13, without 
micro-seismicity. Taking into account the geometry of the region, we have obtained 
a seismicity pattern similar to the one observed in the Guerrero, Mexico gap. 

As a result we have obtained a seismicity pattern similar to the one observed 
by Suárez et al. (1990) in the Guerrero gap (Fig. 8). They found that the 
seismicity is concentrated in two parallel regions and between them there is 
another region with almost no seismicity. We have reproduced qualitatively 
this pattern and suggested the presence of two great asperities that surround 
the quiet zone. The type of asperities that we can model should be of the 
type described by Lay and Kanamori (1981), that observed four fundamental 
categories of the behavior of stress distribution on the fault plane: (a) The 
Chile-type regular occurrence of great ruptures of more than 500 km; (b) the 
Aleutian-type variation in rupture extent with occasional ruptures up to  
500 km long, an temporal clustering of large events; (c) the Kurile-type  
repeated failure over a limited zone of 100-300 km in isolated events and  
(d) the Marianas-type absence of large earthquakes. It seems that in Mexican 
seismological zones we have an intermediate case between (b) and (c), that 
is, there are asperities of several sizes. 

6. DISCUSSION 
We think that the model is useful to describe the asperities if we imagine 
than asperities are immersed in the fault, but in a seismological region there 
are several faults. We have to consider that if most of the large earthquakes 
occur in preexisting faults, then the long time scale associated with the after-
shock sequence, compared with the duration of an individual event, indicates 
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Fig. 9. The propagation of the fracture in a synthetic earthquake, in the case  
described in Fig. 7a. Although the epicenter is near the central zone, the fracture 
does not propagate to the central zone; it is confined within the zone with greater  
α value. 

that the coupling between individual faults that make up the network is weak 
(Lomnitz-Addler 1993). So, the model can be applied to a fault with several 
sub-regions, and the whole process described is valid when an event occurs. 

However, if we want to apply the model as if the different parts of the 
network were faults, then we must suppose that there are regions that are not 
faults that separate them. Depending on the properties of these regions we 
can take them as barriers in the sense proposed by Lay and Kanamori 
(1981), or we can take them not as barriers, but as zones where the terrain 
properties are different, in such a way that they do not permit that the frac-
ture could be propagated. For instance, in the situation described for three 
parallel zones where the intermediate zone has an α value of 0.13 and the 
others have an α value of 0.235, the earthquakes of great magnitude occur in 
the lateral regions, the central region has only a micro seismicity, but the 
most important thing is that if an earthquake of great magnitude occurs in the 
lateral zones it almost never reaches the central region. It means that the 
fracture cannot propagate towards this zone (Fig. 9). Although the epicenter 
was near the central zone, the fracture will not propagate to the central zone, 
and it will be confined within the zone with a large α value. 

It is necessary to stress that there is certain non-homogeneity introduced 
in the model by the boundary conditions that have been used. Actually, as 
the boundary conditions are open, the blocks that are at the edge of the net-
work have a different behavior from the other blocks. This is because the 
frontier blocks only have three or two neighbors. This fact produces a behav-
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ior qualitatively similar to the one reported by Corbi et al. (2011) for 
subduction faults. Most of the global seismic energy is released by the slip 
between the subducting and the overriding plates. Corbi et al. reported that 
the interplate contact is seismogenic only in a specific depth interval, global-
ly comprised between 11 ± 4 and 51 ± 9 km. The cumulative seismic  
moment is not homogeneously distributed along the seismogenic zone.  
It shows an approximately Gaussian distribution with a peak around 20-
30 km of depth. This is physically reasonable, because the interplate is con-
fined between the surface and the mantle, i.e., large earthquakes have no 
bounds in rupture length, but their down-dip width is limited by thickness of 
the region capable of generating earthquakes (Pacheco et al. 1992).  

If we take a grid of 100 × 100 blocks in the homogeneous OFC model, 
locate all the synthetic earthquake epicenters, and take bands of width equal 
to 5 (20 bands). We summed the magnitudes of all the earthquakes that  
occurred in each of the bands, and obtained that the distribution is not  
homogeneous. In Figure 10, we have plotted the cumulative rupture surface 
from the fourth to the sixteenth band. As shown in Fig. 9, a synthetic earth-
quake magnitude can be quantified by counting the relaxed blocks, and these 
blocks represent the rupture surface for this earthquake. When we plot the 
cumulative rupture surface for each strip we get what is shown in Fig. 10, 
i.e., a non homogeneous distribution with a peak situated more or less at the 
center. We only plotted from the fourth to the sixteenth bands to make the 
graph more similar to the graphic of Corbi et al. (2011) 

 

Fig. 10. Cumulative rupture surface from the fourth to the sixteenth band, for a grid 
of 100 × 100 blocks in the homogeneous OFC model. 
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7. CONCLUSIONS 
We have shown that if we make subdivisions into the network that repre-
sents the seismic fault, with different sizes and values of the elastic parame-
ters, then we still obtain the GR law and the stair shaped plots similar to real 
seismicity, but the self-organizing process delays more than in the homoge-
nous OFC model, so the stability for the stair-shaped plots also delays. We 
have found that the slope of the straight line that bounds the stair-shaped 
plots depends on the lattice linear size N, similar to the homogeneous case, 
and always with a global maximum slope. The results are similar to the ones 
obtained with real data, so we think we are in the correct way to have in the 
future a more appropriate model for a seismic fault based on a spring-block 
model. This is supported by the fact that the asperity concept can be included 
into the model through simple α distributions. 
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A b s t r a c t  

In the present study, the spatiotemporal properties of the Aigion 
earthquake (15 June 1995) aftershock sequence are being studied using 
the concept of non-extensive statistical physics (NESP). The cumulative 
distribution functions of the inter-event times and the inter-event dis-
tances are being estimated for the data set which is assumed to be com-
plete and the analysis yielded the thermodynamic q parameter to be 
qT = 1.58  and  qr = 0.53  for the two distributions, respectively. The re-
sults fit rather well to the inter-event distances and times distributions, 
implying the complexity of the spatiotemporal properties of seismicity 
and the usefulness of NESP in investigating such phenomena. The tem-
poral structure is also being discussed using the complementary to NESP 
approach of superstatistics, which is based on a superposition of ordinary 
local equilibrium statistical mechanics. The result indicates that very low 
degrees of freedom describe the temporal evolution of the Aigion earth-
quake aftershock seismicity. 

Key words: aftershock sequences, complexity, non-extensive statistical 
physics, Aigion earthquake, Gulf of Corinth rift. 
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1. INTRODUCTION 
On 15 June 1995 at 00:15 GMT, a strong earthquake, of magnitude 6.2 
(Bernard et al. 1997), occurred at the western part of the Gulf of Corinth 
(Greece). The earthquake was located at 38.37°N, 22.15°E, at about 12 km 
to the NNE of the city of Aigion, where 26 people were killed and many 
buildings suffered severe damages. The Gulf of Corinth region has long now 
been recognized as one of the most seismotectonically active areas in Europe 
(Ambraseys and Jackson 1990), with an important continental N-S extension 
of about 13 mm/yr, and 6 mm/yr at the west and east part, respectively 
(Clarke et al. 1997).  

The evolution of such tectonically active regions is expressed through 
seismicity and is characterized by complex phenomenology. However,  
some simple empirical relationships are valid, such as the Omori law  
(Omori 1894) that describes the temporal distribution of aftershocks,  
n(t) = K/(t + c) 

p,  and the Gutenberg–Richter law (Gutenberg and Richter 
1944) for the relationship between the frequency and magnitude of earth-
quakes, log N(M) = a – bM, exhibiting the scale-free nature of seismicity. 
Non-extensive statistical physics (NESP) (Tsallis 1988, 2009), which is 
a generalization of Boltzmann–Gibbs statistical physics, seems a suitable 
framework for studying complex systems exhibiting scale-free nature. Using 
this concept, Abe and Suzuki (2003, 2005) investigated the spatial and tem-
poral properties of the seismicity in California and Japan and more recently 
Darooneh and Dadashinia (2008) in Iran. In these studies, the inter-event 
times and distances distributions between successive earthquakes are nicely 
fitted by a q-exponential distribution.  

The question whether earthquake aftershocks are described by non-
extensive statistical physics, even at the phenomenological level (i.e., with-
out specifying any underlying model), represents a challenge. This is the 
problem we address here. Our aim is not to develop a precise model, but  
rather to present a simple argument of physical plausibility. 

Recent applications to solid earth physics (in regional or planetary scale) 
summarized by Tsallis (2009), mainly focused in seismology (Telesca 
2010a, b; 2011) using earthquake catalogs from different seismic zones, fault 
lengths distribution (Vallianatos et al. 2011a, Vallianatos and Sammonds 
2011) and very recently to natural hazards (Vallianatos 2009), plate tectonics 
(Vallianatos and Sammonds 2010), rock physics (Vallianatos et al. 2011b), 
and geomagnetic reversals (Vallianatos 2011). 

In the present study, we use the concept of non-extensive statistical phys-
ics (NESP) (Tsallis 1988, 2009) to analyze the temporal and spatial proper-
ties of the Aigion earthquake aftershock sequence. The temporal occurrence 
of the aftershock sequence is also being discussed using the complementary 
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to NESP approach of superstatistics, which is based on a superposition of 
ordinary local equilibrium statistical mechanics, using a suitable intensive 
parameter β that fluctuates on a relatively large temporal scale. 

2. NON EXTENSIVE  STATISTICAL  PHYSICS 
A monument of contemporary physics is Boltzmann–Gibbs statistical me-
chanics which is a link between the mechanical microscopic laws and classi-
cal thermodynamics. Since Boltzmann, many entropic forms have been 
introduced and in 1988 (Tsallis 1988, 2009) a more general form was pro-
posed, known as non-extensive statistical mechanics: 

 1
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where kB is Boltzmann’s constant, q
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total number of microscopic configurations. For the particular case where  
q = 1  then  S1 = SBG , we obtain the Boltzmann–Gibbs (BG) entropy:  
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Although Tsallis entropy shares a lot of common properties with the Boltz-
mann–Gibbs entropy, SBG is additive, whereas Sq (q ≠ 1) is nonadditive. 

For any two probabilistically independent systems, A and B, the Tsallis 
entropy satisfies: 
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The origin of non-extensivity comes from the last term on the right-hand 
side of this equation. We can see that  q < 1,  q = 1,  and  q > 1, correspond 
to superadditivity, additivity, and subadditivity, respectively. This is the  
fundamental principle for non-extensive statistical mechanics. 

If X is a physical parameter that describes the system, then the probabil-
ity distribution of X is obtained by the maximization of the entropy under  
appropriate constraints (Tsallis et al. 1998, Lyra and Tsallis 1998, Tsallis 
1999) with the Lagrange multipliers method. Applying the normalization 
constraint  
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is the escort probability (Tsallis 2009), we optimize the non-extensive  
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where α and β* represent the Lagrange multipliers. Thus we obtain the 
physical probability: 
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where the q-exponential function is defined as 

 ( ) ( ) ( )1 1
( ) 1 1 for 1 1 0

q
qe x q x q x

−
= + − + − ≥⎡ ⎤⎣ ⎦  , 

and 
 ( )( ) 0 for 1 1 0qe x q x= + − <  . (5) 

Zq is the q partition function 

 ( )
0

exp dq qZ BX X
∞

= −∫ ,  

where  

 
( )

*

*1q q

B
C q X

β
β

=
+ −

     and     ( )
0

dq qC P X X
∞

= ∫ .  

The obtained probability function will be used in order to calculate the  
cumulative distribution function and to compare the theoretical formulation 
with the distribution of inter-event times and distances. 

3. AIGION  AFTERSHOCK  SEQUENCE  ANALYSIS 
Suppose that the inter-event time T is the time between two successive 
earthquakes defined as  T = T (i + 1) – T (i)  and the inter-event distance r is 
the three-dimensional Euclidean distance between the successive earth-
quakes defined as  r = ║r (i + 1) – r (i)║. The concept of NESP previously  
described, is in this section applied to the inter-event times and distances  
distributions of the Aigion earthquake aftershock sequence. 

The data set analyzed in this study is taken from the catalogs of the Geo-
dynamic Institute of the National Observatory of Athens (http://www.gein.  
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Fig. 1. The cumulative (circles) and non-cumulative (triangles) distribution function 
on logarithmic scale for the magnitude range of the Aigion aftershock sequence. The 
maximum likelihood fit of the Gutemberg–Richter law gives a b value of  1.6 ± 0.21. 
The magnitude of completeness, Mc, according to EMR method is  2.9 ± 0.07, ML. 

noa.gr/). We used the aftershocks detected at the first 17 days after the main 
shock. The aftershocks selected from the catalog define an active zone of 
about 60 km E-W and 40 km N-S. The application of the Gutenberg–Richter 
law according to the maximum likelihood technique (Aki 1965) gives a 
b value of 1.6 ± 0.21 (Fig. 1). The magnitude of completeness, Mc, of our 
data set, according to the entire-magnitude-range (EMR) method (Woessner 
and Wiemer 2005), is 2.9, ML (Fig. 1). The uncertainty of Mc can be esti-
mated using the bootstrap method (e.g., Chernick 1999, Woessner and Wie-
mer 2005) and in our case is for Mc 2.9 ± 0.07. We have also applied the 
modified Omori law  n(t) = K/(t + c)p (e.g., Utsu et al. 1995) to our data set 
for the events equal or greater than the threshold magnitude of 3, according 
to our previous calculation of Mc. The maximum likelihood estimation 
(Ogata 1983) gives a p value of 1.7 and implies the fast decay rate of the af-
tershock sequence, with the energy being released mainly during the main 
shock and the first big aftershock of magnitude 5.2, ML. 

An important point to non-extensive analysis is that the quantity to be 
compared with the observed distribution is the associated escort distribution 
(Tsallis 2009, Abe and Suzuki 2003, 2005). Following the latter approach, 
the cumulative distribution function is given by the expression 

 ( ) ( )
0

dqP X P X X
∞

> = ∫  , 

where 
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 ( ) ( )

( )
0

d

q

q
q

p X
P X

p X X
∞=

∫
 , 

and combining with the probability function p(X) given in Eq. (4) we obtain  
P(>X) = expq (–BX). The latter implies that after the estimation of the appro-
priate q that describes the observed distributions  P(>T)  and  P (>r), the  
q-logarithmic functions  lnq (P(>T))  and lnq (P(>r))  expressed as 

 ( )11ln ( ) 1
1

q
q x x

q
−= −

−
 , 

are linear with T and r, respectively (Vallianatos 2011 and references 
therein). 

Following the latter approach, the analysis of the inter-event distances 
distribution indicates a value of  qr = 0.53  for the data set with magnitudes 
equal or greater than the threshold magnitude  Mc = 3. The semi-q-log plot 
of the cumulative distribution for the inter-event distances with  qr = 0.53  is 
presented in Fig. 2. The straight line is the q-logarithmic function given by 
the model described earlier.  

The same analysis for the inter-event times distribution gives a value of  
qT = 1.58  for the dataset with magnitudes equal or greater of the threshold 
magnitude  Mc = 3. The semi-q-log plot of the cumulative distribution of the 
inter-event times with  qT = 1.58  is presented in Fig. 3. The q-logarithmic 
 

Fig. 2. The semi-q-log plot of the cumulative distribution of the inter-event distances 
for the dataset with magnitudes equal or greater than the threshold magnitude  
Mc = 3. The straight line represents the q-logarithmic function. The value of qr for 
the best fit regression is  qr = 0.53  with a correlation coefficient  ρ = –0.9896. 
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Fig. 3. The semi-q-log plot of the cumulative distribution for the inter-event times 
for the data set with magnitudes equal or greater than the threshold magnitude of 3. 
The straight line represents the q-logarithmic function. The value of qT for the best 
fit regression is  qT = 1.58  with a correlation coefficient  ρ = –0.9836. 

function is symbolized with the straight line. In both cases the model  
describes well the observed distributions of T and r for the data set which is 
assumed to exhibit magnitude completeness. 

We have also checked the sensitivity of the computed q value to the data 
set used each time. For this purpose we have randomly removed several 
times the 10% of the data set used to perform the non-extensive analysis  
described earlier. Indeed, the qT value exhibits sensitiveness to the data set 
used each time, with results taking values from 1.44 to 1.63. 

4. A SUPERSTATISTICAL  VIEW   
TO  THE  AIGION  AFTERSHOCK  SEQUENCE 

Considering a class of generalized statistics, which are called “superstatis-
tics”, we have a complementary approach to understand the dynamical rea-
son of non-extensive statistical mechanics (Beck and Cohen 2003, Beck 
2009). Tsallis statistics is a special case of these superstatistics. There is an 
intensive parameter β of the complex system that fluctuates on a relatively 
large spatio-temporal scale. Theoretical developments of the superstatistics 
concept includes many complex systems, such as the atmospheric turbu-
lence, the cosmic ray statistics and hydroclimatic fluctuations (Beck 2009). 

Recently a superstatistical model has been applied to the recurrence of 
the geomagnetic reversals (Vallianatos 2011). In order to have a superstatis-
tical approach to Aigion inter-event times we follow the latter approach,  
assuming a simple model where the local distribution is given by that of  
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a Poisson process  ( | ) Tp T e ββ β −=  (Beck 2009). The expression  ( | )p T β  
denotes the conditional probability density to observe the inter-event time T 
when the parameter β has a certain given value. This exponential model  
becomes superstatistical by making the parameter β a fluctuating random  
variable as well. If β is distributed with probability density f(β) and fluctu-
ates on a large time scale, then we can obtain the marginal distributions of 
inter-event times as: 

 ( ) ( ) ( ) ( )
0 0

| d dTp T f p T f e ββ β β β β β
∞ ∞

−= =∫ ∫  . (7) 

Constructing a simple model for the distribution of f (β), there may be n 
different Gaussian random variables Xi , i = 1, …, n,  that influence the  
dynamics of the positive random variable β in an additive way (Beck 2009). 
We can also assume a simple model that  2

1

n
ii

Xβ
=

= ∑ ,  where  0iX〈 〉 =   

and  2 0iX〈 〉 ≠ . In this case, the probability density of β is given by a  
2χ – distribution with n degrees of freedom: 

 ( ) ( )

2
1

2

0 0

1 exp
2 2 2

n nn nf
n

ββ β
β β

−⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟Γ ⎝ ⎠ ⎝ ⎠

 . 

The average of β is given by  2
00

( )din X fβ β β β β
∞

〈 〉 = 〈 〉 = =∫   and 

the variance by  2 2 2
0 0(2 )nβ β β〈 〉 − = . The integral (7) is easily evaluated 

(Beck 2009) and one obtains  ( ) ( )1 1( ) 1 ( 1) qp T C B q T −≈ + − , which is exactly 
the result obtained in the frame of non-extensive statistical physics, where  

1 2 ( 2)q n= + +   and  02 (2 )B qβ= − .  
From the latter we can calculate the degrees of freedom that are influenc-

ing the value of β by  ( )2 ( 1) 2n q= − − . Using the qT value of the inter-
event times calculated earlier from our q-statistics fit and taking into consid-
eration the fluctuation of qT due to its sensitiveness to the data set used each 
time, we can see that very low degrees of freedom describe the temporal 
evolution of the Aigion earthquake aftershock seismicity. 

5. CONCLUSIONS 
In the present study, the spatiotemporal properties of the Aigion earthquake 
aftershock sequence have been investigated using the concept of non-
extensive statistical physics. The b value of the Gutenberg–Richter law is  
estimated as 1.6 ± 0.21, while the maximum likelihood estimation of the 
p value of the modified Omori law gave a value of  p = 1.7, implying the fast 
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decay rate of the aftershock sequence, with the energy being released mainly 
during the main shock and the first big aftershock. The threshold magnitude 
above which the catalog is assumed to be complete has been estimated  
according to the EMR method, taking also in account its uncertainty, as 3, 
ML. The NESP approach to the inter-event times distribution of the Aigion 
aftershock sequence leads to a non-extensive thermodynamic parameter  
qT = 1.58  for the dataset equal or greater than the threshold magnitude. For 
the same data set, the NESP approach to the inter-event distances distribu-
tion gave a q value of  qr = 0.53. The model used fits rather well to the ob-
served distributions, implying the complexity of the spatiotemporal 
properties of seismicity and the usefulness of NESP in investigating such 
phenomena, exhibiting scale-free nature and long-range memory effects. 

We have also checked the sensitiveness of the calculated q value to the 
data set by randomly removing each time the 10% of the data. The qT value 
exhibited dependence to the data set used each time with fluctuating values, 
pointing that the completeness of the catalog that we use to evaluate the non-
extensive thermodynamic parameter can affect the final results. Another  
interesting feature is that the sum of qT and qr is approximately equal to 2, 
indicating non-extensive statistical physics duality, as has been also pointed 
out by Abe and Suzuki (2003) and Darooneh and Dadashinia (2008). 

Finally, we used the complementary to NESP approach of superstatistics, 
which is based on a superposition of ordinary local equilibrium statistical 
mechanics, using a suitable intensive parameter β that fluctuates as χ2 distri-
bution on a relatively large temporal scale. The superstatistical approach 
leads us to the conclusion that very low degrees of freedom describe the 
temporal evolution of the Aigion earthquake aftershock sequence. 
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A b s t r a c t  

Ergodicity is a behavior generally limited to equilibrium states and 
is here defined as the equivalence of ensemble and temporal averages. In 
recent years, effective ergodicity is identified in simulated earthquakes 
generated by numerical fault models and in real seismicity of natural 
fault networks by using the Thirumalai–Mountain metric. Although the 
effective ergodicity is already reported for Taiwanese seismicity, an im-
mediate doubt is the unrealistic gridded sizes for discretizing the seismic 
data. In this study, we re-examined the effective ergodicity in Taiwanese 
seismicity by using reasonable gridded sizes which corresponded with 
the location errors in the real earthquake catalogue. Initial time and mag-
nitude cut-off were examined for the validity of ergodic behavior. We 
found that several subsets extracted from Taiwanese seismicity possessed 
effectively ergodic intervals and all terminations of these ergodic inter-
vals temporally coincided with the occurrences of large earthquakes 
(ML   6.5). We thus confirm the ergodicity in the crustal seismicity by  
using the Thirumalai–Mountain metric.  

Key-words: ergodicity, Thirumalai–Mountain metric, seismicity,  
Taiwan. 
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1. INTRODUCTION 

Ergodicity is a behavior generally limited to equilibrium states in physical 
systems. Although the definition of ergodicity varies with the contents stud-
ied, we here define the ergodicity as the equivalence of ensemble and tempo-
ral averages. A necessary condition of ergodicity is thus the statistical sta-
tionarity for a physical system. Practically, if the actual measurement time is 
finite but long enough, most of the accessible phase space for the system will 
be equally likely sampled; thus, the system is effectively ergodic. The 
Thirumalai–Mountain (TM) metric, which is usually used in material sci-
ence, is originally developed to examine the time scale to obtain ergodicity 
in numerical models of liquids, supercooled liquids, glasses and so forth 
(Thirumalai et al. 1989). The TM metric, Ωe(t), which is related to the time-
averaged energy of individual sites, is used to measure the effective ergodic-
ity by calculating the difference between the temporal average of a specific 
quantity at each site and its ensemble average over the entire system. Once 
the system is identified as effectively ergodic over an interval, the spatial  
statistics of the system maintain stationarity. Furthermore, a dynamical scal-
ing law of Ωe(t) then furthermore characterizes the behavior of effective  
ergodicity. 

In recent years, earthquake fault networks are viewed as a subset of natu-
ral nonlinear, driven threshold systems (Scholz 1990, Rundle and Klein 
1995, Fisher et al. 1997). Other examples of such systems include neural 
networks (Hertz et al. 1991, Herz and Hopfield 1995), depinning transitions 
in charge-density waves and superconductors (Fisher 1985), magnetized 
domains in ferromagnets (Urbach et al. 1995), sand-piles (Bak et al. 1987), 
and foams (Gopal and Durian 1995). For seismic fault networks, effective 
ergodicity is first identified while the TM metric is applied to analyze the 
simulated seismicity generated by numerical fault models with nonlinear pa-
rameters (Ferguson et al. 1999, Klein et al. 1997). In the scenario developed 
from the analyses of fault models, small to moderate earthquakes are treated 
as fluctuations of a system in thermal equilibrium. On the other hand, occur-
rence of large earthquakes drives the system out of existing equilibrium state 
and results in the destruction of ergodicity (Chen et al. 2008, Lee et al. 
2008). The effective ergodicity in natural seismic catalogues has already 
been reported in several regions with different tectonics, such as California, 
eastern Canada, Spain, and Taiwan (Tiampo et al. 2003, 2007, 2010). All of 
the fault systems display punctuated ergodic behaviors in several intervals 
while various combinations of magnitude cut-off and spatial gridding are 
used in Tiampo et al. (2003, 2007, 2010). 

Although the effective ergodicity has already been reported for Taiwan-
ese seismicity by Tiampo et al. (2010), an immediate doubt is the unrealistic 
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application of gridded size for discretizing the seismic data. For example, the 
side length of two-dimensional planar box is 0.02° and the depth discretiza-
tion of three-dimensional rectangular box is even as small as 0.25 km in 
Tiampo et al. (2010). Obviously, these length scales are unrealistically small 
considering the location quality in real earthquake catalogue like Taiwanese 
Central Weather Bureau Seismometer Network (TCWBSN). We wonder if 
unrealistic small discretization could induce an artificial ergodicity as identi-
fied in the early study due to the noises of earthquake location.  

In Tiampo et al. (2010), the data used is 1973-2009 and the authors are 
forced to apply too small gridding box to search for possible effective 
ergodicity. However, we find that once the earlier data is excluded, effective 
ergodicity exists using various, statistical reasonable, grid sizes. The influ-
ence about catalogue quality is never evaluated in detail in previous re-
searches about effective ergodicity of natural catalogues. Our research shows 
crucial influence of heterogeneity in the CWBSN catalogue on effective 
ergodicity evaluated by TM metric. In this paper we adopt statistically rea-
sonable gridded sizes, all of which corresponded to the tolerance of seismic 
location quality, instead of unrealistic applications in previous research  
to search for  possible effectively ergodic behaviors in the Taiwanese seis-
micity. Initial time and magnitude cut-off are chosen to define various sub-
sets of the TCWBSN catalogue. Each subset of earthquake data is divided 
spatiotemporally and then utilized to calculate the TM metric. We examine 
whether effective ergodicity exists in these subsets by evaluating their TM 
metrics. We find that several subsets of TCWBSN catalogue possess effec-
tively ergodic intervals indeed. Furthermore, all terminations of identified 
ergodic intervals are temporally related to the occurrences of large earth-
quake. The existence of effective ergodicity in Taiwanese seismicity reveals 
the possibility of applying forecasting algorithms based on statistical station-
ary of seismicity (e.g., Chen et al. 2005, 2006). For example, correct seismic 
anomalies evaluated by pattern informatics (PI) crucially depend on station-
ary spatial variance of long-term average seismic rate (Rundle et al. 2002, 
Tiampo et al. 2002). The determination of effective ergodicity can provide 
crucial parameters to decompose seismic data into many segments having 
statistical stationarity. 

2. SEISMICITY  DATA 

The primary seismicity dataset for Taiwan and nearby islands used in this 
study is the earthquake catalogue released from the Central Weather Bureau, 
Taiwan. The seismic history of instrumental observation was initiated in 
1896, when the Japanese government set up the first seismometer in Taipei. 
By 1941 there were a total of fourteen seismometers installed on the Taiwan 
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Island. This seismic observation network was then furthermore upgraded to 
the electromagnetic instruments by the Taiwanese Central Weather Bureau 
(CWB). At the same time, the coverage of seismic network was also im-
proved by establishing more observation stations. A seismology group (the 
predecessor of the Institute of Earth Sciences) based on the Academia 
Sinica, Taipei, Taiwan, began to set up the first modern telemetered monitor-
ing network in 1972. That telemetered seismic network with twenty five sta-
tions significantly improved the location precision of hypocenters and the 
detection ability for small earthquakes. Teleseismic network of the Institute 
of Earth Sciences, Academia Sinica, was eventually combined with the orig-
inal CWB seismic network (CWBSN) in 1991 as a new real-time digital  
observation network. In 1993, the CWBSN instruments were upgraded to the 
continuous recording mode, instead of the triggered recording mode. Arrival 
times of P and S waves are then manually picked for determining epicenter  
location and Richter local magnitude (ML). Therefore, available modern record 
of Taiwanese seismicity can be traced back from 1973. We use the dataset of 
modern Taiwanese seismic catalogue from 1973 through 2009 in this study.  

We introduced several important characteristics of Taiwanese seismicity 
in Fig. 1. Figure 1a shows the distribution of cumulative ratio of earthquake 
number above various depth thresholds. The seismic data was selected to  
locate between 119° to 123° longitude, and 21° to 26° latitude, and no mag-
nitude threshold was used. The seismic data was separated into three inter-
vals, 1973-1983, 1984-1990, and 1991-2009, by referring to important 
improvements of seismometer network. Total numbers of earthquake in each 
interval are 46 187, 44 421, and 350 036, respectively. The x value indicates 
depth threshold, Dc, and continuously changes from 100 km underground to 
ground surface (0 km) in application. Cumulative number of earthquakes 
was the number of earthquakes whose focal depths locate in the depth range 
from ground surface to Dc [km]. The y axis indicates the ratio of cumulative 
earthquake number and was obtained by dividing cumulative numbers of 
earthquakes by the total earthquake number in the corresponding interval. 
Black, gray, and light gray curves indicate the seismic data of 1973-1983, 
1984-1990, and 1991-2009, respectively. The distribution curves of 1973-
1983 and 1984-1990 show that 80 percent of earthquakes occurred above  
30 km, and 90 percent of earthquakes occurred above 40 km. The curve of 
1991-2009 shows that 80 percent of earthquakes occurred above 20 km, and 
90 percent of earthquakes occurred above 30 km. There are merely 10 per-
cent of earthquakes in the range of 40-100 km. Figure 1a reveals that most 
earthquakes in Taiwan occurred in a very thin depth range from ground  
surface to 30 km underground. This characteristic motivated us to use 30 km 
as a proper depth threshold.  
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Fig. 1: (a) Distribution of cumulative ratio of earthquake number above successive 
depth thresholds in Taiwan. Black, gray, and light gray curves indicate the seismic 
data of 1973-1983, 1984-1990, and 1991-2009. (b) Gutenberg–Richter frequency 
distributions of seismic data in Fig. 1a. The x value indicates magnitude which con-
tinuously changed from 8.0 to 1.0. Yearly seismic rate for a specific cut-off magni-
tude is defined as the total number of earthquakes (  M) divided by the number of 
years in an interval and expressed on logarithmic scale. 

The Gutenberg–Richter frequency distributions for seismic data above  
30 km in focal depth are displayed in Fig. 1b. The seismic data are separated 
into three intervals in the same way as in Fig. 1a. According to the definition 
of the Gutenberg–Richter (GR) law (Gutenberg and Richter 1954), the  
x value indicates magnitude and continuously changes from 8.0 to 1.0 in our 
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application. Yearly seismic rate of a specific magnitude in an interval was 
defined by dividing the total number of earthquakes with magnitudes equal 
to or greater than this magnitude by number of years. For a specific magni-
tude, the corresponding y value was obtained by expressing yearly seismic 
rate on a logarithmic scale. Based on the curves in Fig. 1b, there are yearly 
90, 205, and 162 earthquakes whose magnitudes are equal to or greater than 
3.0 in 1973-1983, 1984-1990, and 1991-2009. Unlike linear patterns of other 
two curves at magnitude 2.5 to 3.8, there is an interesting bulge of the curve 
for 1984-1990. Referring to corresponding seismic data, we found that only 
the seismicity in 1986 was much higher than in other years of the period 
1984-1990. Thus we suggest that this bulge of GR law curve was caused by 
the aftershocks due to four large earthquakes in 1986. On the other hand, 
there is also a bulge of GR law curve in 1991-2009 at a magnitude greater 
than 5.0. We found that only the seismicity of magnitude greater than 4.0 in 
1999 was several times the intensity of other years in the 1991-2009 period 
and thus contributed to this bulge with the enormous aftershocks created by 
the 1999 Chichi earthquake. 

Wu et al. (2008) analyzed the spatial distribution of completeness mag-
nitude for the CWBSN catalogue using the data from 1994 to 9 October 
2003 and 35 km as the depth threshold. They show that the completeness 
magnitude is 2.2 for on-land events and even reaches 1.2 in several metropo-
lises. On the other hand, the completeness magnitude ranges from 2.5 to 3.0 
for offshore events. Also, Mignan et al. (2011) used the data from 1994 to 
March 2010 shallower than 35 km and concluded that the completeness 
magnitude is 2.0 for most of the Taiwan Island region and is 2.4 for the coast 
region. In Telesca et al. (2009), the completeness magnitude is determined to 
be 2.0 by using data from 1990 to 2007 and 30 km as depth threshold. In 
Tsai et al. (2011), the CWBSN catalogue can be divided into six time-
periods with different stable Mc according to the fluctuations of complete-
ness magnitude, which are: (i) 1973-1978 (Mc = 2.7), (ii) 1978-1986 
(Mc = 2.8), (iii) 1986-1994 (Mc = 3.2), (iv) 1994-2002 (Mc = 2.3), (v) 2002-
2008 (Mc = 2.2), and (vi) 2008-2010 (Mc = 2.1). We also applied the freely 
available tool ZMAP (Wiemer 2001) to analyze the completeness magnitude 
corresponding to each interval in Fig. 1a. Using the maximum curvature 
method (MAXC; Wiemer and Wyss 2000) and the entire-magnitude-range 
method (EMR; Ogata and Katsura 1993), the completeness magnitudes are 
2.1, 2.6, 2.0, and 2.4, 2.7, 2.1 for the intervals of 1973-1983, 1984-1990, and 
1991-2009, respectively. The values of completeness magnitude for the shal-
lower seismicity after 1994 are quite consistent in those studies addressed 
above and our analysis. Furthermore, the larger completeness magnitude for 
1984-1990 corresponds with the pattern of frequency-magnitude curve  
observed in Fig. 1a. 
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3. THIRUMALAI–MOUNTAIN  FLUCTUATION  METRIC 

For a seismic fault network, the parameter Ei(t′) is a quantity which is the 
energy or a proxy of the energy of an individual site at time t′. For each indi-
vidual box i in a system, let 
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be the time average of Ei  over an interval. If there are N boxes in the seismic 
fault network, the ensemble average is obtained by averaging the temporal 
average rates, evaluated in the same interval, over all boxes, 
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To evaluate the difference between the temporal mean and the ensemble 
mean, a TM metric is introduced as 

 ( ) [ ]2

1

) .1 ( )Ω (
N

e i
i

t t t
N

ε ε
=

= −∑  (3) 

In fact, this measure is the spatial variance of the temporal averages. If the 
system is ergodic on the time scale τobs , the measure Ωe(t) should vanish as t 
approaches τobs due to the rapid and uniform sampling of all allowed phase 
space. On the other hand, when ergodicity is broken, the measure Ωe(t) 
should approach a nonzero constant as t approaches τobs. 

Thirumalai et al. (1989) deduced a dynamical scaling law to describe the 
finite-time properties of ergodicity from their numerical simulations of liquid 
model. The scaling law reveals that, for an effectively ergodic system, the 
reciprocal of the spatial variance grows linearly with time, just like the  
following equation: 
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The denominator, Ωe(0), in Eq. (4) is the TM measure at initial time t which 
equals zero. The constant parameter De is related to the exploration rate of 
the phase space and can be used to estimate the time required to make a sys-
tem attain ergodicity. This scaling behavior is suggested to relate to the cen-
tral limit theorem, where the variance becomes a constant controlled by the 
large sample size N and is divided by the increasing time t. 

In applying the TM metric to analyze real seismic catalogue, the number 
of earthquake is adopted as a proxy for seismic energy release (Tiampo et al. 
2007). The research region ranged from 21° to 26° latitude and from 119° to 



H.-C. LI  and  C.-C. CHEN 
 

776

123° longitude. Several factors, such as moving time step of t in Eq. (1), di-
mensionality and size of dividing box, and cut-off magnitude, were tested to 
define possible effective-ergodic intervals in the CWB catalogue at which 
the statistical distribution of long term average seismic rates remained sta-
tionary. Referring to Fig. 1a, we used the seismic data whose focal depths 
were above 30 km in order to focus on the behavior of seismicity in shallow-
er depths. Furthermore, we adapted both two- and three-dimensional boxes 
to divide the same seismic data set in space to reveal the depth effect of the 
CWB catalogue in TM metric calculation. For each inverse TM metric fig-
ure, the values of inverse TM metric at every time step were divided by the 
value of the first time step in each analysis, for example: 1-30 January 1973 
while the unit time step is 30 days, to produce the normalized values.  
Besides several factors addressed above, we also noticed possible influence 
induced by the combination of the seismic networks and by the upgrade of 
seismometers on quality of earthquake location. 

4. RESULTS  OF  NORMALIZED  INVERSE  TM  METRIC 

4.1 Cut-off magnitude  of  2.5 
Referring to the Gutenberg–Richter frequency distributions in Fig. 1b, the 
completeness of CWBSN catalogue can extend to magnitude 2.5. Thus we 
used 2.5 as a magnitude cut-off to compose earthquake data set. Figure 2 
shows the results of normalized inverse TM metric using 30 days as unit 
time step. Based on the record of seismic location quality, the average of 
standard error of focal location in epicenter and depth is 1.84 and 2.79 km, 
respectively, during 1973-2009. For the earlier data, during 1973-1986, the 
average of standard error of focal location in epicenter and depth increases  
to 3.27 and 5.82 km, respectively. Thus we applied a reasonable two-
dimensional square dividing box which was 0.1° in side length to easily 
overcome the error of epicenter location. 

Figure 2a shows the result of normalized inverse TM metric, the data of 
which began in January 1973. Two thicker arrows in Fig. 2a, respectively, 
indicate the time points of two major evolutions of CWBSN, i.e., upgrade to 
electromagnetic instruments since 1984 and the combination of IES and 
original CWB networks in 1991. The bars extending vertically from the time 
axis of Fig. 2a indicate the big earthquakes which are greater than or equal to 
6.0 in magnitude from 1973 to 2009. The value of normalized inverse TM 
metric is very large and fluctuates apparently while the parameter t is mov-
ing from 1973 to June 1978, drops dramatically in 1978 and then gradually 
decreases in 1979 to 1986. Finally, the normalized inverse TM metric value 
remains stable around 0.25 after 1987.  
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Fig. 2. Normalized inverse TM metric for Taiwan, two-dimensional box size equal 
to 0.1° × 0.1°, M  2.5, and Dc = 30 km. Vertical bar indicates the occurrence time 
of M  6.0 earthquakes. Thicker arrow indicates the time point of major evolutions 
of CWBSN. Upgrade: upgrade to electromagnetic instruments, IES+CWB: combi-
nation of IES network and original CWB network. Study period is (a) 1973-2009; 
(b) 1987-2009. 
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Although the pattern of normalized inverse TM metric curve in Fig. 2a is 
far from the required linear pattern of effective ergodicity, we identified  
apparent influence of large earthquakes on three large drops of normalized 
TM metric. In 1975, there was a series of earthquakes whose magnitude 
ranged from 5 to 6. On 23 July 1978, there was a big earthquake of 6.7 mag-
nitude. In 1986, there were four big earthquakes whose magnitudes ranged 
from 6.2 to 6.7. Besides these large drops, we also identified four smaller 
drops of normalized inverse TM metric in December 1990, June 1994, Sep-
tember 1999, and March 2002. All of the smaller drops are correlated with 
the occurrences of large earthquake, including the 1999 Chichi earthquake 
and the 2002 Hualian earthquake. 

Considering the quite different patterns of normalized inverse TM metric 
between 1973 to 1986 and 1987 to 2009 in Fig. 2a, we adopted 1987 as  
another beginning to remove an influence due to heterogeneity of earlier data 
in CWB catalogue and Fig. 2b shows the result. The thick arrow indicates 
the time point of combination of IES and original CWB networks since 
1991. We identified three large drops of normalized inverse TM metric in 
December 1990, June 1994, and September 1999. All of them are temporally 
correlated with the occurrences of a big earthquake whose magnitude is 
greater than 6.5.  

We also identified three intervals as candidates for an effectively ergodic 
interval, i.e., January 1987 to April 1990, June 1991 to April 1994, and  
November 1996 to August 1999. The linear regression models for each  
interval are obtained by least-square fitting and the slopes of each regression 
model are 0.627, 0.158, and 0.029, respectively.  

4.2 Cut-off magnitude of  3.0 
We tested another data set whose cut-off magnitude was 3.0. Based on the 
record of data quality from 1973 to 2009, the average of standard error of  
focal location in epicenter and depth was, respectively, 1.81 and 2.4 km. For 
the earlier data from 1973 to 1986, poorer location quality raised the average 
of standard error of focal location in the epicenter and depth to 4.43 and  
7.83 km, respectively. Thus, we still applied two-dimensional square dividing 
boxes, whose side length was 0.1° to overcome the error of epicenter location. 

The pattern of normalized inverse TM metric in Fig. 3a is very similar to 
the curve in Fig. 2a. Two large drops in 1975 and 1978 are the same as those 
in Fig. 2a, but the drops in 1986 become steeper. Figure 3b-c shows the 
normalized inverse TM metric results using seismic data since 1987. Based 
on the record of data quality in 1987 to 2009, the average standard error of 
focal location in epicenter and depth was 1.2 and 1.45 km, respectively. We 
used two-dimensional square gridding box whose side length was 0.1° in 
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Fig. 3b and three-dimensional gridding box whose size was 0.1° × 0.1° × 
3 km in Fig. 3c.  

The patterns of normalized inverse TM metric in Fig. 3b-c  are quite dif-
ferent from that in Fig. 3a. Both inverse TM metric curves in Fig. 3b-c show  
several linearly increasing patterns which are terminated by drops. We 
 

 

 

 
 

Fig. 3. Continued on next page. 
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Fig. 3. Normalized inverse TM metric for Taiwan, M  3.0, and Dc = 30 km. Box 
size is 0.1° × 0.1° in (a) and (b); 0.1° × 0.1° × 3 km in (c). Study period is 1973-
2009 in (a); 1987-2009 in (b) and (c). 

identified four big drops in December 1990, June 1994, September 1996, 
and September 1999, and three possible effectively ergodic intervals  
between the drops in Fig. 3b. All drops are closely correlated to the occur-
rences of big earthquake whose magnitude exceeds or equals 6.5. We also 
identified two possible effectively ergodic intervals, from September 2000 to 
February 2002 and from June 2005 to June 2009. 

Furthermore, we found that the magnitude of normalized inverse TM 
metric drops in June 1994 and September 1996 in Fig. 3b are larger than 
those in Fig. 3c. The values of inverse TM metric which change in June 
1994 and September 1996 in Fig. 3b are –1 and –0.2, being –0.55 and 0.2 in 
Fig. 3c. This disappearance of drop in September 1996 in Fig. 3c was caused 
by the enormous increase of the number of three-dimensional dividing  
boxes. The significantly increasing number of dividing boxes strongly  
reduced the influences of seismic data at a next time step and maintained the 
statistical distribution of long-term average seismic rate stable.  

Similar to Section 4.1, we obtained linear regression models of each pos-
sible effectively ergodic interval by least-square fitting. Five candidates of 
effectively ergodic intervals are: June 1991 to May 1994, August 1994 to 
August 1996, November 1996 to August 1999, September 2000 to February 
2002, and June 2005 to June 2009. The corresponding slopes are 0.154, 
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0.117, 0.119, 0.078, and 0.066 in Fig. 3b, and 0.199, 0.181, 0.191, 0.131, 
and 0.118 in Fig. 3c.  

4.3 Cut-off magnitudes of 4.0 and 5.0 
Figure 4a-b shows the results of normalized inverse TM metric using seismic 
data which exceed or equal 4.0 in magnitude. In both cases we discretized 
 

 

 
Fig. 4. Continued on next page. 
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Fig. 4. Normalized inverse TM metric for Taiwan, two dimensional box size is equal 
0.1° × 0.1°, Dc = 30 km. M  4.0 for (a) and (b); M  5.0 for (c) and (d). Study  
period is 1973-2009 for (a) and (c); 1987-2009 for (b) and (d). 

the data set by using thirty days as the unit time step and two-dimensional 
square dividing box whose side length was 0.1°. The only difference  
between Fig. 4a and b is the initial time of seismic data set. The data initi-
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ated, respectively, from January 1973 in Fig. 4a and from January 1987 in 
Fig. 4b. Similar to Figs. 2a and 3a, the normalized inverse TM metric curve 
fluctuates strongly before 1987 in Fig. 4a. The pattern of normalized inverse 
TM metric in Fig. 4b is similar to Fig. 3b-c. We observed new drops of  
inverse TM metric in April 1992 to June 1992, which did not exist in the 
analyses using smaller magnitude cut-off. Comparing to the seismic cata-
logue, there is a series of shallow earthquakes whose magnitude ranged from 
5.0 to 5.6. We also observed that the inverse TM metric in September 1996 
formed a bulge instead of a drop. We suggested that the application of 4.0 as 
a magnitude cut-off eliminated the influence of smaller aftershocks which 
were generated by the Lanyu earthquake on 5 September 1996.  

We identify two candidates of effectively ergodic interval, June 1991 to 
April 1992 and August 1992 to April 1994, from Fig. 4b. Another interval, 
from July 1994 to August 1999, in which the inverse normalized TM metric 
fluctuates stronger, is also tested. The slopes are 0.159, 0.143, and 0.095,  
respectively. 

Figure 4c-d shows the results of normalized inverse TM metric using 5.0 
as magnitude cut-off. The initial time of seismic data is January 1973 in 
Fig. 4c and January 1987 in Fig. 4d. The impact of using earlier seismic  
data, before 1987, is still obvious in Fig. 4c. Comparing to Figs. 3b-c and 4b, 
the magnitudes of inverse normalized TM metric do not raise very rapidly in 
1973 to 1986. On the other hand, the inverse TM metric curve in January 
1991 to May 1994 and June 1994 to August 1999 fluctuates more apparently 
than in Figs. 3b-c, and 4b. We suggest that the earthquakes whose magnitude 
is greater than 5.0 are too few to construct a stable statistical distribution of 
long-term average seismic rate. The statistical distribution of long term aver-
age seismic rate is easily affected by the number of earthquake at a following 
time step. 

5. DISCUSSION 
The evolution of detecting ability and coverage of CWBSN must have 
caused the statistical properties of seismicity to be different in varying time 
points. For example, an evaluation of homogeneity in the CWBSN catalogue 
shows significant rate increases until pre-1980 and the rate anomalies corre-
sponding to large earthquake sequences (Habermann 1987, Tiampo et al. 
2010). Figure 1 specifically illustrates different statistical properties of seis-
micity due to the evolutions of CWBSN. In Figures 2a, 3a, and 4a, we iden-
tified apparent influences of using earlier data, before 1987, in the 
calculation of inverse TM metric. Conversely, obvious linearly increasing 
patterns of inverse normalized TM metric curves exist in the analyses disre-
garding the earlier data. However, even in Figs. 3b-c, and 4b, the abrupt 
raise and relatively larger fluctuations of inverse TM curve in 1987 to 1990 
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still implied the influences of heterogeneity in seismic data. In further tests, 
not shown in this paper, which used January 1991 as the initial time, there is 
no such large fluctuation of inverse TM metric in the beginning interval. We 
suggested that this change is due to more stable detecting ability of CWBSN 
since 1991. These tests about heterogeneity of catalogue reveal the necessity 
of carefully considering possible bias of long term seismic rate while earlier 
seismic data is involved. 
 

 

 

 
Fig. 5. Continued on next page. 
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Fig. 5. Normalized inverse TM metric for Taiwan, M  3.0, and Dc = 30 km. Box 
size is 0.2° × 0.2° in (a) and (b); 0.1° × 0.5° in (c) and (d). Study period is 1973-
2009 in (a) and (c) as a comparison to Fig. 3a; 1987-2009 in (b) and (d) as a compar-
ison to Fig. 3b. 

Through the results in Figs. 2b, 3b and d, and 4b, we identified several 
intervals in which the inverse normalized TM metric curves had linearly  
increasing patterns. According to the somewhat obscure dynamical law  
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addressed in the method section, the Taiwanese fault network might be re-
garded as being effectively ergodic in these intervals. However, more quanti-
tative analyses are necessary for finding further details of the candidates of 
effective ergodicity. First, are these linearly increasing patterns originated 
from the nature of Taiwanese seismicity or merely obtained occasionally due 
to application of a specific gridding box? Second, if these effectively ergodic 
intervals exist in nature, is there any common characteristic among them?  

We tested the possible influence of gridding box size by using larger grid 
to discretize the data sets used in Fig. 3a-b, and illustrated the inverse TM 
metric results in Fig. 5. The side length of two-dimensional square gridding 
box is 0.2° in Fig. 5a-b, and 0.5° in Fig. 5c-d. The initial time is January 
1973 in Fig. 5a and c, the same as in Fig. 3a, and January 1987 in Fig. 5b, d, 
the same as in Fig. 3b. An immediate observation is that the curve patterns 
are highly similar among the results using the same data set. These results 
show that the size of gridding box does not alter the behavior of inverse  
TM metric curve obviously. The linearly increasing patterns of inverse TM 
metric curve observed in Fig. 3b still exist in Fig. 5c-d. Thus we conclude 
that the existence of possible effective ergodicity crucially depends on the 
inherent properties, e.g., heterogeneity, of data set used. The linearly increas-
ing patterns of inverse TM metric curve in Fig. 3b exist naturally; they are 
not an artificial effect using a specific gridding box. 

In order to further understand properties of natural local seismicity, we 
implemented the stochastic test by using the same parameters, i.e., the num-
ber of time steps, the number of earthquakes, and number of gridding boxes, 
of Fig. 3b to generate 500 artificial random seismic catalogues. An artificial 
catalogue was generated by using the same total number of earthquakes,  
assigning occurrence times from a uniform probability distribution from 
1987 to 2009, and then distributing the earthquakes in each time step with 
uniform probability over the research region. Randomizing the catalogue in 
this way destroyed any inherent space-time structure, e.g., the main shock-
aftershock sequences, earthquake clusters, and induced earthquakes, which 
possibly existed in the original CWBSN catalogue. We performed the time 
series of inverse normalized TM metric for each artificial catalogue and cal-
culated its correlation coefficient (Hoel 1966) with the result in Fig. 3b. We 
also generated another set of random catalogues by using the parameters of 
Fig. 3c and calculated their correlation coefficients with the result in Fig. 3c. 
Figure 6a, c shows the correlation coefficients relative to Fig. 3b-c, respec-
tively. Figure 6b and d illustrates three inverse TM metric curves of random 
catalogues which correspond to the top three correlation coefficient values in 
Fig. 6a and c, respectively. The most immediate characteristic is that these 
curves merely have small fluctuations, instead of large drops observed in 
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Fig. 3b or c. In Figures 2b, 3b-c, and 4b, we observe that several candidates 
of effectively ergodic intervals are terminated by big drops. We suggest that 
the participation of enormous number of aftershocks temporally clustered in 
successive unit time steps obviously changed the stable distribution of long-
term average seismic rate evaluated from previous seismicity. This iterative 
process of formation and sudden termination of effective ergodicity is simi-
lar to the researches using other natural catalogues such as of California, 
Spain, and eastern Canada (Tiampo et al. 2007).  

 

 
Fig. 6. Continued on next page. 
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Fig. 6. Correlation coefficients of normalized inverse TM metric curves. Panel (a): 
cross refers to Fig. 3b and c, open triangle  to Figs. 3b and 4d, and black dots to  
Fig. 3b and random catalogues. Panel (c): cross refers to Fig. 3c and b, open triangle 
to Figs 3c and 4d, and black dots to Fig. 3c and random catalogues. For (a) and (c), 
top three normalized inverse TM metric curves which have the highest correlation 
coefficients are shown in (b) and (d), respectively. 

To illustrate the availability of correlation coefficient in distinguishing 
different patterns of inverse TM metric curves, we calculated the correlation 
coefficients for each pair of Figs. 3b-c and 4d. With visual inspection, the 
patterns of inverse TM metric curve are similar between Fig. 3b and c, but 
are quite different in 1987 to 1991 between Figs. 3b and 4d, and between 
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Figs. 3c and 4d. The cross in Fig. 6a and c indicates the value of correlation 
coefficient, amounting to 0.965, between Fig. 3b and c. The open triangles in 
Fig. 6a and c respectively, indicate the values of correlation coefficient be-
tween Figs. 3b and 4d, and between Figs. 3c and 4d. The value is 0.674 in 
Fig. 6a and 0.609 in Fig. 6c. With the interpretation developed by Dawson 
and Trapp (2004), values of correlation coefficient from 0.5 to 0.75 or from 
–0.5 to –0.75 indicate moderate to good correlation, and values from 0.75 to 
1 or from –0.75 to –1 point to very good to excellent correlation between the 
variables. These apparent differences support the application of correlation 
coefficient as a simple but efficient statistical quantity to evaluate the simi-
larity between patterns of inverse TM metric curve. The correlation coeffi-
cients ranged from 0.564 to 0.645 for each pair of Fig. 3b and random 
catalogues, and from 0.619 to 0.688 for the case of Fig. 3c. In both cases, the 
relatively lower values of correlation coefficient indicate that the patterns of 
inverse TM metric for random catalogues are quite different from Fig. 3b  
or c. The slopes of linear regression model for the curves in Fig. 6b are 
0.541, 0.463, and 0.467, being 0.861, 0.605, and 0.446 for the curves in  
Fig. 6d. All slopes are much larger than those fitted by any candidate of  
effectively ergodic interval in Fig. 3b-c. Through the tests of correlation  
coefficient and fitted slope for randomized catalogues, we exclude the possi-
bility that the big drops observed in Fig. 3b-c are generated occasionally due 
to parametric selection. 

The Shapiro–Wilk test (Shapiro and Wilk 1965, Royston 1995) is  
applied to the candidates of effectively ergodic intervals in Figs. 3b-c, 4b, 
and the random catalogues in Fig. 6a, c  to test if linear regression models 
are proper to simulate the behaviors of inverse TM metric in each case. The 
Shapiro–Wilk test is a widely used algorithm to test the null hypothesis that 
a sample came from a population with normal distribution. The Shapiro–
Wilk test has better performance than the Kolmogorov–Smirnov (KS) test 
for testing for normality (Kvam and Vidakovic 2007). In our application,  
a sample is composed by the residuals of inverse normalized TM metric  
between simulated values obtained from linear regression model and values 
calculated from original data. According to the fundamental assumption of 
simple linear regression, the fitted regression model is adequate to describe 
the behaviors of a system once the residuals displays normal distribution 
(Cohen et al. 2003). We used two-side test and 0.05 as the significance level 
in our tests. In 500 random catalogues used in Fig. 6a, there are 439 cata-
logues the p values of which locate in the interval 0 to 0.05 (reject null hy-
pothesis). In the random catalogues used in Fig. 6c, there are 446 catalogues 
the p value of which is under the predefined significance level. Briefly 
speaking, for over 90% of random catalogues in this analysis, the linear 
model is not suitable to describe the behaviors of inverse TM metric. The  
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p values of candidates of effectively ergodic interval are listed in Tables 1-4. 
Only the interval from July 1994 to August 1999, in Fig. 4b, has a relatively 
low p value comparing to other candidates, i.e., 0.102. This low p value 
seems to correspond to stronger fluctuation of inverse normalized TM metric 
in the interval. On the other hand, most p values listed in Tables 1-4 are 
greater than the predefined significance level and support the adequacy of 
describing the behavior of normalized inverse TM metric curve by fitted  
linear regression model. Thus, we conclude that the statistical behaviors  
of long-term average seismicity can be regarded as effectively ergodic in 
several data sets selected from the CWBSN catalogue. 

The identifications of effectively ergodic intervals in the CWBSN cata-
logue supports the researches in other natural seismic catalogues, such as of 
California, Spain, and eastern Canada. These analyses concluded that natural 
fault network displayed at least some of the dynamics of driven mean-field 
system, as observed in the numerical simulations of interacting slider block 
model and coupled map lattices. Ergodicity is a necessary condition to effec-
tively use linear principal component analysis. The identified temporal and 
 

Table 1   
Slope of linear regression model and p value of Shapiro–Wilk test for Fig. 2b 

Interval 1987/1-1990/4 1991/6-1994/5 1996/11-1999/8 
Slope 0.627 0.158 0.029 
p value 0.766 0.907 0.799 

Table 2   
Slope of linear regression model and p value of Shapiro–Wilk test for Fig. 3b 

Interval 1991/6-1994/5 1994/8-1996/8 1996/11-1999/8 2000/9-2002/2 2005/6-2009/6 
Slope 0.154 0.117 0.119 0.078 0.066 
p value 0.916 0.886 0.690 0.912 0.866 

Table 3   
Slope of linear regression model and p value of Shapiro–Wilk test for Fig. 3c 

Interval 1991/6-1994/5 1994/8-1996/8 1996/11-1999/8 2000/9-2002/2 2005/6-2009/6 
Slope 0.199 0.181 0.190 0.131 0.118 
p value 0.673 0.963 0.441 0.889 0.939 

Table 4   
Slope of linear regression model and p value of Shapiro–Wilk test for Fig. 4a 

Interval 1991/6-1992/4 1992/8-1994/4 1994/7-1999/8 
Slope 0.160 0.143 0.095 
p value 0.756 0.607 0.102 
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spatial parameters which corresponded to effective ergodicity are critical for 
employing such linear approximation methods based on long term statistic 
quantity.  
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A b s t r a c t  

We examined the behavior of different fractal dimensions when 
applied to study features of earthquake spatial distribution on different 
types of data. We first examined simulated spatial fields of points of dif-
ferent clustering level, following the so called Soneira–Peebles model. 
The model was chosen because it displays some similarity to the real 
clustering structure of earthquakes occurring on hierarchically ordered 
faults. The analysis of the capacity, clustering and correlation dimensions 
revealed that their behavior did not completely correlate with the cluster-
ing level of the simulated data sets. We also studied temporal variations 
of the fractal coefficients, characterizing the spatial distribution of the 
1999 İzmit–Düzce aftershock sequence. The calculated coefficient values 
demonstrated analogous behavior like for the simulated data. They  
exposed different variability in time, but for all of them a systematic fluc-
tuation was observed before the occurrence of the Düzce earthquake. Our 
analysis revealed that although fractal coefficients could be applied to 
measure earthquake clustering, they should be used with caution, trying 
to figure out the best coefficient for a certain data set. 

Key words: fractals, Monte Carlo simulation, İzmit earthquake, correla-
tion integral, capacity dimension. 
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1. INTRODUCTION 
The analysis of earthquake spatial distribution can provide information for 
different aspects of the seismic process. Firstly, it throws light on the seis-
motectonic settings of a region and helps to develop new tectonic hypotheses 
(Makropoulos and Burton 1984). Also, earthquake spatial models represent 
an essential input in seismic hazard analysis (Todorovska et al. 1995). 

While conventional analysis of earthquake spatial distribution has been 
the purpose of many studies (Kagan and Knopoff 1980, Kagan 1981a, b; 
2007, Ben-Zion and Sammis 2003, Karakostas and Papadimitriou 2010), it is 
a comparatively new approach to examine hypocenter or epicenter distribu-
tions as fractal objects. In fact, even a brief inspection of seismological da-
tasets manifests that earthquake occurrences reveal scale-invariant or fractal 
features in the time, spatial and energy domain (Kagan 1981a, b; Mandelbrot 
1982, Telesca et al. 2004). Strong events occur rarely in a region, leading to 
poor statistics and it is important to know whether self-similarity of the 
seismic process is observed at different scales, because there are numerous 
data for weaker shocks.  

When considering fractal features of seismicity, we may start from Man-
delbrot (1977, 1982), who developed the concepts of fractal geometry and 
fractal dimension, and applied them to the description of many natural fea-
tures, including fault and earthquake distribution. Two possible models may 
result in fractal features of earthquake distributions. The first model assumes 
that spatial fractality is a consequence of faults’ fractal distribution, because 
each earthquake is characteristic of the fault on which it occurs. The second 
one assumes that each fault has a fractal distribution of earthquakes. Obser-
vations strongly support the first hypothesis. Generally, a simple definition 
for a fractal is a “shape made of parts similar to the whole in some way” 
(Feder 1989). This pure form of self-similarity, however, is rarely observed 
in nature and therefore a statistical form of self-similarity is defined. In other 
words, if an object (curve, surface or point field) is examined at any scale, it 
will resemble the whole in a statistical sense. This is the way fractality is  
being considered in seismology, too. 

The analysis of seismic events spatial distribution by evaluating their 
fractal coefficients provides some important advantages. One of them is the 
simple way to quantify scale-invariant distributions of complex objects or 
phenomena by a small number of parameters. Also, it is becoming evident 
that the applicability of fractal distributions to seismological problems could 
have a more fundamental basis, helping to understand the properties of the 
underlying geological processes, for which chaotic behavior could turn to be 
an essential feature. Fractal analysis, however, is associated with certain 
problems arising from the fact that there is no clarity about the genesis of 
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seismicity fractal properties. It is considered that the concept of self-
organized criticality (SOC) is relevant for explaining the processes underly-
ing fractal properties of earthquakes. Seismic events are part of the crust  
relaxation mechanism. The crust is submitted to inhomogeneous increasing 
stresses accumulating at seismic faults. The SOC concept then suggests that 
earthquakes in turn organize the crust both at the spatial and temporal levels 
(Sornette and Sornette 1989). 

Except for these quite general ideas, however, there is no detailed theory 
to explain the processes leading to fractal features of earthquake epicenter 
distribution, which hinders the interpretation of the coefficients values.  
Kagan (2007) reveals that practically any value for the correlation dimension 
can be obtained if there are many errors and inhomogeneities in observational 
data. What is more, there is a number of different fractal coefficients which 
measure various clustering patterns, and it is difficult to choose the right  
unless one knows the generating mechanism of the earthquake clusters.  
Delsanto et al. (2003) identify eight different effective fractal dimensions 
and Lasocki and De Luca (1998) find out that some fractal coefficients dis-
play different behavior to one and the same data set.  

The aforementioned results motivated us to conduct this study with the 
purpose to analyze the fractal coefficients sensitivity on different sets of  
simulated and real earthquake spatial data. The main purpose is to verify if 
different coefficients exhibit similar behavior, firstly, on simulated data, 
whose properties are known to us, and secondly, on real earthquake data. 
The simulated data sets were generated by the realization of the Soneira and 
Peebles hierarchical model (Soneira and Peebles 1978), applied widely to 
study galaxy distributions. The model seems appropriate for modeling the 
spatial distribution of earthquakes, because its internal hierarchical structure 
is similar to the hypocenter clustering structure where earthquakes occur on 
a hierarchical system of faults. Real data covers the aftershock sequence  
epicenters after the strong  Mw = 7.4  İzmit earthquake in western Turkey, 
occurred on 17 August 1999, on the North Anatolian fault. 

2. FRACTAL  COEFFICIENTS  FOR  SPATIAL  ANALYSIS 
Among the different coefficients being used to examine the fractal features 
of earthquake spatial distribution, we chose the box-counting method, the 
number-radius method and the correlation dimension approach, which are 
among the most widely used techniques to perform fractal analysis. 

The box-counting method provides an estimate of the box-counting  
dimension, also called capacity dimension, defined as follows: For any  r > 0, 
let N(r) be the minimum number of n-dimensional boxes (cubes, squares) of 
side-length r needed to cover the object (the point field). If there is a number 
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Dc so that  ( )~1 / cDN r r   as  r → 0, then it is said that the box-counting  
dimension of the field is Dc. It has to be noted that the box-counting dimen-
sion is Dc if and only if there is some positive constant k so that 

 
0

( )lim
1 cDr

N r k
r→

=  . (1) 

Since both sides of the equation above are positive, it will still hold if we 
take the logarithm of both sides to obtain 

 ( )
0

lim ln ( ) ln lnc
r

N r D r k
→

+ =  (2) 

and solving for Dc 

 
0 0

ln ln ( ) ln ( )lim lim
ln lnc

r r

k N r N rD
r r→ →

−
= = −  . (3) 

Note that the  ln k  term drops out, because it is constant while the de-
nominator becomes infinite as  r → 0. Also, since  0 < r < 1, ln is negative, 
so Dc is positive as one would expect. If the point field has a statistical frac-
tal character, the  log N(r) versus log (1/r) relation can be approximated with 
the straight line in a certain range of r. The slope of the line defines the esti-
mate of the capacity dimension value (Turcotte 1997). 

The number-radius method is used to evaluate the cluster dimension Db. 
This method refers to a specific point known as the counting center and 
gives the law of distribution of the occupied points around this point. If by 
(xi, yi) we denote the position of epicenter i, then the counting center is  
located in the center of mass of the epicenter distribution, defined by the pair 
of expected values of the random variables X and Y. A circle is drawn around 
this point, and the radius r is gradually increased. At each step, the total 
number of occupied points N(ε) inside the circle is counted. The slope of  
linear approximation of the  log N(r) versus log (r) relation produces the esti-
mate of cluster dimension (Xie 1993). 

Another approach to perform fractal analysis of a points’ field is to use 
total counts of point pairs as they depend on their distance. The so-called 
correlation dimension estimate D2 may be defined through the two point cor-
relation integral C(r), presented by 

 2

1( ) ( )
i j

C r H r L
N ≠

= −∑  . (4)  

Here N is the total number of points, i jL x x= −   is the distance between 
locations of i and j points, and H(z) is the Heviside function, which equals 



D. GOSPODINOV  et al. 
 

798

1.0 when  z ≥ 0  and  0.0  when  z < 0. For a set of points which demonstrates 
scale-invariance, C(r) must follow a power law 

 2

0
lim ( ) D

r
C r r
→

∝  . (5) 

Then the simplest estimate of D2 is a straight line in a loglog plot C(r) versus 
r (Grassberger and Procaccia 1983). 

 2
0

log ( )lim
logr

C rD
r→

=  , (6) 

which reveals that D2 is estimated by the slope of the straight line relating 
both variables.  

All of the above dimensions have their advantages and disadvantages. 
By definition, the number-radius method measures clustering, referring to  
a specific point and thus it seems suitable for the analysis of the main shock-
aftershocks data sets. The box-counting method is a purely metric concept, 
appropriate for geometric characterization and it may be applied for systems 
of great complexity. The algorithm treats all cubes needed to cover an object 
or distribution with no difference. This is a minus of the method, because it 
implies to construct and check the emptiness of all boxes at each resolution. 
But in the box-counting method the problem of homogeneity, which is  
essential for the correlation dimension estimate, can be avoided (Murdzek 
2007). Another advantage of the box-counting method is that it uses a single 
set of measured coordinates in calculus, since it takes into account only 
whether or not an epicenter is contained by a given box. For the correlation 
integral there is a contribution of two sets of measured coordinates, and from 
this point of view, the correlation function means additional errors. 

3. DATA  SIMULATION  AND  ANALYSIS 
The three fractal coefficients, defined above, were applied in the present  
paper to analyze fractal features of simulated and real data. We first analyzed 
the dependence of the defined fractal coefficients on different sets of simu-
lated data. When selecting a simulation procedure it must be considered that 
earthquakes can be regarded as realizations of a random process. Usually the 
term process first brings to mind a time series, but it can be generalized to 
any suitable parameter space. If the space is a spatial volume it can be  
referred to as a spatial random field. Different algorithms can be applied to 
simulate such a field – the Poisson process, the Segment Cox process and the 
Matern process (Pons-Bordería et al. 2003), etc. For our simulation we chose 
the so-called Soneira–Peebles model (Soneira and Peebles 1978), which is 
widely used for galaxy distribution analysis. The choice was made because 
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this is one of the few analytic self-similar models for which the two-point 
correlation function can be analytically evaluated. Also, the simulation algo-
rithm is such that it follows some features of real hierarchical patterns of 
earthquake clustering, like the one depicted by the epidemic type aftershock 
sequence (ETAS) model for earthquake occurrence (Ogata 1998). The 
Soneira–Peebles model is a fractal-like point distribution involving hierar-
chically embedded levels of ever larger point density. The model is con-
trolled through three parameters, η, L, and λ. A realization of this model is 
generated following the next steps: 

1. A level-0 sphere of radius R is generated as a starting point. 
2. η level-1 spheres are placed in this sphere with radius  R = R/λ  and  

λ > 1. The new spheres are placed at a random position inside the level-0 cir-
cle, such that their centers fall inside the original level-0 sphere. 

3. Then one places η level-2 spheres of radius  R/λ2  within each of these 
η level-1 spheres. 

4. The process is repeated until a total of ηL  level-L spheres of radius 
R/λL are generated. A point is placed at the center of each of these level-L 
spheres. 

If this recursive process is repeated indefinitely, a homogeneous fractal 
is obtained. In any stage of the construction, each sphere is similar to  
whichever of the others and looks like the whole set under the appropriate 
magnification. The truncated set of points at level L is a fractal set. If an  
object of size R is formed by thDη  similar objects of size R/λ, the similarity 
dimension is Dth and it depends on the parameters η and λ in the following 
way (Paredes et al. 1995): 

 log
logthD η

λ
=  . (7) 

For the Soneira–Peebles model, the two point correlation function can be 
theoretically evaluated (Paredes et al. 1995) and in a 3D space it is presented 
by  ( )r r γξ −∝ , where 

 1

log3 for
log L

R r Rηγ
λ λ −

⎛ ⎞= − ≤ ≤⎜ ⎟
⎝ ⎠

 . (8) 

In our case we considered a 2D space, utilizing circles instead of spheres 
and obtained ηL points after each simulation, which represented epicenters.  

For a plane, Eq. (8) turns to  γ = 2 – Dc . We chose  η = 2  and  L = 13  to 
produce the simulations and by changing λ from 2 to 1.41 we generated data 
sets with fractal dimensions Dth from 1.0 to 2.0 (see Table 1 and Fig. 1). 

For each value of λ we generated a number of 30 data sets and calculated 
the corresponding coefficients values. In Figure 1 we have demonstrated  
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Fig. 1. Examples of data sets simulated after the Soneira–Peebles model for different 
values of the similarity dimension Dth (see Eq. (7)) in the range 1.0-1.8. Each data 
set contains 8192 points. One can see that decreased clustering level is related to 
bigger values of Dth . 

Table 1  
Values of λ and corresponding fractal coefficients values (see Eq. (7)):  

Dth – values calculated after Eq. (7), Dc – capacity dimension, 
Db – cluster dimension, D2 – correlation dimension 

λ 2.00 1.88 1.78 1.70 1.64 1.59 1.54 1.50 1.47 1.44 1.41 
Dth 1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80 1.90 2.00 
Dc 1.19 1.28 1.31 1.39 1.43 1.45 1.49 1.51 1.56 1.60 1.62 
Db 2.52 3.04 2.45 2.48 2.27 2.21 2.80 2.58 2.22 2.14 2.19 
D2 0.82 0.76 0.90 0.87 0.75 0.77 0.71 0.59 0.62 0.97 0.91 

a) D
th = 1.0 b) D

th
= 1.1 c) D

th
= 1.2

d) D
th

 = 1.3

i) D
th

 = 1.8

f) D
th

 = 1.5

g) D
th

 = 1.6 h) D
th

 = 1.7

e) D
th

 = 1.4
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Fig. 2. Values of the fractal coefficients Dc (circles), Db (squares), D2 (triangles), cal-
culated for simulated data sets. Simulation was performed after the Soneira–Peebles 
model for different values of the similarity dimension Dth (see Eq. (7)) in the range 
1.0-2.0. Different coefficients do not perform similarly on the diverse simulated  
data. 

examples of data sets for different values of Dth in the range 1.0-1.8. Each 
data set contains 8192 points. One can see that decreased clustering level is 
related to bigger values of Dth. 

After that, the average coefficients values were estimated for the 30 data 
sets generated for each value of λ, and these average values are presented in 
Table 1 and Fig. 2.  

Generally, one would expect that the different coefficients (Dc, Db, and 
D2), being measures of clustering, would strongly correlate with the similari-
ty dimension Dth used in the simulation procedure. However, as can be seen 
in Fig. 2, the coefficients reveal diverse sensitivity to the various simulated 
data sets. All three dimensions cover different value ranges (lines in Fig. 2 
do not cross each other). In fact, only the capacity dimension (circles in 
Fig. 2) exhibited systematic increase with the increase of Dth (positive corre-
lation, r = 0.97), but the range in which it changes is smaller than the one of 
Dth. The other two coefficients, the clustering dimension and the correlation 
dimension, could not correctly identify the direction in which clustering lev-
el changed. The correlation coefficient stayed nearly constant (triangles in 
Fig. 2) and the number-radius dimension even revealed a little decrease with 
the increase of Dth (squares in Fig. 2). 

In a similar study, Lasocki and De Luca (1998) obtained results on simu-
lated data, which reveal that the three fractal dimensions demonstrated dif-
ferent sensitivity, too, as in our study, but there the Db coefficient turned to 
be most sensitive, while Dc did not change its behavior with various sets of 
data. Most probably, their results are due to the different simulation proce-
dure which they used, leading to dissimilar type of data clustering.  

0.4
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4. REAL  DATA  ANALYSIS 
The 1999 İzmit earthquake was one of the strongest earthquakes to occur in 
northwestern Turkey during the past 100 years. It took place on 17 August 
1999 on the North Anatolian Fault (NAF) with magnitude  Mw = 7.4. The 
shock caused more than 18 000 casualties and enormous economic losses for 
Turkey. The epicenter was located near İzmit, Turkey (40.75°N, 29.86°E) 
and the shock generated a rupture extended over 150 km. The NAF is one of 
the most seismically active regions of the world and the tectonic processes 
along this zone accommodate the westward motion of Turkey relative to 
Eurasia by right-lateral shear (Daniel et al. 2006). The fault experienced  
a number of  M > 7.0  events during the 20th century. On 12 November 1999, 
three months after the first strong event, a  Mw = 7.2  earthquake took place 
eastward, in the vicinity of Düzce, Turkey (40.76°N, 31.16°E). Both strong 
events were followed by numerous series of aftershocks. This sequence is 
being extensively studied by many researchers as it is expected that the next 
strong earthquake on the NAF could occur to the west of the İzmit event 
source zone, in the Marmara Sea region (Hubert-Ferrari et al. 2000). Special 
attention is paid to the spatio-temporal distribution of seismicity before the 
strong event and during the aftershock sequence. Öncel et al. (1995) exam-
ined the temporal variations of the seismicity fractal properties in the west-
ern part of the NAF, while Öncel and Wilson (2007) analyzed the fractal 
dimensions anomalous variations of the seismicity preceding the 1999 İzmit 
event. 

The importance to increase knowledge on the seismicity of this region 
motivated us to analyze the fractal features of the İzmit-Düzce aftershocks. 
Their spatial distribution is relevant to seismic hazard in the region and an 
advantage is that good quality spatial data is compiled for the sequence, 
which is necessary for fractal analysis. 

The aftershock catalog was compiled by data from the National Earth-
quake Monitoring Center (NEMC) of Turkey and by personal communica-
tion with Dr. Dogan Kalafat from Kandilli Observatory and Earthquake 
Research Institute in Turkey. We executed initial analysis of the data by 
ZMAP6.0 (Wiemer 2001) and determined a lower magnitude cut-off of Mw = 
3.0, above which the catalog should be complete. A number of  N = 1427  
events above this limit entered the catalog for the period between the main 
17 August shock until the end of December 2000 (see Fig. 3a). Their epicen-
ter spatial distribution was analyzed for three magnitude ranges and the frac-
tal coefficients values are presented in Table 2. As can be seen, the three 
fractal coefficients exhibit different behavior to the increase of the magni-
tude lower cut-off. The capacity dimension Dc decreases with the increase of 
the cut-off, which can be regarded as a proof of stronger clustering.  This can 
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Fig. 3. Epicenter maps of the İzmit–Düzce aftershock sequence for three lower mag-
nitude cut-offs: (a) Mw  ≥ 3.0, (b) Mw ≥ 3.5, and (c) Mw  ≥ 4.0. It can be seen that 
stronger aftershocks are more clustered to the main shocks fault. Colour version of 
this figure is available in electronic edition only. 

Table 2  
Fractal coefficients for three different magnitude cut-offs  

of the İzmit–Düzce aftershock sequence 

Fractal  
coefficient

Mw ≥ 3.0 Mw ≥ 3.5 Mw ≥ 4.0 

Dc 1.56 1.42 1.32 
Db 1.14 1.17 1.07 
D2 0.74 0.83 0.83 
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be traced by visual inspection of Fig. 3, on which we have plotted the epi-
centers for the three different magnitude ranges. These results can be inter-
preted as a verification that locations of stronger events in an aftershock 
sequence are less scattered and closer to the main earthquake rupture.  

The changes of the cluster dimension Db are not so significant but the 
coefficient value for the biggest magnitude cut-off is again smaller (Table 2). 
It is the opposite for the correlation dimension D2, where we observe a small 
increase of the estimated value. On the whole, as for the simulated data, the 
different coefficients do not reveal correlated behavior, the box-counting 
dimension Dc being most sensitive to the different data sets. 

We also traced how the coefficients changed in time by analyzing subse-
quent subsamples of the aftershock data. The results are presented in Fig. 4, 
where the dashed vertical line marks the occurrence of the second strong 
shock near Düzce. One can again find discrepancies between changes of the 
different coefficients and it is interesting to follow the coefficients variations 
in time. Although there are dissimilarities, all coefficients reveal a general 
decrease before the Düzce earthquake. Its occurrence is marked by abrupt 
changes in all three coefficients. The capacity dimension Dc quickly gets 
less, which could be an indication that the sequence after the Düzce earth- 
 

Fig. 4. Values of the fractal coefficients Dc, Db, and D2, calculated for subsequent 
subsamples of the İzmit-Düzce aftershock sequence. The time period ranges from 
the İzmit earthquake occurrence up to the end of December 2000. Dashed vertical 
line points the befall of the Düzce strong event, which is followed by abrupt changes 
in all three coefficients. 
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quake starts with the events that are highly clustered in space. A similar  
behavior can be observed for the cluster dimension Db but the changes here 
are not so clear. On the opposite, the Düzce earthquake is followed by a sig-
nificant increase in the value of the correlation dimension D2. The fact that 
all three fractal dimensions decrease before the Düzce earthquake, can be 
considered as precursory behavior, but in this paper we consider it only in  
a retrospective manner. The abrupt change of the fractal coefficients, marked 
by the Düzce earthquake, reveals that it is an event strong enough to cause 
significant stress field variations, leading to an alteration in the type of clus-
tering. An important question here is whether the Düzce earthquake can be 
considered as the strongest aftershock of the İzmit strong event or it is a sec-
ond main shock, causing its own aftershock activity (Seeber et al. 2000). The 
results, revealed in Fig. 4, strongly support the second alternative. Not only 
we have a drop of the coefficients values before the Düzce event, but the 
value ranges before and after the shock for all three dimensions are different 
and do not overlap for a period of 30 to 50 days. We suppose this comes to 
support that the Düzce earthquake should be taken as a separate main shock, 
occurring on a different fault segment and causing a different aftershock 
clustering pattern.  

5. CONCLUSIONS 
The results from the fractal analysis of simulated data, using the three most 
widely applied fractal dimensions, Dc, Db, and D2, leads to the conclusion 
that not all fractal coefficients can capture the specified changes in the level 
of clustering. While one could expect that the different coefficients would 
correlate with the similarity dimension Dth , which controls data clustering, it 
turned out that only the capacity dimension Dc was sensitive to changes in 
the similarity dimension and best captured the alteration in clustering level. 
The other two dimensions, the cluster dimension Db and the correlation  
dimension D2, hardly reacted to clustering variations and the ranges of their 
values were quite different from the one of Dc . From these results we can 
deduce that fractal analysis should be performed, if data allows it, after 
selecting the most appropriate fractal coefficient for a certain dataset (see 
Lasocki and De Luca 1998, for similar results). Тhe very values of the fractal 
coefficients should be considered with caution, following their changes as 
more informative of the clustering level variations. On the whole, this first 
part of our experiment to follow clustering variations by different fractal  
dimensions was only partially successful.  

The second part of our experiment was to analyze the temporal evolution 
of İzmit aftershocks spatial distribution by following the fractal dimensions 
changes in time. We estimated the same fractal coefficients. On the one 
hand, the coefficients showed different sensitivity to real data, as was the 
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case for simulated data. In the real data case, however, all three coefficients 
revealed a general decrease before the Düzce earthquake, which at least 
shows that the clustering pattern is different from the hierarchical Soneira–
Peebles model. In fact, this behavior could be considered as precursory, but 
only in a retrospective way, because in a real time case fractal dimension  
decrease alone is not enough to define a precursor. The occurrence of the 
Düzce earthquake leads to a change in all three dimensions. The capacity co-
efficient is most sensitive and it is worth focusing our attention on the differ-
ent value ranges it has before and after this event. One could speculate on 
this result as an indication that the İzmit and Düzce strong events caused dif-
ferent types of aftershock clustering after them. 

The results from our study, both for simulated and for real data, revealed 
that fractal dimensions, being uniparameter characteristics of point distribu-
tion geometry, are difficult for geotectonic interpretation, but they are suita-
ble to follow temporal changes of the clustering level. These results can also 
be used to discriminate between the occurrence of a new main seismic event 
in a region and the continuation of a previous strong earthquake sequence. 
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A b s t r a c t  

Investigation of dynamical features of ambient seismic noise is one 
of the important scientific and practical research challenges. We investi-
gated scaling features of the ambient noises at the Oni seismic station, 
Georgia, using detrended fluctuation analysis method. Data from this 
seismic station, located in the epicentral zone of Oni M6.0, 2009, earth-
quake, were selected to include time periods with different levels of local 
seismic activity.  

It was shown that the investigated ambient noise is persistent long-
range correlated at calm seismic conditions in the absence of earth-
quakes. Fluctuation features of the analyzed ambient noises were  
affected by local earthquakes, while remote seismic activity caused just 
slight quantitative changes. Processes related to the preparation of 
a strong local earthquake may cause quantifiable changes in fluctuation 
features of ambient noises. Fluctuation features of seismic noise for peri-
ods of increased local seismic activity cease to be long-range correlated 
and appear to become a complicated mixture of random and correlated 
behaviours. 

Key words: ambient noise, earthquake, dynamics, scaling. 
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1. INTRODUCTION 
Earthquakes (EQs) are regarded as one of the most dramatic phenomena  
occurring in nature, causing enormous human and economic loses. A multi-
tude of underground events and fluctuations of the Earth’s surface occur  
annually as a result of complex spatio-temporal phenomena related to the 
convective motion in the mantle, provoking relative motion of the faults 
bordering the tectonic plates. This leads to fast emission of energy propagat-
ing over long distances in the form of elastic seismic waves (Kanamori and 
Brodsky 2001). Thousands of seismic waves are worldwide detected by 
seismographs in the form of vibrations of the Earth’s surface and have been 
collected in seismic data bases.  

At the same time, seismic waves are not the only cause for the Earth sur-
face vibrations. Many other factors, ranging from atmospheric pressure vari-
ation and ocean waves to human activity, always contribute to the vibrations 
of the Earth ground (Webb 1998, Yulmetyev et al. 2001, SESAME 2004, 
Correig et al. 2007). These vibrations − microseisms or microtremors − 
representing superposition of waves of different origin are often collectively 
named the ambient noises.  

Because of their diverse origin and complicated spatio-temporal features, 
the Earth surface vibrations or ambient noise, represent random-like high-
dimensional dynamical processes (Yulmetyev et al. 2001, 2003, Padhy 2004, 
Correig et al. 2007, Lyubushin 2010, Sobolev et al. 2010). Such complicated 
processes are normally characterized by uniform spectral features and 
dynamical structure, which are extremely difficult to be quantified. 

On the other hand, the seismic signals contributing to the ambient noise 
are regarded as having more regular dynamical structure comparing to 
random noise (Padhy 2004, Tabar et al. 2006, Manshour et al. 2009). This 
looks quite logical in the light of, as has been established in the last decades, 
the presence of nonrandom, though high-dimensional dynamical structure in 
the seismic process – the source of seismic signals (see e.g., Goltz 1997, 
Lapenna et al. 1998, Rundle et al. 2000, Matcharashvili et al. 2000, Chelidze 
and Matcharashvili 2007, Matcharashvili and Chelidze 2010). Physically, the 
presence of nonrandom dynamical structure in the earthquake (EQ) genera-
tion processes, and seismic waves accordingly, is related to the processes  
accompanying stress accumulation and the breakdown of a disordered solid 
together with concomitant stick-slip movement. Generally speaking, these 
complex processes, involving cascades of transitions (changes) in wide spa-
tial, temporal and energetic scales are, or can be, in principle detectable. 
Some of these transitions − precursory changes − preceding or accompany-
ing breakdown and stick-slip movement in disordered solid rocks, have  
already been observed both at the laboratory and geophysical scales (Kapiris 
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et al. 2003, Telesca and Lapenna 2006, Karamanos et al. 2006, Chelidze et 
al. 2006, Tabar et al. 2006, Manshour et al. 2009). It is also understandable 
that, because of the complexity of seismic process, such changes might be of 
different forms, related to variations in mechanical, chemical, hydrological, 
electromagnetic, and other processes in the seismic source or peculiarities  
of wave propagation in rocks, e.g., acoustic or electromagnetic emissions 
(Karamanos et al. 2006, Tabar et al. 2006).  

At the same time, it should be stressed here that opinions about the re-
searches on the marker changes which may have earthquake predictive value 
are still controversial. It is not clear what changes, in which characteristics, 
and to what degree, can be regarded as precursors, or what may be the length 
of the spatial and time scales over which different precursory anomalous 
changes may occur and accumulate. At present, there are many pro and con-
tra arguments in these precursory-related discussions. There are also contra-
dictions between supporters of precursory phenomena. Some authors assume 
that precursory patterns develop at short spatial distances, within few days to 
weeks before the main shock from the impending large earthquakes, while 
others claim that precursory anomalies may occur up to decades before it at 
distances much longer than the length of the main shock rupture (Scholz 
1990, Keilis-Borok and Soloviev 2003, Tabar et al. 2006). 

Notwithstanding all these difficulties, changes in the dynamical features 
of ambient surface noise, caused by processes related to the earthquake prep-
aration, are by many authors assumed to be quantifiable and are regarded 
among possible precursors (Padhy 2004, Tabar et al. 2006, Sobolev and 
Lyubushin 2006, Manshour et al. 2009, 2010). Moreover, in the context of 
possible dynamical changes it was suggested that as the final failure in the 
disordered media is approached, the underlying complexity manifests itself 
in specific linkages between space and time features. This in turn may lead 
to producing detectable (precursory) patterns on many scales and the emer-
gence of fractal structures in different accompanying process (Karamanos  
et al. 2006). 

In general, the present level of dynamical data analysis enables these 
changes in dynamical structure of the Earth surface vibrations to be assessed 
qualitatively and quantitatively. Indeed, in the last years, a lot of interdisci-
plinary research works have been devoted to the complexity of seismic  
noises, analysis of their fractal, power law, long memory and many other  
statistical and dynamical features in order to detect and describe the spatial, 
temporal and energetic scaling properties of the processes related to earth-
quake preparation (Yulmetyev et al. 2001, Padhy 2004, Tabar et al. 2006, 
Correig et al. 2007, Caserta et al. 2007).  

In the present research, we focus on the fluctuation features of the ambi-
ent seismic noise time series using similar concepts. The main goal of this 
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research was to carry out comparative analysis of scaling features of ambient 
noise time series in the time periods of increased as well as relatively low 
local seismic activity on the example of seismic data recorded at Oni seismic 
station in Georgia. The advantage of specified location was that the Oni sta-
tion is situated close to the last strongest Caucasian earthquake of M6.0, 
which occurred in September 2009. 

The targeted problem on fluctuation features of local seismic noise is of 
general interest and has a great scientific significance, being related to the 
recognition of changes in apparently similar signals with different physical 
origins. The recognition of changes caused by an arrival of seismic signals in 
the background random noise is of prime importance from scientific and 
practical points of views. Such analyses of seismic data are often the subject 
of vivid interests for different purposes, including earthquake forecasting, 
and numerous methods of data analysis are used (Yulmetyev et al. 2001, 
2003, Caserta et al. 2007). 

2. THE  DATA  USED  AND  METHODS  OF  ANALYSIS 
The data used in this study are digital seismograms recorded by broad-band 
permanent station located in Great Caucasus mountains near the town Oni 
(42.5905°N, 43.4525°E), Georgia (Fig. 1). We investigated all three com-
ponents of vibrations of the Earth’s surface, but mainly focused on time  
 

Fig. 1. Map of location of Oni seismic station. By the star, the epicenter of Racha 
M6.0 earthquake is shown. 
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Fig. 2. The ambient noise data record including waveforms of the M6.0 Racha 
earthquake. 

series of the Earth’s vertical velocity, Vz (see a typical four-day recording 
in Fig. 2). The data were recorded at a sampling frequency of 100 Hz with 
a dynamic range over 140 dB. The station has a flat velocity response from 
0.01 to 100 Hz frequency band. The seismograms are corrected for instru-
ment response before the analysis, so as to get the ground velocity. The 
seismic station Oni is part of seismic network operated by the Ilia State Uni-
versity, Seismic Monitoring Centre of Georgia. 

In order to compare scaling characteristics of ambient noise data sets at 
different levels of local seismic activity, we selected datasets for different 
time periods. Namely, the four-day recordings preceding the Racha M6.0 
earthquake (22:41:35 UTC on 7 September 2009; 42.5727°N, 43.4825°E), 
the epicenter of which was located at a distance of 4 km from the Oni sta-
tion, have been investigated at first. 

In these recordings, waveforms arriving from two remote earthquakes 
are visible. Namely, the M4.9 EQ occurred in Afghanistan (09:01:53 UTC 
on 7 September 2009; 36.45°N, 70.73°E) and the M6.2 EQ occurred in  
Indonesia (16:12:22 UTC on 7 September 2009; 10.20°N, 110.63°E). Besides, 
two foreshocks of the Racha earthquake occurred during this four-day  
period: M1.6 (14:06:35 UTC on 3 September 2009; 42.5414°N, 43.5282°E) 
and M2.1 (14:17:31 UTC on 3 September 2009; 42.5508°N, 43.528°E). 
Seismic waveforms from all these events are involved in the analyzed time 
series. So, ambient fluctuations at Oni station in the considered case were  
affected by strong and weaker local, as well as by remote seismic activities. 
The next series of analysis were accomplished on seismic record data sets 
for the time period in March 2011, when no local seismic activity was  
detected. At the end of this period, arrivals of waveforms from Japan M9.0 
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earthquake (05:46:24 UTC on 11 March 2011; 38.322°N, 142.369°E) were 
recorded by the Oni station. Additionally, seismic records were considered 
from 23:59 UTC on 21 January 2009 to 19:00 UTC on 22 January 2009, 
when no local and remote seismic activity was detected by broad-band Oni 
station. In addition, we selected the period from 18:00 UTC on 20 January 
2011 to 16:00 UTC on 21 January 2011. This period can also be regard as 
locally calm because no seismic activity was detected by broad-band Oni 
station and epicenter of Vani (Georgia) M5.3 earthquake, located about 
100 km from the station (09:17:49 UTC; 41.9458°N, 42.6935°E), occurred 
33 h before this time period. Other period considered was from 00:00 to 
18:59 UTC on 30 October 2010, when a slight local seismic activity was  
detected (series of M0.7-M1.6 events occurred in 10 km area around the Oni 
station) and also waveforms that arrived from M5.2 earthquake, which  
occurred in Japan (19:06:19 UTC on 30 October 2010; 34.38°N, 141.33°E).  

In general, complex systems time series, like ambient noise, exhibit fluc-
tuations on a wide range of time scales, which is often accompanied by the 
broad amplitude and frequencies distributions. Such fluctuations usually  
follow scaling laws, which allow characterization of the data and the gener-
ating complex system by fractal (or multifractal) scaling exponents. The 
know- ledge of these scaling exponents is very important because they pro-
vide unique information on systems’ behavior and may serve as characteris-
tic fingerprints for comparison with other systems and models.  

In this research, in order to quantify scaling features of ambient noise, 
detrended fluctuation analysis (DFA) method has been used (Peng et al. 
1993a, b; 1995). We selected DFA in order to quantify long-range time-
correlations in the investigated ambient noise data sets. Usually DFA is con-
ceived as a method for detrending local variability in a sequence of events, 
which provides insight into long-term variation features in the complex data 
sets. This scaling analysis technique provides a simple quantitative parame-
ter (DFA scaling exponent) representing the correlation properties of a time 
series. As already mentioned, the very important practical advantage of DFA 
over many other scaling techniques is that it enables the detection of long-
range correlations embedded in the time series. Moreover, DFA helps to 
avoid the spurious detection of apparent long-range correlations that are an 
artifact of non-stationarity. 

In practice, the DFA method consists of three steps (Peng et al. 1993a, b). 
First, the initial time series x(k) (of length N) is integrated and “profile”  
Y(i) is determined. After this, the resulting series Y(i) is divided into boxes  
of size n. In each box of length n, local trend, Yn(i), is calculated. Next,  
the line points are subtracted from the integrated series Y(i) in each box.  
The root mean square fluctuation of the integrated and detrended series is 
calculated as 
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This process is repeated for different scales (box sizes) to obtain a power 
law behavior between F(n) and n. When the signal follows the scaling law,  
a power law behavior for the function F(n) is observed: 

 ( ) ~ .F n nα  

The scaling exponent α gives information about the long-range power 
law correlation properties of the signal (Peng et al. 1993a, b; 1995, Ivanov et 
al. 2002, Rodriguez et al. 2007). Specifically, the scaling exponent  α = 0.5  
corresponds to white noise (noncorrelated signal); when  α < 0.5, the correla-
tion in the signal is anti-persistent; if  α > 0.5, the correlation in the signal is 
persistent. The value  α = 1  means uniform power law behavior of 1/f noise. 
The value  α = 1.5, indicating uncorrelated behavior, represents a random-
walk type process of Brownian motion. The value  α > 1.5  corresponds  
to persistent long-range correlations that may be related to both stochastic 
and deterministic correlations, and  α < 1.5  corresponds to anticorrelated 
behavior.  

It may often happen that the correlations of recorded data do not follow 
the same scaling law for all considered n time scales. In such cases, the func-
tion F(n) displays different power-law behaviors and in the double logarith-
mic plots of the DFA fluctuation function, one or more crossovers between 
different scaling regimes are observed. These crossover (time) scales sepa-
rate regimes with different scaling exponents (Peng et al. 1995, Ivanov et al. 
2002, Kantelhardt et al. 2002). In practice, the crossover region is defined by 
the values of n where the function F(n) changes its behavior. 

Quantification of the fractal properties through calculation of scaling  
exponent by the above methods is often used to describe features of complex 
systems behavior. In the frame of this research, we calculated DFA scaling 
exponent for consecutive non-overlapping sliding windows of different 
length. By this method, it was established that the time window of 2 min  
duration is the most appropriate one, enabling to cover the scaling region of 
fluctuation curve, indicating at the same time the presence of periodic trends 
at larger time scales. 

3. RESULTS  AND  DISCUSSION 
In Figure 3, an example of a power spectrum of seismic noise data recorded 
at the Oni station is presented. It is similar to the power spectrums for data 
sets from other broad-band seismic stations worldwide, with a typical  
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Fig. 3. Typical power spectrum of seismic noise recorded at the Oni station. 

location of the largest spectral peak, sometimes regarded as an observational 
invariant for such data (Correig et al. 2007, Ryabov et al. 2003). 

As already mentioned, we selected data sets recorded at Oni seismic sta-
tion because it is located very close (4 km) to the epicenter of strong M6.0 
earthquake that occurred on 7 September 2009 (22:41:35 UTC; 42.5727°N, 
43.4825°E). Besides, two foreshocks of the M6.0 main shock also occurred 
within 10-km distance from the Oni station. An analysis of such good-quality 
data sets from a rural place with low anthropic influences, recorded almost in 
the centre of the critical zone of a strong earthquake, looked very interesting 
from the point of view of detecting changes in the ambient noise fluctuation 
features, which can possibly be related to the local earthquake preparation 
process. 

The total length of the ambient noise data series used in our research, 
recorded for time periods of different duration (1 to 4 days), were in the 
range from about 10 to 35 million. We started from the investigation of cor-
relation characteristics of ambient noise data sets by the DFA, a method ena-
bling to avoid effects of nonstationarities in data sets. As already mentioned, 
DFA is often successfully used for data sets of different origin in different 
fields, including geophysics and seismology (e.g., Peng et al. 1993a, b; 1995, 
Telesca et al. 2005, 2008, Bunde et al. 2002, etc.). It was most attractive for 
the purpose of our research that the DFA method enables identifying differ-
ent states of the dynamical system according to its different scaling behav-
iors (Peng et al. 1995, Hu et al. 2001). Thus, it may help to find out whether 
quantifiable changes in local Earth surface vibrations have occurred prior to 
the strong earthquake, which can be regarded as related to local seismic  
activity. 
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Fig. 4. Averaged DFA fluctuation curves obtained for Z-components of seismic 
noise records at the Oni station. The lower curve corresponds to the period covering 
72 h before and 20 h after the 2009 Racha M6.0 EQ, including foreshocks, as well as 
the arrival of waveforms from remote events and aftershocks. The upper curve cor-
responds to periods of 48 h before the arrival of waveforms from remote Japan M9.0 
EQ and 10 h after. Curves are shifted along the y axis for clarity. 

In Figure 4, DFA plot of averaged  log F(n)  versus  log n  relation calcu-
lated for ambient noise data recorded at the Oni station is presented. Calcula-
tions have been carried out for consecutive 12 000 sample data length non-
overlapping (2 min) windows of ambient seismic noise of the Z-component 
records. The lower curve corresponds to time period of increased local seis-
mic activity around the Oni station and includes seismic waveforms from 
foreshock, main shock, and aftershocks of the Racha M6.0 earthquake as well 
as wavetrains from remote Afghanistan M4.9 and Indonesia M6.2 earth-
quakes (see the methods section). The upper curve corresponds to time peri-
od of low local seismic activity and includes wavetrains from devastating 
M9.0 earthquake that occurred in Japan in March 2011. According to Fig. 4, 
averaged F(n) versus n relation, for both time series considered, looks gener-
ally similar, though slopes of scaling linear parts of curves are different.  
Also, it is noticeable that the linear scaling part of fluctuation curves, indi-
cating the power law F(n) versus n relation, is longer for data sets recorded 
at a seismically quiet period around the Oni station in March 2011 compar-
ing to fluctuation curve of seismic noise in September 2009, when the M6.0 
earthquake occurred. We also see in Fig. 4 the crossover points separating 
regimes of ambient noise vibrations with different scaling characteristics. 
Crossover points’ locations are not coinciding for these data sets because of 
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the above-mentioned different lengths of fluctuation function scaling  
regions. At low frequencies, the crossover time scales are about 3 s in both 
cases. In the high frequency range, the crossover time scale is 0.3 s for the 
period when the 2009 Oni M6.0 earthquake occurred. At the same time, for 
three-day long data set recorded in March 2011, a crossover at higher  
frequencies is hardly identifiable and seems to be at about 0.1 s. 

Next, in order not to be restricted by the results of averaged slopes and to 
better compare scaling properties of complicated ambient noise data sets for 
certain time periods, we performed additional distributional analysis of DFA 
scaling exponents. Specifically, for each 2 min windows, a scaling region of  
log F(n) versus n relation was identified and the slope was calculated. In 
Figure 5, histograms of these scaling exponents obtained for consecutive 
windows of the above-mentioned ambient noise data recorded in September 
2009 (involving signal from the Racha M6.0 earthquake as well as its fore-
shocks and aftershocks) and in March 2011 (involving wavetrains from the 
Japan M9.0 earthquake) are presented. On the left side of Fig. 5, histograms 
of scaling exponents calculated for the same time series after shuffling pro-
cedure are presented. We see that more than 95% of scaling exponent values 
for both shuffled data sets are concentrated close to 0.5, corresponding to 
white noise (the significance of difference between the scaling exponents for 
original and shuffled data sets was quantified by the method described in 
 

Fig. 5. The histograms of the scaling exponents calculated for consecutive windows 
of 12 000 sample of seismic noise Z-components data sets recorded at the Oni sta-
tion. Dark circles correspond to 2836 windows involving the periods prior to the 
Racha M6.0 EQ, dark triangles correspond to 2100 windows in March 2011 involv-
ing the period before arrival of seismic waves from the Japan M9.0 EQ, open circles 
and triangles correspond to shuffled data sets. 
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Theiler et al. (1992). Contrary to this, original time series, by their DFA 
scaling exponents, are always much different from the white noise behavior 
(histograms on the right side of Fig. 5). These histograms indicate important 
differences in the fluctuation properties of the Earth surface vibration for the 
two time periods considered.  

Results presented in Fig. 5 show that ambient seismic noise at increased 
local seismic activity comprises a multitude of processes of diverse dynam-
ics, from uniform power law behavior of 1/f type (α = 1) to long-range corre-
lations; the latter one may be of stochastic fractional Brownian-motion type 
or even of deterministic nature (α > 1.5). We see that at least 25% of DFA 
scaling exponent values calculated for time period before and after the strong 
local Racha earthquake occurrence indicate closeness to Brownian-motion 
type processes (α = 1.5) and not less than 15% show anticorrelated behavior 
(dark circles in Fig. 5). At the same time, data recorded at a locally quiet pe-
riod, before and after the arrival of seismic waves from the remote Japan 
M9.0 earthquake, always reveal a significant shift to the larger scaling expo-
nents (up to  α = 1.91) indicating persistent long range correlation. It is worth 
to point out that in the last case the Brownian-motion type behavior was 
never observed and more than 98% of calculated DFA scaling exponents  
exceeded the value of 1.5. 

These different kinds of fluctuation characteristics, with respect to scal-
ing behavior, demonstrate different stochastic structures in ambient noise  
data sets at different levels of local seismic activity.  

We point out again that all the results presented above were obtained for 
data sets which included waves of different local as well as remote origin. In 
order to see how the fluctuation features of ambient noise Z-component data 
may be influenced by the different seismic waveforms, we undertook an 
analysis for the time windows when wavetrains of certain origin were de-
tected at the Oni station. Specifically, we focused on time windows under 
the following conditions: (i) neither local earthquakes occurrence nor arrival 
of wavetrains from remote earthquakes have been registered, (ii) only arri-
vals of waveforms from remote earthquakes were detected, (iii) strong local 
M6.0 earthquake occurred, and (iv) its aftershocks occurred. 

Results of this analysis are presented in Fig. 6. In the lowest curve, re-
sults of calculations for the period prior to the Racha M6.0 earthquake are 
shown. Specifically, about 1700 windows of 12 000 data (2 min each), were 
selected so as to make the shape of fluctuation curves typical to the ones  
observed when no arrival of seismic waves have been detected at the Oni 
station. The fluctuation curve, averaged for all these time windows, shows 
clear crossovers at long and short time scales. Between these crossovers, we 
observe a linear scaling region. The presence of such a scaling part in this 
curve means  that the ambient noise  for  considered periods  revealed  power 
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Fig. 6. Averaged DFA fluctuation curves obtained for the Z-component of seismic 
noise data at the Oni station calculated for consecutive non-overlapping 2-min  
windows. Diamonds – before the Oni M6.0 EQ for time windows with no local 
earthquakes and without arrival of remote waveforms; white and black triangles – 
for windows when the arrival of waveforms from remote earthquakes was detected; 
asterisks – for window when foreshocks of the Oni M6.0 event occurred; dark  
circles – for a window when the Oni M6.0 EQ occurred, and open circles when its 
aftershocks occurred. Curves are shifted along the y axis for clarity. 

law behavior in the frequency range of about 0.3-3 Hz. For lower frequen-
cies (longer time scales) we see breakdown of the power law scaling behav-
ior, which can be observed in the systems when different quasi-periodic 
trends dominate (Hu et al. 2001, Alvarez-Ramirez et al. 2005). For small 
scales, at frequencies above 3-4 Hz, the linear relation is questionable, espe-
cially taking into consideration that for small scales of n the deviations from 
the scaling law are intrinsic to the usual DFA method (Peng et al. 1993a). 

The next two curves in the upward direction in Fig. 6 correspond to time 
periods when seismic signals from remote events have arrived at Oni station 
prior to local M6.0 earthquake. We see that the arrival of wavetrains from 
remote events, M4.9 that occurred in Afghanistan and M6.2 in Indonesia (see 
the methods section for details), do not essentially change general fluctuation 
features of ambient noise around the Oni station. Indeed, as shown in Fig. 6, 
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the general shape of averaged DFA fluctuation curves of ambient seismic 
noise data, for the time windows when arrivals of wavetrains from the 
above-mentioned remote earthquakes have been detected, is similar to that 
for calm windows (the lowest curve in Fig. 6). At the same time, the fre-
quency range and slope of scaling linear part seems to be larger in this case 
comparing to windows when no clear seismic waves were detected at the 
Oni station. Besides, the linear scaling region of fluctuation curve is longer 
and crossover points at small scales are not so clear for time periods of  
remote wavetrains arrival, but still detectable. 

It is noticeable from Fig. 6 that a strong local seismic activity essentially 
alters the character of scaling features of ambient noise fluctuation. Indeed, 
fluctuation curves of seismic noise data for the time windows when the Oni 
M6.0 earthquake, as well as its foreshocks and aftershocks, occurred do not 
reveal credible scaling behavior. This means that contrary to remote seismic 
activity, the arrival of seismic waves from local earthquakes completely  
destroyed the fluctuation feature of ambient noise. This is quite logical  
taking into consideration the amount of strain energy released by an earth-
quake, which many times exceeds the energy sources of other components 
 of seismic noise. 

Thus we see in Figs. 4 and 6 (lower curves) that the shape of averaged 
fluctuation curves for the whole ambient noise data sets and for windows 
when no local or remote earthquakes have been detected are similar. In both 
cases, we observe crossovers and clear scaling regions. This can be under-
stood as an indication that for the purpose of general consideration the use of 
whole data sets of ambient noise time series, without identification of the 
type of arrived signal, may be applicable. 

At the same time, as it was already mentioned, the arrival of seismic 
waves, especially from a strong local event, can essentially affect fluctuation 
features of ambient noises (see Fig. 6). Apparently, both qualitative as well 
as quantitative changes in the earth surface vibrations occur for the certain 
time periods of seismic wave arrivals, which is revealed in changes of the 
shape as well as of the scaling features of fluctuation curves. 

Therefore, in order to consider the dynamics of ambient noises and to be 
focused on the changes which can possibly be related to the local earthquake 
preparation, we intentionally eliminated from data sets those sections in 
which the arrival of remote or local seismic waveforms has been detected. 
Such compiled time series of ambient noise data, consisting of recordings at 
time periods when no arrival of seismic wavetrains at the Oni station was  
detected, have been considered prior to the Oni M6.0 earthquake occurrence 
in September 2009, as well as in March 2011, when wavetrains from Japan 
M9.0 earthquake arrived at the Oni station. 
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Fig. 7. Averaged DFA fluctuation curves of Z-components of seismic noise records 
at the Oni station when no local or remote seismic activity was observed. The lower 
curve corresponds to the period prior to the Racha M6.0 EQ (2009). The upper curve 
corresponds to the period before the arrival of waveforms from remote Japan M9.0 
EQ. Curves are shifted along the y axis for clarity. 

Results of analysis are shown in Fig. 7. We see two crossovers in 
log F(n) versus log n relation curves of both time series. Between these 
crossovers, time scales fluctuations of ambient noise always reveal long 
range correlations (α > 1.5) for both data sets. Similar to the results for the 
whole data sets, results in Fig. 7 indicate different dynamical structures with 
respect to scaling behavior in the considered ambient noise data for seismi-
cally quiet and active time periods around the Oni station. Thus, the  
observed differences cannot be affected by the arrival of seismic wavetrains 
from local or remote earthquakes. 

In addition to the above analysis of averaged fluctuation curves  calcu-
lated for time periods when no local earthquakes and arrival of wavetrains 
from remote events were detected, we also calculated individual scaling  
exponents for consecutive 2-min time windows of locally quiet time periods. 
Results of calculation, presented in Fig. 8, show that the distribution range of 
scaling exponents is here somewhat narrower though in general similar to 
what we see for the whole data sets in Fig. 5. Differences mainly concern the 
lower and upper limits of scaling exponents’ distribution range. It is interest-
ing that the majority of encountered values of scaling exponents calculated 
for “calm” windows of seismically active and locally quiet periods become 
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closer in this case, comparing to what was found for the whole data sets. 
Anyway, we see from Fig. 8 that distribution functions of scaling exponents’ 
values, for increased local seismic activity and for quiet periods, are still 
well distinguishable. By these results, ambient noises in calm seismic condi-
tions indicate persistent correlated process (α > 1.5), while at increased local 
seismic activity we observe the mixture of processes involving correlated, 
anticorrelated and uncorrelated behaviors (1.2 < α < 1.8). 

Thus, as we see in Fig. 8, the distribution of features of scaling  
exponents for the considered groups is different. Indeed, according to the 
Kolmogorov–Smirnov test, indicating the goodness of fit, the value of p for 
Gaussian distribution is 0.75 for ambient noise data prior to the Oni M6.0 
earthquake and 0.9 for period before the arrival of wavetrains from the Japan 
M9.0 earthquake. This also provides an additional argument in favor of the 
opinion that the dynamics of seismic noises in the considered periods is  
different. 

 

Fig. 8. The histograms of scaling exponents calculated for consecutive 12 000 sam-
ple data length windows of Z-components of seismic noise time series recorded at 
the Oni station for the periods regarded as seismically calm. Dark circles − time 
windows before the 2009 Racha M6.0 EQ, when no local activity or arrival of  
remote wavetrains were detected; dark triangles − time windows when before and  
after the arrival of wavetrains from the 2011 Japan M9.0 EQ no seismic activity was 
detected; open squares – period from 23:59 to 19:00 UTC on 22 January 2009, when 
no local activity or arrival of remote waves was detected; open circles – locally calm 
period from 00:00 UTC on 20 to 21 January 2011; open triangles – moderate seis-
mic activity around the Oni station, period from 00:00 to 19:00 UTC on 30 October 
2010. 
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It is of special importance to underline that this difference is not caused 
by the influence of seismic component of ambient noise (i.e., by waves from 
local or remote earthquakes). Indeed, the result was practically the same 
when we selected quiet time windows only (when arrivals of seismic waves 
from local or remote earthquakes have not been detected at the Oni station). 

Then, in order to exclude inaccuracies because of possible specificities 
of analyzed time periods, we tested our results for three additional periods. 
For this, we aimed to select one to several days long periods with local seis-
mic activity as low as possible, and an additional period with moderate local 
seismic activity. Specifically, from the data sets of ambient noises recorded 
at Oni seismic station, a 20-hour period, from 00:00 to 19:00 UTC on 
30 October 2010, was selected. As it was mentioned in the section on data 
and methods, the seismic activity around Oni station in this period slightly 
increased and, moreover, at the end of the selected time interval, arrivals of 
seismic waves from M5.2 earthquake that occurred in Japan were detected. 
The next time period was selected from 23:59 to 19:00 UTC on 21 January 
2009. During this period and immediately before and after it, neither an  
increase of local seismic activity nor an arrival of seismic waves from  
remote earthquakes has been detected. A locally calm period was from 00:00 
on 20 to 21 January 2011, 33 hours after the Vani (Georgia) M5.3 earth-
quake, whose epicenter was located about 100 km from the Oni station and 
thus the station was outside of critical zone ever detected for strong Cauca-
sian earthquakes. 

For these time periods, calculations of DFA scaling exponents, similar to 
those described above, have been carried out. In Figure 8, results of these 
calculations are presented in the form of histograms of DFA linear part scal-
ing exponents. It can be seen that for time periods which can be regarded as 
locally quiet, because no seismic waveforms have been detected at Oni sta-
tion, e.g., in January 2009 and 2011 or March of 2011, the scaling exponent 
distribution looks similar to the one before the arrival of waves from Japan 
M9.0 earthquake, i.e., for the time period which was locally quiet too. In  
these cases, the calculated values of ambient noise scaling exponents  
exceeded the value  α = 1.5, typical for a random walk, which indicates more 
persistent correlated behavior. On the other hand, from Fig. 8 it follows that 
for the period of slightly increased local seismic activity in October 2010, 
the distribution of scaling exponents resembles the pattern observed in the 
period when the strong M6.0 Racha earthquake occurred. In this case, the 
scaling exponents’ values calculated for ambient noise remain characteristic 
for correlated process, though they are shifted to the left, closer to  α = 1.5. 

Next, though we have used DFA for ambient noises data, we additionally 
investigated increments’ time series of original time series in order to further 
exclude a possible influence of different kinds of trends. 
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Fig. 9. The histograms of scaling exponents calculated for increment time series of 
noise Z-components data sets recorded at the Oni station. Calculation have been car-
ried out for consecutive 12 000 sample data length windows of increment data sets 
for the periods regarded as seismically calm. Description of symbols as in Fig. 8. 

In Figure 9 we see that scaling exponents of differenced data (incre-
ments’ time series) are shifted to the left comparing to the results in Fig. 8. It 
is quite logical that the differentiation of ambient noise time series decreases 
their scaling exponent (in the histogram we see a decrease by about one). 
Most importantly, the distribution functions of scaling exponents of incre-
ments of ambient noise data are still different for time periods of increased 
and decreased local seismic activity around the Oni station (dark circles and 
triangles in Fig. 9). Moreover, disposition to the each other of the scaling 
exponents distribution curves, calculated for data recorded at other calm 
and/or activated seismic conditions, is similar to that presented in Fig. 8. 
This points out that the obtained results concerning features of distribution of 
scaling exponents at different local seismic conditions are not influenced by 
different possible trends. 

Next, knowing that the ambient noises may be caused by a diversity of 
different, often unrelated and continuous sources of diverse origins from spa-
tially distributed local and remote sources (SESAME 2004), we carried out 
an analysis in different frequency ranges, similar to the above analysis. We 
started from frequency interval of 0.04-4 Hz to cover the whole microseism 
activity range (Webb 1998). Specifically, we filtered original data to analyze 
scaling features of ambient noises for the following frequency contents: 
(i) below a frequency of 0.04 Hz, (ii) in the frequency range of 0.04 to 4 Hz, 
and (iii) above 4 Hz. By this, we aimed to clear up which frequency band of 
ambient noise is responsible for the changes observed in fluctuation scaling 
features. 
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Fig. 10. The histograms of scaling exponents calculated for different frequency 
bands of ambient noise data sets. Prior to the Oni M6.0 (black symbols), before arri-
val of waveforms from the Japan M9.0 EQ (white symbols). For the frequencies:  
below 0.04 Hz (squares), in the range of 0.04-4 Hz (triangles), and above 4 Hz  
(circles). 

We see in Fig. 10 that the high frequency range, above 4 Hz, which is 
regarded as caused by local and cultural noises (Webb 1998, SESAME 
2004), does not reveal changes during the considered periods in September 
2009 and March 2011. This is quite logical because the location of station or 
industrial or ambient conditions in the small town of Oni have not changed. 
In the low frequency range, below 0.04 Hz, where the influence of 
infragravity oceanic waves is predominant, we see clear difference between 
ambient noise scaling exponent distributions. It is very difficult to comment 
now but still worth to mention that before and after the Oni 6.0 earthquake 
that occurred in September 2009, low frequency ambient noises showed pre-
dominantly persistent behavior; the calculated DFA scaling exponent values 
(about 70%) are in 0.7-0.9 range. In the locally quiet period of March 2011 
broad diversity of behaviours, from random to Brownian motion, was  
observed (0.5 < α < 1.5). Most important for the purpose of the present paper 
is that such a difference is opposite to what we observe in original data as 
well as in filtered data in the 0.04-4 Hz frequency range. From these results 
we can conclude that differences found between fluctuation features of  
ambient noises at activated and calm local seismicity conditions, apparently 
cannot be caused by high or low frequency components and should be  
related to microseisms’ constituents. 

Results of similar analysis for calm time intervals selected from the 
above-mentioned periods in September 2009 and March 2011 provide addi-
tional arguments for such a conclusion. Indeed, in Fig. 11 we see that the 
distribution of scaling exponents for high and low frequency ranges are akin 
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Fig. 11. The histograms of scaling exponents calculated for different frequency 
bands of ambient noise data sets compiled for calm periods, when no local earth-
quakes or arrival of waveforms from remote seismic activity were detected at the 
Oni station. Prior to the Oni M6.0 EQ (black symbols), before arrival of waveforms 
from the Japan M9.0 EQ (white symbols). For frequencies below 0.04 Hz (squares), 
in the range of 0.04-4 Hz (triangles), and above 4 Hz (circles). 

to those shown in Fig. 10 for the whole time series. At the same time, in  
microseisms’ frequency range of 0.04-4 Hz, the difference between distribu-
tion features of ambient noises scaling exponents in time period before the 
Oni M6.0 earthquake are clearly different from those in locally quiet period 
in March 2009, prior and after the arrival of wavetrains from the Japan M9.0 
earthquake. 

Afterwords, we decided to focus on the fluctuation features in the fre-
quency bands directly contributing to the observed linear scaling parts  
of  log F(n)  versus  log n  curves of the considered ambient noise data. Spe-
cifically, from the analysis of fluctuation curves in Figs. 4 and 7 it follows 
that, in average, the scaling holds for time scales between crossovers at 
about 0.3 and 3 s (upper curves) and 0.2 and 3 s (lower curves). Therefore, 
we have filtered our data to analyze ambient noise scaling features in the 
frequency range of 0.3-3.8 Hz for the period when strong local earthquakes 
occurred in September 2009 and in the frequency range of 0.3-5 Hz for the 
period when wavetrains from the remote Japan earthquake arrived in March 
2011. The results of analysis are presented in Fig. 12. As it follows from  
a comparison of this figure and previous ones (Figs. 10 and 11), the shift of 
high frequency threshold (from 4 to 3.8 Hz for activated and from 4 to 5 Hz 
for calm seismic conditions) of the considered ambient noise data has almost 
no effect on the distribution of scaling exponent values. The ambient noise 
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still looks like a persistent process for the period of activated local seismicity 
(white squares) and indicates wide distribution features for calm seismic 
conditions. Contrary to this, slight change in low frequency threshold, from 
0.04 to 0.3 Hz, in the considered ambient noise data led to the noticeable 
change in observed fluctuation features (compare black and white circles in 
Figs. 10 and 12). It is worth mentioning that at calm conditions of local 
seismicity, the scaling exponents’ values range is wider than for period of 
active seismicity. The most important fact is that neither low nor high  
frequency components of considered ambient noises do show any scaling 
features which could have masked differences observed in targeted frequen-
cy intervals, of 0.3-3.8 Hz for the time period when strong local earthquakes 
occurred in September 2009 and in the range of 0.3-5 Hz for the time period 
when wavetrains from the remote Japan earthquake arrived at Oni station in 
March 2011. Thus, it can be suggested that the observed differences in  
dynamics of ambient noises revealed through the differences in the fluctua-
tion scaling exponents are related to processes directly contributing to local 
earthquake preparation. 

As it was said above, prior to the strong local Oni M6.0 earthquake the 
values of DFA scaling exponents are distributed in a wide range, indicating 
coincidence of different dynamical behaviors with a slight dominance of 
long-range persistent correlations in ambient noises. 

The origin of the shift from mostly persistent long-range correlated  
pattern in calm periods to the mixture of different fluctuation patterns,  
including antipersistent correlated and uncorrelated behavior at increased 
 

Fig. 12. The histograms of the scaling exponents calculated for different frequency 
bands of ambient noise data sets. Time period in September 2009: below 0.3 Hz 
(black squares), 0.3-3.8 Hz (black triangles), and above 3.8 Hz (black circles). Time 
period in March 2011: below 0.3 Hz (white squares), 0.3-5 Hz (white triangles), and 
above 5 Hz (white circles). 
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local seismic activity, remains mostly unclear, though it may be speculated 
that it is related to the distortion of dynamical structure of the background 
Earth surface vibration pattern under the influence of earthquake preparation 
processes. 

The findings that fractal dimensions of ambient noise and seismic signals 
may be different, and that the probability density function (PDF) of ambient 
noise may undergo a transition from Gaussian to long-tailed non-Gaussian 
distribution prior to moderate and large earthquakes (Padhy 2004, Tabar et 
al. 2006, Manshour et al. 2009, 2010) are, from general point of view, in 
agreement with our results. 

4. CONCLUSIONS 
On the example of seismic noise data sets recorded at the Oni seismic station 
we have shown that, generally speaking, the ambient noise data sets are, for 
a wide time scale, characterized by long range persistent correlations. 

Fluctuation properties of ambient noise are significantly affected by an 
influence of seismic waves from both local and remote earthquakes. At the 
same time, wavetrains from remote events cause quantitative changes in  
ambient noise data scaling properties, while seismic waves from local earth-
quakes lead to their complete qualitative distortions. 

The analysis carried out on data sets from the epicentral zone of Oni 
M6.0 earthquake supports the opinion that scaling properties of ambient 
noise prior to strong local earthquakes may be quantifiable. The increased 
seismic activity can be accompanied by a distortion of persistent long-range 
correlations and an appearance of mixture of dynamical constituents with 
diverse persistent, antipersistent, and random behaviors. 
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A b s t r a c t  

The non-extensivity approach based on the Tsallis entropy has been 
applied to seismicity that occurred from 1988 to 2010 along the Mexican 
South Pacific coast. We analyzed four different regions, characterized by 
different subduction patterns. Our results indicate a possible correlation 
between the non-extensive parameters and the seismicity pattern associ-
ated with the inclination angle of each subduction region. 

Key words: non-extensivity, subduction, Tsallis entropy, Mexico. 

1. INTRODUCTION 
The log-linear relationship between the cumulative number of earthquakes 
with magnitude  m > Mth  and the threshold magnitude Mth is the well known 
Gutenberg–Richter (GR) law (Gutenberg and Richter 1944), which 
represents an empirical relationship, also deduced in the context of the self-
organizing criticality (Bak et al. 1988). Only few attempts were proposed to 
relate the GR law with general physical principles (Varotsos et al. 2006, 
Wesnousky 1999, King 1983, Kagan and Knopoff 1981). Sotolongo-Costa 
and Posadas (2004) (SCP) proposed a model for earthquake generation 
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mechanism, considering the role played by the fragments between the fault 
planes, of diverse size, originated by the local breakage of the tectonic plates 
(Hasumi 2009), from which the faults are generated; the interaction between 
such fragments and the asperities of the fault planes leads to an earthquake 
triggering mechanism. The non-extensive model, developed starting from 
Tsallis’ entropy (Tsallis 1988), is able to describe shock fragmentation 
processes, as it occurs in the fragment-asperity interaction. Since the 
fragment-asperity interaction phenomenon, considered as one of the 
triggering mechanisms of earthquakes, leads to the existence of long-range 
interactions, in which the entropy is nonadditive, the non-extensive approach 
based on the Tsallis entropy seems more adequate. The SCP model was 
revisited by Silva et al. (2006), where a different relationship between 
earthquake energy and fragment size, in full agreement with the standard 
theory of seismic moment (Lay and Wallace 1995), has led to a magnitude 
distribution different from that deduced in the SCP model, providing an 
equally excellent fit to several seismic distributions worldwide. This model 
was applied to regional seismicities as well as to specific seismic zones 
(Telesca 2010, Telesca and Chen 2010, Silva et al. 2006, Sarlis et al. 2010, 
Darooneh and Mehri 2010, De Santis et al. 2011). 

Other works have been focused on theoretical and experimental studies 
of the relative displacements between fault planes and the interaction with 
their fragments, based, e.g., on cellular automata, spring-block model, and 
interaction between surfaces (Burridge and Knopoff 1967, Turcotte 1997, 
Olami et al. 1992, Carlson and Langer 1989, Vargas et al. 2008). 

The tectonic plate processes are the principal cause for the fragmentation 
of the Earth’s crust, and therefore the fragmentation dynamics is the origin 
of earthquakes. The seismicity in Mexico and Central America region is 
characterized by active seismic belt along the Middle America Trench that 
has been studied by a large number of authors (Ohtake et al. 1981, Singh et 
al. 1983, Pardo and Suarez 1995, Kostoglodov and Ponce 1994, Iglesias et 
al. 2004, Ramírez-Herrera et al. 2011). The items analyzed from the seismo-
logical point of view are the rupture zone, the type and magnitude of earth-
quakes, the epicenter location, and the pattern of seismicity changes 
expected to precede the main shock (Ohtake et al. 1981). Data provided by 
different catalogues, and their corresponding corrections, have been analyzed 
(Zuñiga and Wiemer 1999).  

In this work, we study the seismic activity observed in four seismically 
active zones in the Mexican South Pacific coast (Jalisco, Michoacan, Guer-
rero, and Oaxaca) by using the non-extensive approach, in order to charac-
terize the subduction zone in terms of non-extensivity parameter q. 
A subduction zone has the geometry and geodynamics associated with tec-
tonic factors, so that it is possible that the local seismicity could be correlat-
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ed with the subduction features. In this sense, it is important to characterize 
the seismicity produced in a subduction zone in terms of q values  
because we could get information about the stability of the region. 

2. ASPERITY-FRAGMENTATION  INTERACTION  MODEL 
Non-extensive systems, which are characterized by long-range spatial 
correlations, violate of the Boltzmann–Gibbs (BG) statistics (Sotolongo-
Costa and Posadas 2002, 2004). The classical Boltzmann–Gibbs entropy has 
an additive property and includes just short-length interactions, so that the 
total entropy will depend on the size of the object. Tsallis (1988) generalized 
the BG statistics, defining an entropy characterized by a parameter q, 
quantifying the non-extensivity of the system; for  q = 1  the extensive BG 
statistics is recovered. In Tsallis’ non-extensive formulation of entropy, 
interactions of any length scale are allowed; thus, the process of shock 
fragmentation, especially when high energies are involved, leads to the 
emergence of long-range interactions between all parts of the object being 
fragmented. The non-extensive approach seems, therefore, well suited for 
investigating the complex mechanism of relative displacement of fault 
plates, which is the main cause of earthquakes. 

The model of earthquake generation that we will use hereafter is that 
proposed by Silva et al. (2006), in which the relative position of fragments 
filling the gap between two rough faults can hinder their relative motion. The 
stress increases until a displacement of one of the asperities, due to the dis-
placement of the hindering fragment, or even its breakage in the point of 
contact with the fragment, leads to a relative displacement of the fault planes 
of the order of the size ρ of the hindering fragment, with the subsequent  re-
lease of energy ε (Sotolongo-Costa and Posadas 2004), which is supposed to 
relate with the volume of the fragment, ε ∼ ρ3, in agreement with the scaling 
relationship between seismic moment and the product of the fault rupture ar-
ea with the average displacement of the fault (Lay and Wallace 1995). The 
maximum entropy principle for the Tsallis entropy (Tsallis 1988) is 

 
1 ( ) d

1

q

q

p
S k

q
σ σ σ−

=
−

∫  , (1) 

where pσ (σ) is the probability of finding a fragment of surface σ, q is a real 
number, k is the Boltzmann constant; this entropy becomes the Boltzmann 
entropy when  q → 1. Let us set  k = 1  for the sake of simplicity. 

In order to determine  pσ (σ), the maximization of Tsallis’ entropy is made 
under the two constraints: 
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(i) the normalization of  pσ (σ), 
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(ii) the condition about the q-expectation value (Abe 2003) 
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For  q → 1, the last condition becomes the definition of mean value.  
Using the technique of Lagrange multipliers, the following functional is 
maximized: 

 ( ) ( )0 1 0 1

0
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∞
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where λ0 and λ1 are the Lagrange multipliers. Imposing that 
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q
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p
∂
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after some algebra, the area distribution for fragments of the fault planes is 
obtained (Silva et al. 2006): 

 ( )
1
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Assuming the energy scale  ε ∼ ρ3, the proportionality between the  
released energy ε  and ρ3 becomes 

 
2/3

q a
εσ σ ⎛ ⎞− = ⎜ ⎟

⎝ ⎠
 , (7) 

where σ scales with ρ2, and a (the proportionality constant between ε and ρ3) 
is proportional to volumetric energy density. The energy distribution 
function (EDF) of the earthquakes is, then 
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with  1 2/3

2
3

C
a

=   and  2 2/3

(1 )
(2 )

qC
q a
−

= −
−

.  

On the basis of the relationship between m and ε (Silva et al. 2006) the 
cumulative magnitude distribution function is obtained as follows: 
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 , (9)  

which represents the number of events with magnitude  m > M  normalized 
to the total number of events N. 

And then 
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MN q q
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 , (10) 

where the q values are within the interval  1 < q < 2, and  a ∈ (10–3, 1011). 
The above expression represents a non-extensive modification of the 
Gutenberg–Richter law. 

The q value is a quantitative measure of the length scale of the spatial  
interactions: q ≈ 1  indicates short-ranged spatial correlations; as q increases, 
the physical state becomes much more unstable. High values of q mean that 
the fault planes are not in equilibrium and more earthquakes can be expected 
(Sotolongo-Costa and Posadas 2002). 

3. TECTONIC  AND  SEISMOLOGICAL  SETTINGS 
The Mexican subduction region was described by Pardo and Suarez (1995), 
Iglesias et al. (2004), and Singh et al. (1983), reporting a complete study that 
takes into account the geometry of the subducted Rivera and Cocos plates 
beneath the North American lithosphere (Fig. 1). The subduction in southern 
Mexico might be approximated as a subhorizontal slab bounded at the edge 
by the steep subduction geometry of the Cocos plate beneath the Caribbean 
plate to the east and of the Rivera plate beneath North America to the west. 
The dip of the interplate contact geometry is constant to a depth of 30 km, 
and lateral changes in the dip of the subducted plate are only observed once 
it is decoupled from the overriding plate. On the basis of seismicity, the focal 
mechanisms and the geometry of the downgoing slab, southern Mexico may 
be segmented into four regions: (i) the Jalisco region to the west, where the 
Rivera plate subducts at a steep angle that resembles the geometry of the  
Cocos plate beneath the Caribbean plate in Central America; (ii) the  
Michoacan region, where the dip angle of the Cocos plate decreases gradually 
toward the southeast; (iii) the Guerrero–Oaxaca region bounded approximately 
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Fig. 1. Four studied regions described by Singh et al. (1983) and Pardo and Suarez 
(1995); main tectonic features are also shown. 

by the onshore projection of the Orozco and O’Gorman fracture zones, 
where the subducted slab is almost subhorizonatal and underplates the upper 
continental plate for about 250 km; and (iv) the southern Oaxaca and 
Chiapas region in southeastern Mexico, where the dip of the subduction 
gradually increases to a steeper subduction of Central America. These drastic 
changes in dip do not appear to take place on tear faults, suggesting that 
smooth contortions accommodate for these changes in geometry. 

The four sections previously described (Fig. 1) were assumed to have 
differences in subduction mechanism and then the seismic events in each one 
are analyzed independently, in terms of non-extensivity approach. 

We analyzed the corrected Mexican seismic catalogue (Casiano Jiménez 
Cruz, personal communication) provided by the National Seismic Service 
(http://www.ssn.unam.mx). The investigated period spans from 1 January 
1988 to 31 December 2010. The minimum magnitude is 2.2. The seismicity 
recorded within each of the four regions is shown in Fig. 2; it can be ob-
served that Guerrero region displays the major number of earthquakes and 
Michoacan is the region with the lowest activity. In all regions, earthquakes 
with magnitudes  Mw > 7  have occurred. According to the historical infor-
mation (Ramírez-Herrera et al. 2011), in Jalisco region, only three earth-
quakes with  Mw > 7.5  occurred within the last century which possibly 
indicates, in average, a recurrence interval of 77 years for 7.5 magnitude 
earthquakes, as estimated by Singh et al. (1985). The Guerrero seismic gap 
stands out as a region of the highest seismic potential because major seismic  
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Fig. 2. Seismicity recorded from 1 January 1988 to 31 December 2010. Corrected 
seismic catalogue (Casiano Jiménez Cruz, personal communication) was provided 
by the National Seismic Service (http://www.ssn.unam.mx). 

events have occurred in this area in the beginning of the last century. Almost 
the whole Guerrero coast is currently considered the most likely to experi-
ence a large, severe earthquake or several smaller seismic events eventually  
(Anderson et al. 1999, Song et al. 2009). In particular, the South-East 
Guerrero subduction zone has accumulated a large amount of strain during 
the last 50 years or so. The slow slip events or “silent earthquakes” that have 
recently been observed to occur within the Guerrero gap region (Larson et 
al. 2004) do not preclude this area from having a large subduction thrust 
event. 

4. DATA  ANALYSIS 
We calculated the normalized cumulative number of earthquake (NCMD) 
with magnitude m > Mth  along with the fitting with Eq. (10) for each of the 
four regions under study (Fig. 3). The fitting was performed with an iterative 
nonlinear least square algorithm proposed by Levenberg and Marquardt 
(LM; Levenberg 1944, Marquardt 1963, Moré 1978). The nature of this 
method  is such that  we need to initialize it with q0 and a0  as initial conditions; 
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Fig. 3. Normalized cumulative number of earthquake with magnitude  m > Mth  and 
fitting obtained with LM-algorithm for the seismicity monitored in each seismic  
region. The circles correspond to NCMD and lines are the fitting. 

the final q and a values are obtained when the error attains a minimum or the 
fixed error is reached. The error is given by the square-2 norm of the resid-
ual, which is the difference between the original data and the values evalu-
ated by the nonlinear fitting function. Since the initial values q0 and a0 giving 
the minimum estimation error e are not known a priori, this error e was cal-
culated varying the initial values of a0 and q0. Figure 4 shows the numerical 
runs to compute the minimum error. The value of e is stable for  a0 ≥ 1010; 
for this range the obtained values of q are also stable, with q around 1.7. The 
minimum error was obtained for  q0 = 1.698  and  a0 = 1010; then, these ini-
tial values were used to find the best fitting parameters; the q and a values 
calculated for each sub-catalogue are summarized in Table 1. Given a mag-
nitude threshold (M > 5.5) of main shocks, we employ the declustering algo-
rithm used by Telesca and Chen (2010) that specifies the two linking 
parameters in time and space scales: 3 days and 5 km. By using those  
parameters, we had removed the aftershock events generated from the main 
shocks with  M > 4.5. The declustering algorithm removed less than 5 events 
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Fig. 4. Numerical runs to compute the minimum error in the adopted values q0 and a0. 

Table 1  
The q and a values obtained for each region 

Region q a 
Jalisco 1.7020 5.788 × 1010 
Michoacan 1.6845 2.495 × 1010 
Guerrero 1.6370 2.066 × 1010 
Oaxaca 1.6635 3.920 × 1010 

 

Fig. 5. New fitting considering two sections in the Oaxaca region. 

in each region for each main shock and the NCMD is basically the same as 
that shown without declustering. Then we can conclude that the proposed 
model is robust even with the presence of aftershocks. 

The analysis of the NCMD yields q values between 1.6 and 1.7 for all 
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possible to asseverate differences in their geodynamic process. We also  
observe that it is not possible to fit a unique curve for the whole range of 
magnitudes in the Oaxaca region. We can observe in Fig. 3 that around mag-
nitudes 4.5 and 5, the behavior of the NCMD values changes, showing dif-
ferent slope for the fitting: particularly, the Oaxaca region shows a clear 
crossover. It is important to point out that this region also comprises the EQs 
occurred in Tehuantepec region that has a different subduction process. Then 
we analyzed independently the EQs for each region, observing a better fit for 
each one, as shown in Fig. 5. 

5. CONCLUDING  REMARKS 
An analysis of the 1988-2010 Mexican South Pacific seismicity was per-
formed by means of the non-extensive approach. We analyzed four regions: 
Jalisco, Michoacan, Guerrero, and Oaxaca, which are characterized by 
different tectonic regimes. The q values obtained are in agreement with those 
reported in the literature. It is remarkable to observe that the highest q value 
is obtained in Jalisco zone, with  q = 1.702, while Oaxaca (second part)  
region has the lowest value,  q = 1.5377. These results suggest that the 
subduction zone is more unstable in the northwestern (Jalisco) than in the 
southeastern part. From Fig. 2, it can be observed that stronger main shocks 
(Mw > 7.5) have occurred in the Jalisco–Michoacan region. The proposed 
models show different slopes for the fitting in Oaxaca region; this fact 
suggests that it may be expedient to analyze this region by considering 
narrow areas in the whole subduction region under study. 
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A b s t r a c t

Ito equations are derived for simple stochastic cellular automaton with
parameters describing efficiencies for avalanche triggering and cell occupa-
tion. Analytical results are compared with the numerical one obtained from
the histogram method. Good agreement for various parameters supports
the wide applicability of the Ito equation as a macroscopic model of some
cellular automata and complex natural phenomena which manifest random
energy release. Also, the paper is an example of effectiveness of histogram
procedure as an adequate method of nonlinear modeling of time series.
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1. INTRODUCTION

The Ito equation describes evolution of a stochastic diffusion Markov process
(of order 1). Its parameters can be nonlinear functions of the process. There-
fore, the Ito equation is a good candidate for a nonlinear model of phenomenon
which manifests non-regular, random behaviour. Quite often, observed vari-
ables have macroscopic character, and hence the Ito equation can be considered
as a macroscopic model of the complex system, in which microscopic collective
interactions have been averaged to an adequate form of terms in the equation.

Various complex geophysical, biological, economical and other processes,
in spite of apparent random appearance, can lead to some regular behaviours
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or patterns. Registered time series are investigated by different, less or more
sophisticated methods, which help to find these dependencies. Some interesting
regularities may consist of new macroscopic laws of complex systems.

Time series analysis is a well developed branch of science. In the linear case,
well known procedures were elaborated (ARMA, etc.). Autoregressive models
can be generalized by introducing nonlinearity. One important class consists
of threshold autoregressive models (TAR, SETAR, Markov switching model)
(Tong and Lim 1980, Tong 1983, 1990) which are piecewise linear AR mod-
els (for a comprehensive review, see Tong 2011). The primary objective of the
models is the general drift of the time series. Nonlinear models which are fo-
cused on the conditional variance are autoregressive models with conditional
heteroscedasticity (ARCH) and GARCH (Engle 1982, Bollerslev 1986, Cryer
and Chan 2008). The most natural generalization of linear ARMA models is
the bilinear model BL (Granger and Andersen 1978), in which products of pre-
vious values of noise with previous values of time series are included. It was
shown that GARCH models (for a square function of the investigated random
value) and some BL models have linear ARMA representation (see, e.g., Fan
and Yao 2005). Summarizing, TAR models introduce nonlinearity in the drift
but GARCH in the diffusion term. The Ito equation introduces a nonlinearity in
drift and diffusion terms at the same time and offers a wide class of distributions
(from Gaussian up to long tail). Therefore, using the Ito equation may provide
some progress in the field of effective methods of constructing nonlinear models
from time series data.

First attempts of determination of the Ito equation were proposed by Haken
and Borland (Haken 1988, Borland and Haken 1992a, b; 1993, Borland 1999).
Their procedure (SEQUIN) uses the knowledge of some moments of the joint
distribution function, which form constraints for the Maximum Information
Principle. The SEQUIN method works sufficiently well for the case of a
weak noise. However, it was shown (Rozmarynowska 2009) that the proce-
dure fails in the case of strong multiplicative noise, when long-tail distributions
appear.

A purely numerical procedure of construction of the Ito equation from time
series data was proposed by Siegert et al. (1998). This direct procedure, based
on the histogram of the joint distribution function, always produces an output
(i.e., clouds of points). It gives some approximation of terms in the Ito equation.
It is effective for strong noise too, but fitting proper functions to scattered clouds
of points is a difficult task. Moreover, it should be underlined that this method
may be fallacious when the time series cannot be approximated by a diffusion
Markov process. It is possible to determine the Markov order of a given time
series (Racca et al. 2007) but there is no method to verify if it is a diffusion
process or not. The only verification we may perform is a comparison of the
input time series with that generated by the reconstructed Ito equation.



Z. CZECHOWSKI and M. BIAŁECKI848

An adequacy of approximation of a natural phenomena by nonlinear mod-
els is of great importance. To touch the topic in the context of the Ito equa-
tion we propose what follows. First, we replace the natural phenomenon by
the domino cellular automaton, which can be fully monitored. Due to a com-
plete knowledge of the three level hierarchy of the model, relations between the
macroscopic (the Ito equation, moment equations) and the microscopic (rules
of the automaton) description are clear and understandable. Then, we construct
the Ito equation in two independent ways. The standard histogram method is
compared with results derived analytically. Derivation of the Ito equation out
of a cellular automaton is a crucial step in this approach. To this aim, a spe-
cial stochastic cellular automaton with avalanches was introduced (Białecki and
Czechowski 2010b, Czechowski and Białecki 2010). The defining rules of the
domino automaton were chosen to satisfy two opposite requirements: complex
behavior and relatively simple mathematical structure. Introducing efficiency
parameters in the domino automaton leads to a big diversity of states, which
covers wide range of avalanche sizes. The goal of this paper is an analytical
derivation of the Ito equations for a domino cellular automaton with efficiency
parameters and a comparison with results of the histogram method.

In Section 2 we shortly introduce the domino cellular automaton with the
efficiency parameters and present equations describing its behaviour in equi-
librium state. Properties of the automaton for various efficiency parameters are
analysed. In Section 3 we consider fluctuations around the equilibrium and pro-
pose suitable approximation formulas. In Section 4 the Ito equation is derived.
The comparison of histogram procedure results and analytical formulas are pre-
sented. We conclude with short remarks in Section 5.

2. DOMINO CELLULAR AUTOMATON
WITH EFFICIENCY PARAMETERS

We present shortly the rules governing the automaton and some relations de-
rived in Białecki and Czechowski (2010a, b). Consider 1-dimensional grid of
cells. There are only two states of a cell: empty or occupied (by a single ball).
The evolution rules are as follows. In a time step a single new ball is added to
a randomly chosen cell of the system.

• If the new ball hits an empty cell, it becomes occupied with probability
ν, or the ball rebounds from the grid with probability (1− ν).

• If the new ball hits an occupied cell, it rebounds with probability (1−µ),
or with probability µ it knocks out balls from the cell and other adjacent
occupied cells from the whole cluster (they become empty – an avalanche
is triggered).
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Fig. 1. Simulation results of the domino cellular automaton at the statistically sta-
tionary state: left – time series for density ρ(i), right – time series for avalanche sizes
w(i). Three examples for different cases: η = 4 (upper diagrams), η = 1 (middle)
and η = 0.25 (lower). Grid size N = 1000.

An important macroscopic variable which describes the state of the automa-
ton is the density ρ, i.e., the rate of number of occupied cells to the grid size. We
monitor two time series generated by the cellular automaton: the avalanche sizes
w(i) and the density ρ(i) computed after each avalanche. Figure 1 presents
three examples of such time series for three chosen values of the ratio η =
µ/ν = 4, 1, and 0.25. In simulations we use grid size N = 1000. An increase
of the average density, the average avalanche size and the range of fluctuations
of ρ with decreasing µ/ν is evident.

A state of the automaton can be characterized by the cluster size distribution
ni, i.e., by numbers of clusters of size i (normalized by the size of the grid).
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The following relations, which are exact in the stationary state, were derived
(Białecki and Czechowski 2010a, b):

n1 =
1

η + 2
(1− ρ− 2n+ n01) (1)

n2 =
2

2η + 2

(
1− n01

n

)
n1 (2)

ni =
1

ηi+ 2

(
2ni−1

(
1− n01

n

)
+ n01

i−2∑
k=1

nkni−1−k

n2

)
for i ≥ 3. (3)

Here η is the rate µ/ν, n is the number of all clusters, n =
∑

i≥1 ni, and
ρ is the density of occupied cells, ρ =

∑
i≥1 ini. The n01 is the number of

single empty cells and is given by the formula n01 = 2n/(3 + 2ηρ
n ).

The following simple balance equations for moments of ni were also de-
rived (Białecki and Czechowski 2010a, b):

2m0 + (1 + η)m1 = 1, (4)

m1 + ηm2 = 1, (5)

where m0 = n, m1 = ρ , and m2 =
∑

i≥1 nii
2. The average cluster size

<i>, the average avalanche size <w> and the average square deviation from
the average cluster size <T> (i.e., the analogue of temperature) are expressed
by these moments:

<i> =
m1

m0
=

2ρ

1− (1 + η)ρ
(6)

<w> =
m2

m1
=

1− ρ
ηρ

(7)

<T> =
∑
i≥1

ni(i−<i>)2 = ρ(<w>−<i>). (8)

The stationary value of the density ρs can be found by numerical solution of
implicit algebraic equation

ρ =
∑
i≥1

ini, (9)

where ni are given by Eqs. (1)-(3).
Figure 2 shows dependencies of stationary variables ρs, n, <i>, <w>,

and <T> on the ratio η. As it was expected, they decrease with increasing η,
because greater probability µ (relevant to ν ) of triggering the avalanche re-
duces the number of occupied cells on the grid. Only the total number of clusters
n has a maximum for η around 1/4. Table 1 displays a comparison of values
of ρs and <w> calculated from equations with respective values taken from
simulation.
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Fig. 2. Dependences of stationary variables: ρs, n, <i>, <w> , and <T> on
the ratio of efficiency parameters η = µ/ν.

T a b l e 1

Comparison of values of stationary density ρs
and average avalanche size <w> calculated from equations
with those obtained from simulations (grid size N = 1000 )

ρs <w>

analytical simulation analytical simulation

η = 4 0.1501 0.1498 1.4147 1.4159

η = 1 0.3075 0.3068 2.2520 2.2421

η = 1/4 0.4815 0.4801 4.3074 4.3382

3. FORMULAS FOR FLUCTUATIONS
AROUND THE STATIONARY STATE

For deviations from the stationary state ρs, formulas from Section 2 are not
valid. Therefore, we use the approximation introduced in our parallel paper
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(Czechowski and Białecki 2012). It was based on the assumption that the fol-
lowing geometric-like form for ni(ρ) is maintained:

n1(ρ) = (1− ρ)2a1(ρ) = (1− ρ)2a1ρ, (10)

nk(ρ) = nk−1(ρ)ak(ρ) for 4 ≥ k ≥ 2, (11)

nk(ρ) = nk−1(ρ)(a5(ρ))k−4 for k ≥ 5, (12)

where ak(ρ), k = 1, . . . , 5, are linear functions of ρ (in particular, a1(ρ) =
a1ρ ). The forms of formulas (10)-(12) extend the 1D percolation geometric
cluster size distribution, nk = ρk(1 − ρ)2. Numerical simulations of the
domino automaton confirm the validity of this approximation.

Linear functions ak(ρ), k = 2, . . . , 5, are found from the Taylor expan-
sion of the ratios:

nk(ρ)/nk−1(ρ) (13)

around ρs to the order 1. Using the procedure presented in Czechowski and
Białecki (2012), numerical formulas for ak(ρ), k = 1, . . . , 5, for chosen val-
ues of the parameter η were found and they are presented in Table 2. As a check
for these expressions, we plot the first moment of nk(ρ) (which should be equal
to the density ρ ) as a function of ρ for chosen parameters η. Figure 3 shows
satisfactory fit in the full range of variability of ρ for all three values of η.

T a b l e 2

Numerical values of functions ak for Eqs. (10)-(12)

η = 4 η = 1 η = 0.25

a1(ρ) 0.9528ρ 0.8365ρ 0.7348ρ

a2(ρ) 0.6449ρ+ 0.0715 0.7032ρ+ 0.1223 0.5669ρ+ 0.1470

a3(ρ) 2.4095ρ− 0.1846 1.4316ρ− 0.0484 1.3742ρ− 0.0546

a4(ρ) 0.5163ρ+ 0.0989 0.5651ρ+ 0.2273 0.4908ρ+ 0.3761

a5(ρ) 0.5139ρ+ 0.0994 0.5569ρ+ 0.2328 0.4772ρ+ 0.4054

0.12 0.13 0.14 0.15 0.16 0.17 0.18
Ρ0.12

0.13

0.14

0.15

0.16

0.17

0.18

Sum@nHi,ΡLiD

0.30 0.35 0.40
Ρ

0.30

0.35

0.40

Sum@nHi,ΡLiD

0.44 0.46 0.48 0.50 0.52 0.54
Ρ

0.44

0.46

0.48

0.50

0.52

Sum@nHi,ΡLiD

Fig. 3. Sum
∑

i≥1 ini computed by using Eqs. (10)-(12) versus ρ for three cases:
η = 4 (left graph), η = 1 (middle), η = 0.25 (right).
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4. DERIVATION OF THE ITO EQUATION

First of all, we should decide which one of the time series, the density ρ(i) or
the avalanche size w(i), may be treated as a realization of the Markov dif-
fusion process. Because the avalanche time series is more complex and not
Markovian of order 1, we use the time series for density. An easy check en-
sures that automaton rules provide the required 1st order Markov property for
ρ(i). We emphasize that the following convention is assumed: the state of the
grid (and the size of the avalanche) is monitored after each avalanche only. In
this way we avoid less interesting stairs-like increase of ρ(i) in periods between
avalanches.

In order to derive the Ito equation

dρ = a(ρ)dt+
√
b(ρ)dW (t), (14)

we need the transition probability function P (ρ+∆ρ, t+∆t | ρ, t) (see Risken
1996). Functions a(ρ) and b(ρ) are known to be the drift and diffusion coef-
ficients, respectively, and W (t) is the Wiener process. Following Czechowski
and Białecki (2010) and our parallel paper (Czechowski and Białecki 2012, in
which the case η = 1 was considered), the probability of effective gain EG(k)
(an increase of ρ(i) by k occupied cells) and effective loss EL(k) are given
by the formulas:

EG(k) ≡ P
(
ρi +

k

N
, i+ 1|ρi, i

)
=
∑

s=k+1

(ν(1− ρ))sµρws−k(ρ) for k ≥ 0, (15)

EL(k) ≡ P
(
ρi −

k

N
, i+ 1|ρi, i

)
=
∑
s=k

(ν(1− ρ))s−kµρws(ρ) for k ≥ 1, (16)

where ws = nss
ρ is the probability that the occupied cell is a part of the cluster

of size s (which also corresponds to the probability of avalanche of size s)
and N is the grid size.

Balls rebounded off the grid do not trigger avalanches; they set the relative
efficiency for triggering an avalanche with respect to the efficiency of occupa-
tion of an empty cell. Hence, for time series analysis, one can consider only
active (not rebounded) balls introducing appropriate corrective coefficient.
Thus, in expressions (15) and (16) parameters µ and ν should be replaced by
effective parameters:

µe =
µ

µρ+ ν(1− ρ)
=

η

ηρ+ 1− ρ
, (17)

νe =
ν

µρ+ ν(1− ρ)
=

1

ηρ+ 1− ρ
. (18)

As a result, probabilities EG(k) and EL(k) satisfy the normalization condition.
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The drift and diffusion forces in the Ito equation correspond (see Risken
1996) to the first and the second moment of the transition probability:

a(ρ) ∝
∑
k≥1

k (EG(k)− EL(k)) , (19)

b(ρ) ∝
∑
k≥1

k2 (EG(k) + EL(k)) . (20)

Tedious transformations on sums (see Appendix in Czechowski and
Białecki, 2012) lead to expressions for a(ρ) and b(ρ) in terms of the first,
second and third moment of nk(ρ) :

a(ρ) ∝ νe(1− ρ)

1− νe(1− ρ)
− 1

ρ

∑
k≥1

k2nk, (21)

b(ρ) ∝ νe(1− ρ)(1 + νe(1− ρ))

(1− νe(1− ρ))2

− 2νe(1− ρ)

ρ(1− νe(1− ρ))

∑
k≥1

k2nk +
1

ρ

∑
k≥1

k3nk. (22)

Note that the dependence on νe is not essential. The above formulas can be also
expressed in terms of µe ; in fact, they depend on η and ρ only. The second
and the third moments themselves can be calculated using approximate Eqs.
(10)-(12) from Section 3.

5. CONCLUSIONS

Introduction of efficiency parameters µ and ν essentially enriched the automa-
ton. By changing the ratio η = µ/ν, the domino cellular automaton can attain
a wide range of values for important variables: ρs, n, <i>, <w> and <T>
(see Fig. 2), which characterize a macroscopic behaviour. The time evolution
of the model can be described by the Ito equation; therefore, we derive analyt-
ically a satisfactory approximation of Ito terms a(ρ) and b(ρ) as functions of
the ratio η = µ/ν. For three chosen values of η, analytical and simulation
results were compared. Figure 4 shows a good fit for these three cases. Thus,
we have a simple, fully elaborated model which can manifest a wide range of
behaviours.

Moreover, we show that the histogram method of reconstruction of Ito equa-
tion from time series works well in the case of domino cellular automaton.
The automaton plays a role of a complex system, in which energy is slowly
accumulated and rapidly released in avalanches. Therefore, it is possible that
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0.13 0.14 0.15 0.16 0.17 0.18
Ρ
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aHΡL

0.12 0.13 0.14 0.15 0.16 0.17 0.18
Ρ

0.015

0.020

0.025

0.030

0.035

bHΡL

0.28 0.30 0.32 0.34
Ρ

-0.2

-0.1

0.1

0.2

aHΡL

0.26 0.28 0.30 0.32 0.34
Ρ

0.025

0.030

0.035

0.040

0.045

bHΡL

0.44 0.46 0.48 0.50 0.52 0.54
Ρ

-0.4

-0.2

0.2

0.4

aHΡL

0.42 0.44 0.46 0.48 0.50 0.52 0.54
Ρ

0.05

0.06

0.07

0.08

0.09

bHΡL

Fig. 4. Illustration of functions a(ρ) and b(ρ) in Ito equations for three values of
parameters: η = 4 (upper diagrams), η = 1 (middle), η = 0.25 (lower). Dots
represent values reconstructed by the histogram procedure from time series generated
by the domino cellular automaton (see Fig. 1), lines – calculated from Eqs. (21) and
(22) using approximation (10)-(12) and parameters presented in Table 2.

the histogram procedure can offer an adequate method of nonlinear modeling
of similar natural phenomena basing on the time series data. The method fills
a gap between linear stochastic models (ARMA, etc.) and nonlinear determin-
istic models (Takens method, see Takens 1981) because it is both stochastic and
nonlinear.

A c k n o w l e d g m e n t. We are grateful for anonymous reviewers for their
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A b s t r a c t  

The earthquake recurrence time distribution in a given space-time 
window is being studied, using earthquake catalogues from different 
seismic regions (Southern California, Canada, and Central Asia). The 
quality of the available catalogues, taking into account the completeness 
of the magnitude, is examined. Based on the analysis of the catalogues, it 
was determined that the probability densities of the earthquake recur-
rence times can be described by a universal gamma distribution, in which 
the time is normalized with the mean rate of occurrence. The results 
show a deviation from the gamma distribution at the short interevent 
times, suggesting the existence of clustering. This holds from worldwide 
to local scales and for quite different tectonic environments. 

Key words: recurrence times, scaling law, universality, power law, 
earthquake catalogues. 

1. INTRODUCTION 
Seismicity and earthquake triggering are highly complex phenomena in the 
spatial, temporal, and energy domains. The dynamics of these phenomena is 
not fully understood, because there is no complete knowledge of the physical 
processes occurring in the Earth’s lithosphere. 

The statistical properties of seismicity have been a subject of intensive 
interest for many years; e.g., one can mention Omori law (for the after-
shocks, which defines the decrease in the number of earthquakes following 
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the main shock with time), and the Gutenberg–Richter law (for the events 
with particular magnitude) (Gutenberg and Richter 1965, Reasenberg and 
Jones 1989, Kagan 1994, Utsu et al. 1995, Turcotte 1997, Utsu 2002, 
Knopoff 1997). 

In order to understand the long-term variation in the earthquake occur-
rences, earthquake prediction, and seismic risk estimates, it is necessary to 
study either the frequency or the probability distribution of interoccurrence 
times of the earthquakes. For a long time, the earthquakes occurrence has 
been considered to be independent. Hence, the temporal variation of earth-
quakes has to be considered only due to random processes. Mathematically, 
such processes in which the events occur continuously and independently of 
one another are described by Poisson processes. However, the existence of 
nests, swarms, and clusters in the spatial and temporal distributions of earth-
quakes obviously shows the existence and the importance of non-Poisson 
processes for earthquake occurrences. 

Nowadays, the attention paid to the statistics of the interoccurrence times 
(also called waiting time, interevent time, etc.) between the consecutive 
earthquakes is continuously growing (Bak et al. 2002, Corral 2003, 2004a, b; 
Davidsen and Goltz 2004). There are different distributions proposed, as for 
instance exponential (Poisson), Log-normal, that of Weibull, gamma, etc. 
(Gardner and Knopoff 1974, Udias and Rice 1975, Wang and Kuo 1998, 
Ellsworth et al. 1999). Aside from that, there is an opinion that the strong 
events, alongside some faults, show the tendency of periodic or semi-
periodic repetition (Schwartz and Coppersmith 1984, Utsu 1984, Kagan and 
Jackson 1995, Sieh 1996, Kagan 1997, Stein 2002, Murray and Segall 2002).  

On the other hand, as for the aftershock series obeying Omori law, it 
seems obvious that the interevent time distribution follows a power law. 
However, there is a difference between the power constant derived from 
Omori equation and that from interevent time distribution (Utsu et al. 1995, 
Utsu 2002). 

Corral (2004a, b), having analyzed different catalogues, found out that 
the density distribution of the observed time intervals could be described by 
gamma distribution. The equation, after the simplification of Hainzl et al. 
(2006), is as follows:  

 1( ) exp ,f C γ θθ θ
β

− ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (1) 

where the constants are:  C = 0.5 ± 0.1,  γ = 0.67 ± 0.005,  β = 1.58 ± 0.15, 
and θ is a normalized time interval, which is a product of time interval, Δt, 
and the seismic activity, R, i.e., θ = RΔt. It plays the role of a dimensionless 
recurrence time. 
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It has been established that the distribution for stationary seismicity is 
universal, so it holds for both worldwide and local scales, as well as for all 
magnitude intervals. In this case, however, the regions (or periods) should be 
chosen so that the aftershock activity is not dominant. 

The results obtained for stationary rate periods have been summarized as 
non-stationary periods (Corral 2006) and Omori sequences (Shcherbakov et 
al. 2005, Bottiglieri et al. 2010). On the other hand, recent studies have 
questioned the universality of the interevent time distribution (Davidsen and 
Goltz 2004, Molchan 2005, Hainzl et al. 2006, Saichev and Sornette 2006, 
2007; Sornette et al. 2008, Touati et al. 2009). 

The universality has been also doubted based on the theoretical investi-
gations (Saichev and Sornette 2006, 2007; Sornette et al. 2008). 

Following Bak et al. (2002), the present study addressed the problem of 
universality of the scaling law by considering seismicity as a phenomenon 
on its own. This study concentrates on the temporal properties of seismicity. 
First, the events will be examined either without separation into different 
types (foreshocks, mainshocks, and aftershocks), or will divide the crust into 
zones with different tectonic properties, but will place all events and regions 
on the same footing. Subsequently, two different methods for declustering 
will be applied and their effect on the gamma scaling law will be investi-
gated. 

2. DESCRIPTION  OF  THE  DATA  AND  THE  DECLUSTERING  
PROCEDURES 

The seismic zones selected for the present study are described in Table 1. 
The catalogues are available on the Internet: 

 http://seismo.nrcan.gc.ca/stnsdata/nedb/bull_e.php for Cascadia, Off- 
shore region, Charleviox and Lower St. Lawrence; 

 http://neic.usgs.gov/neis/epic/epic.html for Morgan Hill, Imperial  
Valley, Calaveras fault, West Quebec; 

 http://www.wdcb.rssi.ru for Garm; 
 http://zeus.wdcb.ru/wdcb/sep/toktogul/resru.html for Toktogul Region. 

Rectangular spatial windows were used and their coordinates are indicat-
ed in Table 1. The same table shows the periods studied for each catalogue, 
as well as the number of the events, including the present study. 

The choice of the seismoactive zones was predetermined by the available 
information and by the different geotectonic environments where these zones 
are situated.  

In addition to the zones and events described in Table 1, the following 
catalogues were also used in the current research: 
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Table 1  
Parameters of zones used in this study 

No. Region Time 
period Space window ∼ area 

[km] MC N 

1 Charlevoix, Canada 1977-
1993 

47.2-48°N 
69.6-70.5°W  

70 × 90 1.7 260 

2 Imperial Valley,  
California 

1932-
1974 

32.5-33.25°N 
115-115.75°W 

70 × 85 3.5 168 

3 Calaveras fault,  
California 

1947-
1974 

36.92-37.4°N 
121.42-121.75°W 

30 × 50 2.5 354 

4 West Quebec,  
Canada 

1927-
1992 

44-47.5°N 
72.0-77.5°W 

430 × 390 2.4 445 

5 Morgan Hill,  
California 

1944-
1974 

37.1-37.4°N 
121.5-121.8°W 

26 × 30 2.0 329 

6 Lower St. Lawrence,
Canada 

1982-
1992 

46-50.2°N 
65-69°W 

300 × 465 2.0 522 

7 Garm, Asia 1962-
1979 

38.5-39.5°N 
70-71.6°E 

140 × 110 2.8 1416 

8 Cascadia, Canada 1964-
1999 

47.8-52°N 
121-131°W 

715 × 465 3.9 159 

9 Offshore region, 
Canada 

1960-
1991 

48-52°N 
127.5-133°W 

395 × 610 3.0 1062 

10 Toktogul, Asia 1965-
1991 

39.23-43.47°N 
69.23-76.98°E 

650 × 470 1.7 229 

11 NEIC catalogue 1972-
2008 

global  6.0 3964 

12 SHLK catalogue 1983-
2002 

31-34°N 
114-122°W 

 2.5 13 095 

13 NCDEC catalogue 1983-
2008 

32.5-43°N 
113-123°W 

 3.0 10 243 

Explanations: N is the number of events, MC is the completeness magnitude. 

 Catalogues from Corral’s papers: 
• http://www.neic.cr.usgs.gov/neis/epic/epic_global.html – NEIC-PDE 

catalogue (National Earthquake Information Center, Preliminary Determina-
tion of Epicenters; Corral 2005a); 

• http://www.data.scec.org/ftp/catalogs/SHLK – the Southern California 
catalogue of Shearer et al. (Corral 2009, Shearer et al. 2005). 
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 Catalogue from Hainzl et al. paper: 
• http://www.ncedc.org/anss – ANSS catalogue (Advanced National 

Seismic System; Hainzl et al. 2006). 
The catalogues chosen for investigation cover the time after 1900. This 

selection aims to make the catalogues more complete and homogeneous.  
Before dealing with the frequency distribution of the interevent times, the 
catalogues data were checked for the magnitude of completeness, MC (the 
threshold value MC is the minimum magnitude for which the catalogue is 
considered complete for the spatial and temporal windows studied). For each 
one, only events with magnitude M above MC were considered. The freely 
available software Zmap, written by Wiemer (2001), was used for this  
purpose. 

It is supposed that the universal law is restricted to stationary seismicity 
(homogeneity in time, where statistical properties of the process are inde-
pendent of the time window). It should be kept in mind that the aftershock 
sequences in general are not stationary. In order to insure the process 
stationarity, linear ranges of the cumulative curve of the events (with 
M ≥ MC) were selected, i.e., periods of time for which no aftershock  
sequence dominates in the spatial region were considered. All these station-
ary periods were studied together. It is to be noted that by removing such 
time periods, “holes” appear in the catalogue data, e.g., there appear relative-
ly long time intervals in which “no events are observed”. Since these “holes” 
are artificial, they are not considered in the interevent time distributions.  
Table 1 includes only the values after the final data treatment of the cata-
logues. 

The earthquakes’ appearance, in time and space, is a complex process, 
which is considered as a combination of independent (main) and dependent 
(secondary) events. It is supposed that the main events are mainly caused by 
secular tectonic movements. The secondary earthquakes correspond to 
shocks triggered by the static and dynamic stress changes, seismically acti-
vated fluid flows, afterslips, etc. In this regard, they are controlled by me-
chanical processes, which are partially controlled by previous earthquakes. 

To study the randomness of a series of main events it is necessary first to 
identify the aftershocks (secondary shocks) and to remove them from the 
catalogues. The process itself is called declustering. There are different algo-
rithms of the aftershock removal from the seismic catalogues. They are 
based on different characteristics of the aftershock process. One such class is 
the so-called „space-time windows“ (Gardner and Knopoff 1974, Christo-
skov and Lazarov 1981, Prozorov and Dziewonski 1982). Another possibil-
ity is to apply the so-called “method of the moments” of second or higher 
order. It appears to be suitable for aftershock removal (Reasenberg 1985). 
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Table 2  
Zones used in this study 

No. Region MC 
Time 
period NZmap

Time 
period NKnopoff 

1 Charlevoix, Canada 3.0 1910-1993 97 1907-1993 77 

2 Imperial Valley, California 3.5 1932-1975 122 1915-1975 66 

3 Calaveras fault, California 3.0 1941-1975 151 1941-1975 97 

4 West Quebec, Canada 3.0 1903-1995 217 1905-1995 159 

5 Morgan Hill, California  3.0 1941-1974 66 1941-1974 57 

6 Lower St. Lawrence, Canada 3.0 1941-1992 145 1941-1992 98 

7 Garm, Asia 3.0 1962-1989 678 1962-1989 156 

8 Cascadia, Canada 3.9 1964-1999 149 1964-1999 69 

9 Offshore region, Canada 3.0 1960-1991 788 1961-1991 155 

10 Toktogul, Asia 3.3 1965-1991 229 1929-1991 192 

Explanations: MC is the chosen magnitude threshold, N is the number of remaning 
events after the declustering by Reasenberg method (programm Zmap, NZmap) and by 
Knoppoff method (NKnopoff). 

The next step in the present investigation was to perform the declustering 
to the initial catalogues for the zones listed in Table 1. The time intervals, 
and the number of the earthquakes, after declustering, are listed in Table 2. 

It is a well-known fact that there is no best solution for the declustering. 
In the present study, the preliminary removal of the aftershock events was 
made according to the “Reasenberg’s spatial-time window”, included in the 
Zmap program (Wiemer 2001), as well as by “Knopoff window”. The com-
parison of the results of both algorithms gives the information about the  
influence of the declustering process on the derived final interevent time  
distribution.  

3. RESULTS  AND  DISCUSSION 
The events in the catalogues were thought as a point process in time. All the 
events were ordered in time, from  i = 1 to N, and were characterized only 
according to their occurrence time, ti. From the data, one defines the intere-
vent time, Δt (Δti ≡ ti − ti−1), as the time interval between consecutive events. 
First, one may say that Δt ranges from seconds to more than 100 days. 
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One could work with the logarithm of Δt but a more direct possibility is 
to define the bins over which the probability density is calculated as cn, with  
c > 1  and n labeling consecutive bins. This ensures an appropriate bin size 
for each time scale (c = 2.5 s  is adopted). 

The number of pairs of consecutive events separated by time whose val-
ue lies in a given bin, and divided by the total number of pairs of events and 
by the size of the bin to attain the estimation of the probability density D(Δt) 
over that bin, were then counted.  

Using a procedure similar to that of Corral (2004a, b; 2005a, b, c), we 
have determined that a universal scaling law describes the probability densi-
ty D(Δt) of the recurrence time. In this way, D(Δt) scales with the rate of 
seismic activity R in the area as 

 ( ) ( ) ,D t R f R tΔ = Δ  (2) 

where the functional form of f (x) is independent of the geographic zone and 
the magnitude threshold; R is defined as the mean number of earthquakes per 
unit time, R = N/T (T = catalogue time span). R is considered to be independ-
ent of time (stationary seismic activity is discussed). Note that multiplying 
Δt by R gives dimensionless time  (θ = RΔt). 

The best fit is obtained from a (truncated) gamma distribution (Corral 
2005a, b, c) in the form: 

 1( ) ( ) exp( ) ,f a b bγθ θ θ−= −  (3) 

where a, b, and γ are the parameters which were varied. 
All the catalogues were evaluated separately and the obtained frequency 

distributions of time intervals were fitted with a single curve. Noteworthy, 
the different distributions look similar in shape, although the ranges are dif-
ferent. During the fitting, some scattering of the parameters of the fitting 
curve was observed. The shape parameter γ lies in the interval from 0.63 to 
0.88, parameter a from 0.15 to 0.80, and b from 0.27 to 0.61. 

Figure 1 shows the distributions of the interevent times as a function of 
the rescaled recurrence time bins, i.e., D(θ)/R versus θ. In this case, all the 
distributions merge into a single curve f (x). The good quality of the data in-
dicates the validity of a “scaling law” of the type (3). Figure1 contains the 
data labeled with No. 1 through 10, as described in Table 1.  

Figure 2 represents the same data as in Fig. 1, but the data of the addi-
tional catalogues, cited by Corral (2005a) and Hainzl et al. (2006), are added 
(Nos. 11-13, Table 1). 

The data shown in Figs. 1 and 2 were approximated according to Eq. (3). 
The fit of the rescaled distributions by the gamma function is good for  
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Fig. 1. Probability densities of dimensionless recurrence times from local catalogues 
listed in Table 1. The continuous line is a gamma fit. Colour version of this figure is 
available in electronic edition only. 

Fig. 2. Probability densities of dimensionless recurrence times from local catalogues, 
as listed in Table 1, and the additional catalogues, as mentioned in the text:  
11 – NEIC, 12 – NCDEC, 13 – SHLK. The continuous line is a gamma fit. Colour 
version of this figure is available in electronic edition only. 
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intermediate and large values of the recurrence time, with  θ > 0.05. The  
parameters of the fitting procedure are as follows: 

  For data Nos. 1-10 from Table 1 (Fig. 1) 
a = 0.43 ± 0.10;  b = 0.39 ± 0.12;  γ = 0.718 ± 0.046; 

  For all data from Table 1 (Fig. 2) 
a = 0.36 ± 0.09;  b = 0.34 ± 0.11;  γ = 0.664 ± 0.042. 

In the present paper, the Chi-square, χ2, test was used to determine the 
goodness of fit between theoretical gamma scaling function and experi-
mental data for interevent time distributions. The Chi-square test indicates 
that the hypothesis about the compatibility between the observed data from 
Table 1 (with Nos. 1-10 and all data) and expected values from gamma dis-
tributions is not rejected at the 5% significance level. 

Our values of γ coincide with the values obtained by Corral (2004a, b; 
2005a, b, c). The data of all investigated catalogues obey the scaling law for  
recurrence-time distributions for stationary seismicity. This law is equivalent 
to the invariance of seismicity under renormalization-group-like transfor-
mations, for which the role of correlations between recurrence times and 
magnitudes is essential (Corral 2005c). Hence, the universality of the gamma 
law is confirmed. 

For some regions there is a clear tendency for the distribution to exceed 
the value given by the scaling function; there is an excess of short interevent 
times. 

It should be clear that considering stationary seismicity has nothing to do 
with declustering (the removal of aftershocks from data). We simply consider 
periods of time for which no aftershock sequence dominates, but many 
smaller sequences may be hidden in the data, intertwined in such a way to 
give rise to an overall stationary seismic rate. In particular, deviations from 
universality at small Δt have been related to the interplay between correlated 
earthquakes following a gamma distribution, and uncorrelated events follow-
ing a pure exponential decay. 

Seismicity declustering, the process to separate the seismicity catalogue 
into mainshocks and fore- and aftershocks, is widely used in seismology, in 
particular for seismic hazard assessment or in earthquake prediction models. 
There exists a variety of declustering algorithms that have been proposed 
over the years. Up to now, most users have applied either the algorithm of 
Gardner and Knopoff (1974) or Reasenberg (1985).  

The aftershock sequence is considered to be a clear and apparent relation 
between a strong earthquake and the accompanying weaker quakes. Right  
after the strong one, a number of secondary quakes happen in relatively short 
intervals of time. Having all that in mind, we may observe a great number of 
short time intervals between the following earthquakes of the aftershock  
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sequence. The removal of the secondary events from the catalogues decreas-
es the short time intervals which will influence the distribution of the latter.  
Besides, it would not surprisingly reduce the deviation between the real data 
and the fitting line in Eq. (3) 

After the declustering, the initial catalogues for the zones Nos. 1-10 from 
Table 1, investigation for interevent time distribution for the earthquakes 
listed in Table 2 was performed again. 

The separate fitting of the data with function (3) once again shows cer-
tain scattering of the values of parameters a, b, and γ. The interval of devia-
tion of parameter γ is wider after the declustering according to “Knopoff 
window” method.  

The corresponding rescaled recurrence-time probability densities after 
the declustering are shown in Fig. 3 (Reasenberg’s method) and Fig. 4 
(“Knopoff window”), together with the scaling function (3) used in the pre-
vious case. The collapse of the data onto a single curve is again an indication 
of the validity of a scaling law, and the fact that this curve is well fitted by 
the same scaling law is a sign of “universality”. The fit of the rescaled distri-
butions by the gamma scaling function is again good for intermediate and 
large values of the recurrence time (for  θ > 0.05). 

There is a significant deviation in the values of the shape parameter γ 
 for Reasenberg’s method,  γ = 0.763 ± 0.062; 
 for “Knopoff window”,  γ = 1.059 ± 0.088. 

The Chi-square, χ2, test was used again to determine the goodness of fit 
between gamma scaling function and data after declustering. The experi-
mental results are consistent with the theoretical results at the 5% signifi-
cance level. 

When Reasenberg method (Reasenberg 1985) is applied, a small number 
of short recurrence times is marked. Nevertheless, the real data in Fig. 3 is 
deviated from the gamma function in this time intervals, the scaling law  
remains. This could be considered, on the one hand, as the presence of  
secondary events, which were not successfully removed. On the other hand, 
the points under discussion could be approximated with a power-law that is 
much flatter. This could be an indication for smaller clustering degree. Nev-
ertheless, it is remarkable that this kind of clustering is different from the 
clustering of aftershock sequences, as in this case we are dealing with a sta-
tionary process. 

In the case of “Knopoff window” declustering method, the parameter 
values  γ ≈ 1, cause a change into the scaling law (3) to an exponential func-
tion. This is typical for the interevent time distribution, when the appearance 
could be described by means of Poisson distribution. Usually such events are 
defined as independent (main) shocks. 
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Fig. 3. Probability densities of dimensionless recurrence times from the zones listed 
in Table 1. Data after Reasenberg declustering procedure (Zmap). The continuous 
line is a gamma fit. Colour version of this figure is available in electronic edition only. 

Fig. 4. Probability densities of dimensionless recurrence times from the zones listed 
in Table 1. Data after declustering based on the “Knopoff window”. The continuous 
line is a gamma fit. Colour version of this figure is available in electronic edition only. 
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A well-known fact is that using “Knopoff window” for aftershocks sepa-
ration leads to the removal of 60-70% of events from the catalogue. This 
way, some “holes” in the remaining catalogue appear. One can speculate that 
possibly some weaker earthquakes, near the stronger one, could be consid-
ered dependent and will be wrongly removed from the catalogue. As a con-
sequence, as one can see from the present study, events in the short time 
intervals are missing. 

4. CONCLUSIONS 
In the present survey, data from catalogues are included from some rela-
tively small seismic zones, differentiated by seismic zones in the relevant 
countries. The main purpose is to verify the statement that a universal law 
exists for the time intervals distribution between sequence earthquakes. The 
survey has been conducted for the local catalogues first and then conducted 
together with the data from the catalogues for which such surveys and publi-
cations have already been made. 

The results confirm the universality of the law. The data collapse occurs 
under a simple rescaling of the data from different regions or time periods 
and they can be described by a single gamma scaling law. The fit of the re-
scaled distributions by the gamma function is good for intermediate and 
large values of the recurrence time (about  θ > 0.05). The deviations are con-
siderable for small values of θ. In this case the statistics is low (few events in 
the small bins being considered; that is why, when fitting, these intervals are 
partly united). For certain regions there is a clear tendency for the distribu-
tion to exceed the values given by the scaling function. The accuracy of the 
gamma fit is guaranteed as the seismic activity is stationary in large range of 
recurrence times; on the contrary, short times are usually not free of disturb-
ances of the stationariness, due to the triggering of small aftershock  
sequences, which destroy the universal scaling behavior. 

Some authors argued that the times between consecutive earthquakes  
depend on the selection of the coordinates of the region under study and the 
range of magnitudes selected. The conclusion is also that the size of the cho-
sen zones and the cut-off magnitude threshold do not affect the results. 

The application of declustering procedures keeps the character of the 
density distribution of the waiting times. When the “Knopoff window” was 
applied, the small interevent times diminish and the distribution becomes 
exponential. Applying Reasenberg method, a small number of short times 
remains. This could be thought to be an indication of different sort of clus-
tering between the earthquakes. 

However, because of the non-unique nature of seismicity declustering, 
we did not make an absolute judgment on the quality of seismicity decluster-
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ing. Even though a great progress has been made in the last decade, there are 
still many open questions, i.e., starting with the physical triggering of earth-
quakes (aftershocks), effects of uncertainties in the catalogue on the results 
of declustering, or the effect of censored data (selection in time, space and 
magnitude range) on the outcome.  

The surveys about the distribution of the time intervals between the 
earthquakes from declustered sequence might be useful for comparing the 
numerous qualities of declustering procedures. On the other hand, this might 
be used to develop methodics of identifying the clusterisation in the seismic 
sequence of another type, a different one from the aftershocks. 
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A b s t r a c t  

We propose a new type of earthquake precursor based on the analy-
sis of correlation dynamics between geophysical signals of different  
nature. The precursor is found using a two-parameter cross-correlation 
function introduced within the framework of flicker-noise spectroscopy, 
a general statistical physics approach to the analysis of time series. We 
consider an example of cross-correlation analysis for water salinity time 
series, an integral characteristic of the chemical composition of ground-
water, and geoacoustic emissions recorded at the G-1 borehole on the 
Kamchatka peninsula in the time frame from 2001 to 2003, which is 
characterized by a sequence of three groups of significant seismic events. 
We found that cross-correlation precursors took place 27, 31, and  
35 days ahead of the strongest earthquakes for each group of seismic 
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events, respectively. At the same time, precursory anomalies in the  
signals themselves were observed only in the geoacoustic emissions for 
one group of earthquakes. 

Key words: earthquake precursor, flicker-noise spectroscopy, cross-
correlation analysis, hydrogeochemical time series, geoacoustic time  
series. 

1. INTRODUCTION 
Earthquake prediction within a time frame of several months to less than an 
hour before the catastrophic event, which is often referred in literature as 
“short-term” prediction, has been a subject of extensive research studies and 
controversial debates, both in academia and mass media, in the past two dec-
ades (Geller 1997, Geller et al. 1997, Wyss et al. 1997, Uyeda et al. 2009, 
Cicerone et al. 2009). One of the key areas in this field is the study of earth-
quake precursors, physical phenomena that reportedly precede at least some 
earthquakes. The precursory signals are usually grouped into electromag-
netic, hydrological/hydrochemical, gasgeochemical, geodetic, and seismic 
(Geller 1997, Hartmann and Levy 2005, Uyeda et al. 2009, Cicerone et al. 
2009, Ryabinin et al. 2011). 

Despite the large number of earthquake precursors reported in literature, 
most of which are summarized by Hartmann and Levy (2005), Cicerone et 
al. (2009), an International Commission on Earthquake Forecasting for Civil 
Protection concluded on 2 October 2009, “the search for precursors that are 
diagnostic of an impending earthquake has not yet produced a successful 
short-term prediction scheme” (ICEFCP 2009). The reports of the Interna-
tional Association of Seismology and Physics of the Earth’s Interior contain 
similar findings (Wyss and Booth 1997). The lack of confidence can be  
attributed to several reasons. First, some fundamental aspects of many non-
seismic signals, for example, lithosphere-atmosphere-ionosphere coupling 
and propagation of high-frequency electromagnetic signals in the conductive 
earth, are unresolved, and many of the proposed physical models are ques-
tionable (Uyeda et al. 2009). Second, the experimental data on precursory 
signals are often limited to few earthquakes and few measurement sites and 
they frequently contain gaps and different types of noise (Hartmann and 
Levy 2005, Cicerone et al. 2009, Uyeda et al. 2009). Third, different tech-
niques of identifying the anomalies are used for different signals or even in 
different studies for the same signal. In some cases, the anomalous changes 
are determined by analyzing the signals themselves (Hartmann and Levy 
2005, Uyeda et al. 2009, Cicerone et al. 2009), while in other cases they are 
identified by studying the derived statistics or functions, such as Fisher  
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information or scaling parameters (Telesca et al. 2009a, b). Moreover,  
seasonal changes and instrumentation or other background noise often need 
to be filtered out prior to the identification of precursors. 

In view of the above, we believe that earthquake precursor research can 
be advanced by employing a phenomenological approach to the analysis of 
signals of different types in the same local geographic region. We assume 
that a large earthquake may be preceded by a reconfiguration of a geophysi-
cal system on different time and space scales, which manifests itself in quali-
tative changes of various signals within relatively short time intervals. In our 
previous study (Ryabinin et al. 2011), we used a nonstationarity factor intro-
duced within the framework of flicker-noise spectroscopy (FNS), a statistical 
physics approach to the analysis of time series (Timashev and Polyakov 
2007, Timashev 2007, Timashev et al. 2010), to determine the time moments 
of abrupt rearrangements in the seismic zone of the Kamchatka peninsula. 
We analyzed together the nonstationarity factors for chlorine-ion concentra-
tion of groundwater and geoacoustic emissions in a deep borehole within 
that seismic zone in the time frame around a large earthquake on 8 October 
2001. Our analysis showed that nonstationarity-factor peak values (potential 
precursors) take place in the interval from 70 to 50 days before the earth-
quake for the hydrogeochemical data, and at 29 and 6 days in advance for 
the geoacoustic data. 

In this paper, we suggest a new type of earthquake precursor based on 
cross-correlation analysis of the dynamics for two different types of signals: 
hydrogeochemical and geoacoustic. The idea of examining qualitative 
changes in the cross-correlations for signals of different types stands on the 
systematic analysis of common earthquake precursors presented by Cicerone 
et al. (2009). Most of the known models suggest that earthquake precursory 
anomalies are driven by rapid deformations and strain changes within the 
earth in the rock near or in the fault zone at the region of eventual earthquake 
rupture. It was shown that the rapid deformations just prior to fracture com-
bined with changes in the groundwater and gas flow in the earth caused by 
the variation of porosity and permeability in the rock volume, which in its 
turn is effected by micro-fractures, can generate all of the earthquake precur-
sors studied by Cicerone et al. (2009). In other words, cross-correlation pre-
cursors rely on a common mechanism of “preparatory” changes attributed to 
a system reconfiguration preceding a large earthquake. It should be pointed 
out that the analysis of cross-correlations may uncover hidden qualitative 
changes which cannot be determined from the analysis of specific signals by 
themselves because of seasonal changes and instrumentation and other back-
ground noise. 

We would like to note that the precursory role of synchronization effects 
in geophysical signals of different nature was previously studied by Lyubu-
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shin et al. (1997) and Lyubushin (1998, 2000, 2007). Based on the assump-
tion that a large earthquake is preceded by a substantial increase in the syn-
chronization between various geophysical processes, the author developed 
mathematical methods to build an aggregate signal that provides maximum 
information on the most general variations common to all analyzed processes. 
This assumption came from the catastrophe theory stating that the spatial ra-
dius of fluctuations increases and the collective component in the behavior 
of different parts of a complex system rises when the underlying complex 
system approaches a catastrophe or a phase transition. The aggregate signal 
used for detecting precursory anomalies is obtained using covariance matri-
ces for multidimensional vectors and Fourier or wavelet transformations 
(Lyubushin 2007). In contrast to this method, the cross-correlation precursor 
suggested in this paper is focused on local dynamic correlations for a pair of 
signals, with zero or non-zero time shift between each other. The method 
proposed in this paper does not automatically assume that maximum cross-
correlations correspond to a precursor, but looks for significant changes in 
the cross-correlation function, which are believed to be associated with sys-
tem reconfiguration. 

The paper is structured as follows. In Section 2, we provide the funda-
mentals of FNS and present the cross-correlation function. Section 3 de-
scribes the experimental setup. Section 4 discusses the cross-correlation 
analysis of hydrogeochemical and geoacoustic data for the Kamchatka pen-
insula in the time frame from 2001 to 2003. Section 5 presents the conclu-
sions. 

2. FLICKER-NOISE SPECTROSCOPY  (FNS)  CROSS-CORRELATION  
FUNCTION 

Here, we will only deal with the basic FNS relations needed to understand 
the cross-correlation function. FNS is described in more detail elsewhere 
(Timashev 2006, 2007, Timashev and Polyakov 2007, 2008, Timashev et al. 
2010). 

2.1  Principles of flicker-noise spectroscopy 
In FNS, all introduced parameters for signal V(t), where t is time, are related 
to the autocorrelation function 

 ( ) ( ) ( ) ,
T

V t V t
τ

ψ τ τ
−

= +  (1) 

where τ is the time lag parameter (0 ≤ τ ≤ TM) and TM  is the upper bound  
for τ (TM ≤ T/2). This function characterizes the correlation in the values of  
dynamic variable V at higher, t + τ, and lower, t, values of the argument.  
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The angular brackets in Eq. (1) stand for the averaging over time interval  
[0,T – τ] 

 ( ) ( )
0

1... ... d .
T

T
t

T

τ

τ τ

−

−
=

− ∫  (2) 

As the length of the averaging interval should be less than the overall length 
of the time series, T, and be equal to  T τ− , we consider, for simplicity, 
only nonnegative values of τ. The averaging over interval [0,T – τ] implies 
that all the characteristics that can be extracted by analyzing functions ψ(τ) 
should be regarded as average values on this interval. To extract the informa-
tion contained in ψ(τ) ( ( ) 0V t =   is assumed), the following transforms, or 
“projections”, of this function are analyzed: cosine transforms (“power spec-
trum” estimates) S(f), where f is the frequency, 

 1 1 1
0

( ) 2 ( ) ( ) cos (2π )d ,
MT

T
S f V t V t t f t t

τ−
= +∫  (3) 

and its difference moments (Kolmogorov transient structure functions) of the 
second order  Φ(2)(τ) 

 [ ]2(2)Φ ( ) ( ) ( ) .
T

V t V t
τ

τ τ
−

= − +  (4) 

Here, we use the quotes for power spectrum because according to the Wie-
ner–Khinchin theorem the cosine (Fourier) transform of autocorrelation 
function is equal to the power spectral density only for wide-sense stationary 
signals at infinite integration limits. 

The information contents of S(f) and Φ(2)(τ) are generally different, and 
the parameters for both functions are needed to solve parameterization prob-
lems. By considering the intermittent character of signals under study, inter-
polation expressions for the stochastic components Ss(f) and Φs

(2)(τ) of S(f) 
and Φ(2)(τ), respectively, were derived using the theory of generalized func-
tions by Timashev (2006). It was shown that structural functions Φs

(2)(τ) are 
formed only by jump-like (random-walk) irregularities corresponding to 
a dissipative process of anomalous diffusion, and functions Ss(f), which 
characterize the “energy side” of the process, are formed by spike-like (iner-
tial) and jump-like irregularities. It should be noted that τ in Eqs. (1)-(4) is 
considered as a macroscopic parameter exceeding the sampling period by at 
least one order of magnitude. This constraint is required to derive the expres-
sions and separate out contributions of dissipative jump-like and inertial 
(non-dissipative) spike-like components. 
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2.2  Cross-correlation function 
Flicker-noise spectroscopy cross-correlation expressions allow one to ana-
lyze cause-and-effect relations in different signals measured simultaneously. 
The information about the dynamics of correlation links in variables Vi(t) 
and Vj(t), where indices i and j denote two different signals, can be extracted 
by analyzing the dynamics of various correlators. Here, we will limit our at-
tention to the simplest two-point cross-correlation expression characterizing 
the links between Vi(t) and Vj(t) (Timashev 2006, 2007, Timashev and 
Polyakov 2007): 

 
( ) ( )2 2

( ) ( )( ) ( )
( , ) ,

Φ ( ) Φ ( )
ij

j ij j iji i
ij ij

i j
T

V t V tV t V t
q

τ θ

θ θ ττ
τ θ

τ τ
− −

⎡ ⎤⎡ ⎤ + − + +− + ⎢ ⎥⎢ ⎥=
⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

 (5) 

where τ is the “lag” time corresponding to different time scales; θij is the 
“time shift” parameter. Higher values of τ correspond to coarser (low-resolu-
tion) analysis of cross-correlations. 

In discrete form, Eq. (5) is written as 
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where 

 [ ] 1, 0
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Here, subscript d is used to denote the discrete form and Δt is the sampling 
period. 

The dependence of cross-correlation qij(τ, θij) on θij generally describes 
the cause-and-effect relation, i.e., the characteristic time of information 
transfer between points (or events) i and j. For instance, it may describe the 
“flow direction” between signals Vi(t) and Vj(t). When  θij > 0, event j follows 
event i or, alternatively, the flow moves from point i to point j; when  θij < 0, 
it is the opposite. When the distance between points i and j is fixed, the value 
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of θij can be used to estimate the rate of information transfer between these 
two points. The dependence of the value and magnitude of cross-correlation 
qij(τ, θij) on τ and θij can be used to analyze the flow dynamics with signals 
Vi(t) and Vj(t) changing in phase (qij > 0) and in antiphase (θij < 0). In some 
cases, both signals may be affected by a common external factor manifesting 
itself after different time lags. 

The magnitude and behavior of the two-parameter expression (5) may 
significantly depend on the value of selected averaging interval T and upper-
bound values of τ and θij, which we will refer to as τmax and θmax. From the 
statistical reliability point of view, we set the constraint max max /2Tτ θ+ ≤ . 

For conciseness, from now on we will refer to qij as q and θij as θ. 

3. DATA 
The data were recorded in the south-eastern part of the Kamchatka peninsula 
located at the Russian Far East. The eastern part of the peninsula is one of 
the most seismically active regions in the world. The area of highest seismic-
ity localized in the depth range between 0 and 40 km represents a narrow 
stripe with a length of approximately 200 km along the east coast of Kam-
chatka, which is bounded by a deep-sea trench on the east (Fedotov 1985). 

Specialized measurements of groundwater characteristics were started in 
1977 to find and study possible hydrogeochemical precursors of Kamchatka 
earthquakes. Currently, the observation network includes four stations in the 
vicinity of Petropavlovsk-Kamchatsky (Fig. 1). The Pinachevo station  
includes five water reservoirs: four warm springs and one borehole GK-1 
with a depth of 1261 m. The Moroznaya station has a single borehole No. 1 
with a depth of 600 m. The Khlebozavod station also includes a single bore-
hole G-1 with a depth of 2540 m, which is located in Petropavlovsk-
Kamchatsky. The Verkhnyaya Paratunka station comprises four boreholes 
(GK-5, GK-44, GK-15, and GK-17) with depths in the range from 650 to 
1208 m. 

The system of hydrogeochemical observations includes the measurement 
of atmospheric pressure and air temperature, measurement of water dis-
charge and temperature of boreholes and springs, collection of water and gas 
samples for their further laboratory analyses. For water samples, the follow-
ing parameters are determined: pH, ion concentrations of chlorine (Cl–), bi-
carbonate (HCO3

–), sulfate (SO4
2–), sodium (Na+), potassium (K+), calcium 

(Ca2+), and magnesium (Mg2+); concentrations of boric (H3BO3) and silicone 
(H4SiO4) acids. For the samples of gases dissolved in water, the following 
concentrations are determined: methane (CH4), nitrogen (N2), oxygen (O2), 
carbon dioxide (CO2), helium (He), hydrogen (H2), hydrocarbon gases: 
ethane (C2H6), ethylene (C2H4), propane (C3H8), propylene (C3H6), butane  
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Fig. 1. Schematic of the measurement area, observation points, and epicenters of 
largest earthquakes (M ≥ 5.0, H ≤ 50 km, D ≤ 350 km) from 2001 to 2003, where M 
is the earthquake magnitude, H depth, and D is the distance from the epicenter to the 
Khlebozavod station. Frame (a) shows an enlarged view of the positions of hydroge-
ological stations: 1 – Pinachevo, 2 – Moroznaya, 3 – Khlebozavod, 4 – Verknyaya 
Paratunka. Frame (b) shows an enlarged view of the area including most of the 
earthquakes. Circles, squares, and diamonds denote earthquakes in 2001, 2002, and 
2003, respectively. The earthquakes were selected using the catalog of U.S. Geolog-
ical Survey: http://earthquake.usgs.gov/earthquakes/eqarchives/epic/. 

(C4H10n), and isobutane (C4H10i). The data are recorded at nonuniform sam-
pling intervals with one dominant sampling frequency. For the Pinachevo, 
Moroznaya, and Khlebozavod stations, this average sampling frequency is 
one measurement per 3 days; for the Verkhnyaya Paratunka station, one 
measurement per 6 days. Multiple studies of the hydrogeochemical data and 
corresponding seismic activity for the Kamchatka peninsula reported anoma-
lous changes in the chemical and/or gas composition of groundwater prior to 
several large earthquakes (Kopylova et al. 1994, Bella et al. 1998, Biagi et 
al. 2000, 2006, Khatkevich and Ryabinin 2006). 

Geoacoustic emissions (GAE) in the frequency range from 25 to 
1400 Hz (with transmission coefficient of 0.7 or above relative to the maxi-
mum value) have also been recorded in the deep G-1 borehole of the 
Khlebozavod station under the supervision of V.A. Gavrilov since August 
2000. The data analyzed in this paper were obtained by a three-component 
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geophone MAG-3S with magnetoelastic crystal ferromagnetic sensors,  
designed and developed in the Institute of Physics of the Earth, Russian 
Academy of Sciences (Belyakov 2000). The vertical channel sensitivity of 
the geophone is 0.15 V s3m–1. The sensitivity of horizontal channels is 
0.60 V s3m–1. The output signal of such a sensor is proportional to the third 
derivative of ground displacement, i.e., jerk, and the gain slope is 60 dB per 
decade of frequency change. This configuration makes it possible to com-
pensate for the increase in the damping of geoacoustic emissions with fre-
quency in a real geophysical medium. The geophone was set up at the depth 
of 1035 m, which is enough to reduce anthropogenic noise levels by more 
than two orders of magnitude (Gavrilov et al. 2008). The geophone body 
was fixed inside the borehole casing by a spring. The sensor output signals 
are separated by third-octave band pass filters into four frequency bands with 
central frequencies 30, 160, 560, and 1200 Hz, which is followed by the 
measurement of mean square values of signals from each filter. The resultant  
 

Fig. 2. Experimental data: (a) Variation of water salinity at G-1 borehole (Klebo-
zavod station); vertical lines with horizontal ticks denote doubled value of relative 
standard error (± Sr); (b) Time series of GEA variation at G-1 borehole. Frame (b) 
also shows an enlarged view of a GAE segment illustrating the degradation of diur-
nal cycle; (c) and (d) Time sequences of earthquakes expressed in terms of magni-
tudes and epicenter distances. Dashed lines in panels (c) and (d) denote three groups 
of strongest seismic events in 2001, 2002, and 2003, respectively. 
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signals are then digitally processed: the values of signals are averaged for 
one-minute intervals and the data are recorded. More detailed description of 
geoacoustic emission observations and experimental setup for the G-1 bore-
hole is presented elsewhere (Gavrilov et al. 2008, 2011). 

Table 1  
Largest earthquakes (M ≥ 5.0, H ≤ 50 km, D ≤ 350 km) 

from 30 June 2001 to 1 June 2003 according to the catalog of U.S. Geological Survey 
(http://earthquake.usgs.gov/earthquakes/eqarchives/epic/) 

Date Latitude Longitude D 
[km] M H 

[km] 
7 Oct. 2001 52.62 160.47 33 5.2 MwHRV 134 
8 Oct. 2001 52.58 160.44 33 5.3 MwHRV 133 
8 Oct. 2001 52.59 160.32 48 6.5 MwHRV 126 
8 Oct. 2001 52.63 160.21 33 6.4 MwHRV 117 
9 Oct. 2001 52.54 160.39 33 5.0 mbGS 133 

10 Oct. 2001 52.54 160.66 33 5.4 MwHRV 149 
10 Oct. 2001 52.61 160.48 33 5.2 MwHRV 134 
23 Oct. 2001 52.92 159.76 42 5.0 mbGS 76 
15 Feb. 2002 52.21 159.70 33 5.1 MwHRV 122 
13 Apr. 2002 52.99 160.00 41 5.1 MwHRV 91 
8 May 2002 52.30 160.18 44 5.5 MwHRV 136 
8 May 2002 53.81 160.77 39 5.9 MwHRV 161 

29 May 2002 53.95 160.93 43 5.1 MwHRV 178 
20 Oct. 2002 52.93 160.25 46 5.1 MwHRV 109 
15 Mar. 2003 52.25 160.39 30 6.1 MwGS 150 
15 Mar. 2003 52.42 160.13 33 5.1 MsGS 125 
17 Mar. 2003 52.36 160.12 33 5.1 MwHRV 128 
17 Mar. 2003 52.42 160.16 33 5.2 MwHRV 126 
17 Mar. 2003 52.33 160.31 33 5.5 mbGS 141 
18 Mar. 2003 52.25 160.40 33 5.4 MwHRV 151 
19 Mar. 2003 52.13 160.78 33 5.4 MwHRV 179 
19 Mar. 2003 52.22 160.59 33 5.0 mbGS 163 
19 Mar. 2003 52.21 160.72 33 5.6 MwHRV 171 
25 Mar. 2003 51.99 160.57 33 5.0 MwHRV 179 

8 Apr. 2003 53.82 160.53 33 5.1 MwHRV 148 
29 May 2003 50.88 157.30 49 5.3 MwHRV 264 

Explanations: H – depth, D – distance from the epicenter to the Khlebozavod sta-
tion. The earthquake magnitude M is listed using different scales: Mw – moment 
magnitude, Ms – surface wave magnitude, and mb – body wave magnitude, HRV – 
Harvard University, GS – U.S. Geological Survey. 
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The objects of this study are GEA time series for central frequency 
160 Hz and water salinity times series, both recorded at the G-1 borehole 
from 30 June 2001 to 1 June 2003 (Fig. 2). The most significant earthquakes 
(with magnitudes over 5 units) in this time range are listed in Table 1. The 
water salinity time series is an integral characteristic of the chemical compo-
sition of groundwater calculated as a sum of concentrations for basic hydro-
geochemical parameters (HCO3

–, Cl–, Ca2+, SO4
2–, Na+, K–, Mg2+). The sum 

is dominated by the contributions from Cl–-ion (multi-year-averaged value is 
6600 mg/l) and Na+-ion (4200 mg/l). This time frame was selected due to the 
following three reasons. First, there were no large gaps in the GEA meas-
urements during this period. Second, this time frame includes several large 
earthquakes (M > 5) with epicenters located relatively close to the Khlebo-
zavod station (distances in the range from 100 to 200 km). Third, the indi-
vidual time series, especially for water salinity, do not contain apparent 
anomalies (precursors) clearly related to earthquakes during this period. 
These earthquakes were clustered in time into three groups (Fig. 2c, d). 

4. RESULTS  AND  DISCUSSION 
Hydrogeochemical and geoacoustic observations are two independent meth-
ods for monitoring seismotectonic processes that are used to continuously 
collect changes in various parameters. The goal of observations is to identify 
and study effects intrinsically related to the preparation and occurrence of 
strong earthquakes. The independence of these two types of observations 
implies that the information on the preparation of a strong earthquake may 
look differently in the statistical structure of their experimental data. It was 
previously shown that the most reliable precursor of a strong earthquake on 
the Kamchatka peninsula is a significant and usually reversible drop or rise 
of the average concentration of materials dissolved in water (Khatkevich and 
Ryabinin 2006). The description and analysis of similar hydrogeochemical 
anomalies as well as irreversible ones, recorded at the G-1 borehole, can be 
found in the study by Biagi et al. (2004). The results of multi-year geoacous-
tic observations show that in seismically quiescent periods the GAE varia-
tion at the G-1 borehole for central frequencies 30 and 160 Hz contains 
a clear daily component with a maximum at night time (“diurnal cycle”). 
A suppression (degradation) of the diurnal cycle was suggested as a precur-
sor of strong earthquakes (Gavrilov et al. 2008), which is illustrated in 
Fig. 2b. In this paper, we demonstrate that precursor-related information may 
be derived from the cross-correlation analysis of hydrogeochemical and 
geoacoustic data by the FNS method. 

The combined analysis of hydrogeochemical and geoacoustic data was 
complicated by the fact that the sampling periods for hydrogeochemical and 
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geoacoustic data were much different: 3 days and 1 minute, respectively. 
The experimental data could be reduced to the same sampling frequency  
either by decreasing the frequency for geoacoustic data or increasing it for 
the water salinity time series. We used a trade-off solution by changing the 
sampling frequency of both time series to (6 h)–1. This sampling frequency 
was selected because it is the highest frequency that does not erase infor-
mation about the diurnal cycle. At the same time, the artificial step-up in the 
sampling frequency of water salinity data to (6 h)–1 does not distort the  
information at frequencies (3 days)–1 and below. The complete preprocessing 
procedure included the removal of single-point spikes and resampling of 
both time series to uniform sampling frequency (6 h)–1. The thinning of GAE 
data from sampling frequency (1 min)–1 to (6 h)–1 was performed using the 
following approach. A low-pass filter with a cut-off frequency equal to the 
new Nyquist frequency (12 h)–1 was applied to the GAE data to eliminate the 
false frequency components. The final GAE time series with the sampling 
frequency of (6 h)–1 was formed by taking every 360th point from the  
filtered series. The increase of the sampling rate for water salinity time series 
from (3 days)–1 to (6 h)–1 was achieved using linear interpolations. 

To analyze the mutual dynamics of time series, we used the cross-
correlation function (5). The graphical representation of q(τ, θ) is a 3D sur-
face, which often has a relatively complex shape. The analysis of cross-
correlation evolution in time is performed by calculating q(τ, θ) within 
a sliding window T. A time sequence of such 3D surfaces with a shifted slid-
ing window is used to build frames for a video file in the avi format. 

The analysis of 3D cross-correlation plots for the water salinity and 
geoacoustic time series allowed us to detect a peculiarity in the structure of 
correlations prior to the group of earthquakes in October 2001. This peculi-
arity represents a significant negative correlation between the time series at 
time lags τ more than 5 days and time shifts  θ ≈ 0 days. We observed the 
same effect prior to the group of earthquakes in March 2003 and saw its less-
pronounced instance prior to the group of events in May 2002. Figure 3  
illustrates examples of 3D surfaces of cross-correlation q(τ, θ) calculated for 
different time intervals of length  T = 30 days. 3D plots numbered II, IV, and 
VI (Fig. 3d) correspond to the intervals preceding the seismic events of 
2001, 2002, and 2003. These plots illustrate the peculiarity, i.e., the onset of 
a major negative correlation with a value of approximately 0.7. The time 
spans between the right boundaries of intervals II, IV, VI and time moments 
of strongest earthquakes in 2001, 2002, and 2003 are 27, 31, and 35 days,  
respectively. It should be pointed out that the data resampling procedure 
could not significantly distort the observed effect of major negative correla-
tion because its manifestation only at  τ > 5  days implies the low contribu- 
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Fig. 3. Results of FNS cross-correlation analysis: (a) GEA and water salinity time 
series for G-1 borehole; (b) and (c) Time sequences of earthquakes expressed in 
terms of magnitudes and epicenter distances. Rectangles in plot (a) denote intervals 
(T = 30 days) used in evaluating the 3D surfaces of cross-correlation q(τ, θ) (τmax = 
14 days, θmax = ±7 days), which are presented in plots (d). Roman numerals in plots 
(a) and (d) refer to respective time intervals. Arrows near 3D surfaces denote the  
positions of correlation minima  qmin , with values of the latter listed above each plot. 
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tion of high-frequency components (fd = 1 min–1) in GAE signals. Moreover, 
the functional form of cross-correlation function (5), which is based on  
differences of the dynamic variables, is determined by the low-frequency 
components of the signals (Timashev 2006, Timashev and Polyakov 2007). 
Let us also note that the absolute value qmin of cross-correlation (5) at  τ > 5  
varied only by 10% when the sampling rate of the GAE signal was gradually 
reduced in the range from (30 min)–1 to (6 h)–1. It is clear that the further  
reduction of sampling frequency to values of about (10 days)–1 causes the 
major negative cross-correlations to disappear. 

The 3D plots of cross-correlation q(τ, θ) labeled I, III, and V are shown 
for comparison and illustrate the cross-correlations for time intervals much 
further away from the groups of seismic events. All six 3D plots also suggest 
that the behavior of cross-correlations varies at different intervals. This vari-
ability is observed not only in extreme values of cross-correlation q(τ, θ), but 
also in the shape of 3D surfaces. It can be seen that the structure of 3D sur-
faces on intervals II, IV, and VI, characterized by maximum negative corre-
lations of at least 0.7, has similar features representing a smooth decline of 
cross-correlation with an increase in time lag τ and time shift θ being close 
to zero. These features in the structure and magnitude of the cross-correla-
tions between water salinity and geoacoustic time series, which were  
observed in the time frame from 2001 to 2003, allow us to consider them as 
precursors of seismic events. It should be pointed out that this is a new type 
of precursor incorporating both the quantitative measure of cross-correlation 
and its qualitative features described by the structure of 3D surface for cross-
correlation q(τ, θ). 

It should be noted that on certain intervals of length  T = 30 days in the 
time frame from 2001 to 2003 the structure of 3D surfaces contained high 
values of negative correlation  qmin < –0.7  between water salinity and geo-
acoustic emissions, even though those intervals cannot be associated with 
significant seismic events. Such examples are illustrated in Fig. 4, which 
shows that the extreme vales of qmin took place at values of θ far from zero. 
Moreover, the shape of 3D surfaces in Fig. 4 was dramatically different as 
compared to the monotonous decline of q(τ, θ) at  θ ≈ 0  on intervals II, IV, 
and VI of Fig. 3. Therefore, the cross-correlation structures plotted in Fig. 4 
could not be considered as precursors of strong earthquakes, despite the high 
values of negative correlation on specific segments of the 3D structures. 

High values of negative correlation at practically zero values of time 
shift imply that the changes in water salinity and GAE level happen almost 
simultaneously, but in opposite directions. To clarify this statement, let us 
consider in detail the cross-correlation dynamics around the 8 October 2001 
earthquake (Fig. 5). It can be seen that the 3D plots of cross-correlation  
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Fig. 4. Results of FNS cross-correlation analysis for non-precursory intervals with 
high absolute values of correlation minima qmin . Nomenclature same as in Fig. 3. 

q(τ, θ) for two different time intervals vary substantially. In the first case, the 
cross-correlation is relatively simple and has one clear correlation minimum 
(Fig. 5c). In the second case, the structure is more complex and contains 
several local maxima and minima (Fig. 5d). These plots suggest that cross-
correlation on the first interval is dominated by simultaneous increase in the 
GAE level and decline in the water salinity. It can also be seen that the rise 
in the GAE level can be attributed to the increase in the amplitudes of daily 
variations (diurnal cycle). On the second interval, which is characterized by 
a lack of the GAE diurnal cycle, the negative correlations are not significant. 

The above results demonstrate that the dynamics of cross-correlations 
between water salinity and GAE time series contains precursors for all three 
groups of seismic events in the time frame from 2001 to 2003. The geo-
acoustic signals generated by a seismically active medium are usually  
attributed to simultaneous processes of formation/expansion of micro-
fractures and their collapse/contraction due to stretching and compression 
associated with structural reconfiguration of the medium. This also changes 
the conditions for transport processes in groundwater containing various  
dissolved inorganic  and organic components as well as a variety gases,  both 
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Fig. 5. Plots illustrating the variation of cross-correlation in the time frame around 
October 2001 (first group of earthquakes): (a) GEA and water salinity time series for 
G-1 borehole; (b) enlarged segment of time series. Time along the abscissa axis in 
plot (b) is presented in dd.mm format. Vertical dashed line corresponds to the time 
of earthquake on 8 October 2001. Shaded rectangular areas in plot (b) highlight  
the intervals of length  Т = 30 days used in evaluating the 3D surfaces of cross-
correlation q(τ, θ) (τmax = 14 days, θmax = ±7 days), which are plotted in (c) and (d). 
The horizontal arrow denotes the interval of abrupt increase in GAE (9 days in total) 
and simultaneous decrease in water salinity. 

in dissolved and microbubble forms. We suggest that the interrelation  
between fracture expansion (contraction) and increase (decrease) of water 
permeability in the medium, accompanied by increased (decreased) transport 
of hydrated ions due to “sieving” and electrokinetic effects (Timashev 1991, 
Zeman and Zydney 1996, Cicerone et al. 2009), may produce the negative 
correlations shown in Figs. 3d and 5c. 

5. CONCLUSIONS 
This study shows that new precursory information can be extracted from the 
analysis of the dynamics of cross-correlations between geophysical signals, 
even when there are no apparent anomalies in the signals themselves. This 
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conclusion is illustrated through the combined analysis of the dynamics for 
water salinity and geoacoustic emissions in the time frame from 2001 to 
2003 at one of the boreholes in a seismically active region of the south-
eastern part of the Kamchatka peninsula. The individual dynamics of meas-
ured times series did not contain characteristic anomalies pointing to possi-
ble strong earthquakes, except for the precursor of the October 2001 group 
of earthquakes in the dynamics of geoacoustic emissions. At the same time, 
the cross-correlations between water salinity and geoacoustic emissions 
demonstrated clear precursors prior to all three groups of significant seismic 
events in this time frame. This result is in agreement with known physical 
views on the transport of endogenous fluids in rock volumes during the for-
mation of an earthquake source in a seismically active medium, accompa-
nied with fracturing and related geoacoustic phenomena. The new 
earthquake precursor type suggested in this paper may also be used for the 
cross-correlation analysis of other known geophysical signals with precur-
sory properties: electromagnetic, hydrological, gasgeochemical, geodetic, 
and seismic. 
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A b s t r a c t  

The application of mechanical stress on a rock sample can induce 
electromagnetic emissions. Such emissions can be detected experimen-
tally and in principle could be used as precursors of the upcoming failure. 

Using experimental observations of stress-induced electromagnetic 
emissions (SIEME), we apply the concepts of non-extensive statistical 
physics (NESP) to the time intervals between consecutive SIEME. The 
application of NESP is appropriate to systems such as fracture-induced 
effects, where non-linearity, long-range interactions and scaling are  
important. We find that the SIEME energy release distribution and the 
inter-event time distribution reflect a sub-extensive system with thermo-
dynamic q-values of the order of qE = 1.67 and qτ ≈ 1.7, respectively. 

Key words: electromagnetic emissions, non-extensive statistical physics, 
rocks. 
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1.   INTRODUCTION 
The phenomena of electromagnetic emissions (EME) that are met when 
a material is about to fail due to mechanical reasons are most interesting, es-
pecially when the material under study belongs to the class of brittle geoma-
terials, since such phenomena are promising candidates of earthquake 
precursors (Hayakawa and Fujinawa 1994, Hayakawa 1999, Hayakawa and 
Molchanov 2002). During the development of the deformation, when a geo-
material is subject to externally applied stress, various mechanisms contrib-
ute to the generation of electric and electromagnetic emission. These 
mechanisms are related to the crack generation and propagation processes 
(Vallianatos and Tzanis 1998, 1999a, b; 2003, Tzanis and Vallianatos 2001, 
2002, Enomoto and Hashimoto 1990, O’Keefe and Thiel 1995, Takeuchi and 
Nagahama 2001, Frid et al. 2003, 2009 and references therein). 

This concept is documented and efforts are focused on two main paths. 
Theoretical works have been introduced in order to model the underlying 
physical mechanisms that can generate transient electric and EM signals 
(Vallianatos and Tzanis 1999a, Slifkin 1993, Varotsos 2005), while several 
experimental works have concurrently been performed to investigate in de-
tail the characteristics of such electric and EM emissions (Yoshida et al. 
1997, Stavrakas et al. 2003, 2004, Anastasiadis et al. 2004, Vallianatos et al. 
2004). 

Recently, a series of laboratory experiments (Nardi 2001, 2005, Nardi 
and Caputo 2006, 2009, Nardi et al. 2007) have confirmed that the applica-
tion of uniaxial stress is accompanied by the production of electromagnetic 
emissions termed as stress-induced ones (SIEME). Specifically, SIEME 
along with pressure stimulated currents (PSC) (Vallianatos et al. 2004 and 
references therein) and acoustic emission (AE) (Benson et al. 2007, 2008) 
are generically associated to microcrack propagation preceding a macroscopic 
failure (Vallianatos and Tzanis 1999a, Hayakawa and Molchanov 2002).  

Fracture in heterogeneous materials such as rocks along with stress-
induced effects as electromagnetic signals, stimulated currents and acoustic 
emissions are complex processes involving a wide range of time and length 
scales. These effects are governed by the non-linear and non-equilibrium 
processes of nucleation, growth and coalescence of microcracks. 

Recently, the statistical properties of both fracture and stress induced  
effects have attracted a wide interest in the statistical physics community 
(Herrmann and Roux 1990, Chakrabarti and Benguigui 1997), since they can 
be seen as the outcome of the irreversible dynamics of a long-range interact-
ing, disordered system described by scale-invariant laws (Vallianatos et al. 
2011a, b).  
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Laboratory observed SIEME exhibit some remarkable similarities with 
acoustic emissions and large-scale seismological events and earthquake 
physics, such as power law and frequency-magnitude distributions 
(Vallianatos and Tzanis 2003, Vallianatos and Triantis 2008, Frid et al. 
2011). The main motivation of our work is to investigate the statistical phys-
ics of stress-induced electromagnetic emissions in heterogeneous rock mate-
rials under uniaxial deformation, analyzing the temporal evolution of energy 
release of SIEME from micro-fractures that occurs before the final fracture. 

Since the disorder and long-range interactions are two of the key compo-
nents of microfracture’s induced electromagnetic emissions, we use a current 
generalization of Boltzmann–Gibbs (BG) statistical physics due to Tsallis, 
referred to as non-extensive statistical physics (NESP) (see Tsallis 2001, 
2009 and references therein), to explore the distribution of SIEME energy 
release and the inter-event times. The advantage of considering the Tsallis 
distribution is that, based on the principle of entropy, it can be related to sta-
tistical mechanics and reduces to the traditional BG statistical physics as 
a special case. Fracture related phenomena presents fractality, long range  
interaction and memory effects (Vallianatos et al. 2011a, b). It is precisely 
such phenomena that constitute the scope of non-extensive statistical me-
chanics (Tsallis 2009). We note that recent applications to solid earth phys-
ics (in regional or planetary scale) summarized in Tsallis (2009), mainly 
focused in seismology (Abe and Suzuki 2003, 2005, Telesca 2010a, b), using 
earthquake catalogues from different seismic zones, fault lengths distribution 
(Vallianatos et al. 2011a, Vallianatos and Sammonds 2011) and very recent-
ly to natural hazards (Vallianatos 2009), plate tectonics (Vallianatos and 
Sammonds 2010) and geomagnetic reversals (Vallianatos 2011) support the 
applicability of NESP in complex geosystems.  

The question whether fracture is described by non-extensive statistical 
physics, even at the phenomenological level (i.e., without specifying any  
underlying model), represents a challenge. This is the problem we address 
here. Our aim is not to develop a precise model, but rather to present a sim-
ple argument of physical plausibility. 

2.   STRESS-INDUCED  ELECTROMAGNETIC  EMISSIONS  IN  ROCKS 
UNDER  UNIAXIAL  COMPRESSION 

Rock samples with diverse lithologies and dimensions (some with dimen-
sions of 8 × 8 × 10 cm, and some of 10 × 10 × 10 cm) have been subject to 
nearly-linearly increasing uniaxial compression, until they fractured. The 
experiments originally presented by Nardi (2001, 2005) have been made on 
samples surrounded by air or fresh or salty water, with boundary conditions 
free of confining pressure, at a temperature of about 20 °C. The load used 
was a hydraulic Hamsler 500t.  During  the compression,  impulsive  SIEME 
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Fig. 1. Time chart of DIS and OIS signal appearing in both amplitude and frequency 
domains. 

were observed (see Fig. 1), occurring with two different modes: orderly  
impulsive sequences (OIS) and disorderly impulsive sequences (DIS) (Nardi 
and Caputo 2006, 2009). 

The orderly sequences are characterised by high frequency micro-
impulses, which follow one another at regular intervals. Assuming as unity 
the time Tf  necessary to bring the sample to fracture with linearly increasing 
stress, the DIS occurs after half of the time Tf. Comparing the SIEME with 
the acoustic ones, Nardi and Caputo (2009) noted that each SIEME corre-
sponds to an acoustic emission associated to micro-fractures (see Fig. 2). 
Near the fracturing time, the clusters are more numerous and produce a max-
imum density and intensity, with a peak at the time of the fracture. All dif-
ferent lithologies examined (massive limestone, clay sandstone, metamor-
phic rocks and also concrete) showed SIEME. During these experiments 
(Nardi 2005), the electromagnetic emission by rock samples was measured 
from different lithologies, including limestone, lava, granite, metamorphic 
rock, and even concrete (see Nardi and Caputo 2009). 

To detect the electric part of the EM field, an active antenna that operates 
on the VLF band (0.8-12 kHz) was used. It was positioned at a fixed dis-
tance of 20 cm from the samples centre, protected by a plastic shield from 
rock debris. A detailed analysis of experimental apparatus is given by Nardi 
(2005). A typical SIEME is presented in Fig. 2: from a qualitative point of 
view, all measured signals are short pulses or pulse clusters that on a larger 
timescale define the observed complex time behaviour. 
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Fig. 2. Typical DIS pattern of signals observed during the stressing of the rock. 
SIEME pulses (top of (a) and (b) panels) are always associated with acoustic emis-
sions (AE) (at the bottom of (a) and (b) panels). Panel (a) presents a view of SIEME 
and the associated AE, while (b) presents the whole sequence of SIEME signals as 
compared with the corresponding AE. 

3.  NON-EXTENSIVE  STATISTICAL  PHYSICS  FORMULATION 
We proceed now to recapitulate the non-extensive statistical physics formu-
lation, which will be used for the analysis of AE. We express the non-exten-
sive Tsallis entropy Sq (Tsallis 1988, 1999, 2001, 2009), 

 
1 ( )

,
1

q

q B
p X

S k
q

−
=

−
∑  

where kB is Boltzmann’s constant, in terms of the probability distribution 
p(X) of a fundamental SIEME parameter, X, that could be the energy  
released, E, or the inter-event time, T (i.e., the time interval between two 
successive SIEME). The index q is the degree of non-extensivity. In the limit 
q → 1, Sq → S1  and the approach reduces to the well-known Boltzmann–
Gibbs (BG) entropy, with which the Tsallis entropy shares many common 
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properties (Tsallis 2009). However, the simple additivity is violated, because 
for a system composed of two statistically independent systems, A and B, the 
Tsallis entropy satisfies: 

 1( , ) ( ) ( ) ( ) ( ) .q q q q q
B

qS A B S A S B S A S B
k
−

= + +  

The last term on the right-hand side of this equation describes the interaction 
between the two systems and is the origin of non-extensivity. So the index q 
indicates the degree of non-extensivity. It accounts for dependency or long-
range interaction between microfractures and for  q < 1,  q = 1,  and  q > 1, 
respectively, corresponds to super-additivity (super-extensivity), additivity 
(extensivity), and sub-additivity (sub-extensivity). This is the fundamental 
principle of non-extensive statistical mechanics. All other quantities, which 
are concerned with thermodynamics, may be derived from it. 

The probability distribution p(X) of the SIEME parameter X (i.e., the  
energy released or the inter-event time T) is obtained by maximizing the 
non-extensive entropy under appropriate constraints with the Lagrange mul-
tipliers method. Herein we use the normalization condition and a generalized 
expectation value definition as appropriate parameters to optimize the non-
extensive entropy 
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We note that Xq denotes the generalized expectation value (q-expectation 
value) and Pq(X) is the escort probability (Tsallis 2009). Now we write the 
following auxiliary function to use the Lagrange multipliers method (Abe 
and Suzuki 2005) 
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*
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where α and β represent Lagrange multipliers. Letting  * 0qSδ = , we obtain 
the physical probability: 
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where the q-exponential function is defined as 

 [ ]
1
1exp ( ) 1 (1 ) ,q

q X q X −= + −  

when  1 + (1 – q) X ≥ 0  and  expq(X) = 0  in all the other cases, and 
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the q-partition function, where 
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In the limit  q → 1, the q-exponential function leads to the ordinary exponen-
tial. If  q > 1, Eq. (1) has a long power law tail. In contrast, for  0 < q < 1  
a cut-off appears (Abe and Suzuki 2005). 

4. SCALING  LAWS  IN  STRESS-INDUCED  ELECTROMAGNETIC  
EMISSIONS  

In the following, we focus on two quantities that characterize each SIEME 
event: (i) the square of SIEME adjusted amplitude 2

emeA , which expresses a 
normalized energy quantity, i.e., 2 2

max eme eme-max/ /e E E A A= = , where 2
eme-maxA  

is the maximum value of the observed SIEME, and (ii) the time of occur-
rence of each observed SIEME (Vallianatos and Triantis 2008). A funda-
mental observation in seismology is the Gutenberg–Richter law which 
indicates scale invariance in seismic phenomena. In the present experiments, 
the main source of SIEME is the opening of charged dislocations (Valliana-
tos et al. 2004, Frid et al. 2009). It is therefore inferred that a power-law  
behavior may be fundamental, owing to the SIEME being generated by 
a massive fracturing process, when spontaneously activated microcracks 
tend to coalesce, leading to rock failure. Figure 3a presents time chart exam-
ples of the SIEME. Figure 3b shows the associated normalized cumulative 
distribution function (CDF)  P(> e) = N(> e)/N0  versus e, where  N(> e)  is 
the number of SIEME close to fracture having ei larger than e and N0 is the 
total number of observed SIEME. The CDF is rather similar to the Guten-
berg–Richter law, supporting a power-law like decrease, which characterizes 
the global frequency-magnitude relation of earthquakes and AE (Vallianatos 
and Triantis 2008 and references therein). 

We now proceed to analyze the waiting times between SIEME events, in 
time series obtained from different rock fracture experiments. To this effect, 
the SIEME series is transformed to a point process where events occur at 
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Fig. 3: (a) Examples of SIEME energy released as we approach failure, (b) Normal-
ized cumulative distribution function (CDF)  P(> e), of  e = E/Emax . 

times ti with  1 ≤ i ≤ N, and therefore, the time between successive events 
can be obtained by  Ti = t i+1 − ti . Figure 4 shows the log-log plot of CDF of 
the normalized SIEME waiting times  χ = T/Tmax  where Tmax is the maximum 
observed waiting time.  

Analyzing the normalized energy released e, we lead to a  q index for the 
normalized energy release,  qe = 1.67  and regarding the SIEME inter-event 
times we conclude that qT is of the order of 1.7, where the shape of CDF de-
pends on the quality of sample. This is consistent with previous calculations 
of q for earthquakes, tectonic effects and other natural hazards, as well 
(Telesca 2010a, b; Vallianatos 2009). 

We proceed now to study the observed distribution which were interpreted 
in the frame of NESP, following an analogy with the spring-block, 
Burridge–Knopoff (BK) model (Burridge and Knopoff 1967) which has been 
widely used in seismology (see Rundle et al. 2000 and references therein). 
Here we attempted to qualitatively work out how the interoccurrence time 
statistics is influenced by the variation of the major physical quantities, such 
as stiffness and frictional parameters of material that control the evolution of 
cracks. 

We apply the 2D spring-block model, with analogy to that presented in 
Hasumi (2007). The model is composed of blocks, two plates, two different 
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Fig. 4. The normalized cumulative distribution function CDF  P(> χ), of the normal-
ized SIEME waiting times  χ = T/Tmax . 

kinds of coil springs, kx and ky, and a leaf spring, kp, corresponding, respec-
tively, to segments of a cracks, boundary loaded plates, a compression and 
a shear stress. The fundamental idea of the model is that EME are caused by 
the motion of the existing charged microcracks (Vallianatos et al. 2004). 
Such a motion creates acoustic emissions due to the opening of cracks (Ben-
son et al. 2007 and references therein) and an associated stress induced elec-
tromagnetic emission (SIEME) as a result of charge’s motion (Tzanis and 
Vallianatos 2002). We assume that the slip direction of blocks is restricted 
only to the y direction. The equation of motion at site i, j can be written as 

 ( ) ( )
2

, ,
1, 1, , , 1 , 1 , ,2

d d2 2 ,
dd

i j i j
x i j i j i j y i j i j i j p i j

Y YM k Y Y Y k Y Y Y k Y F V
tt

+ − − +
⎛ ⎞= + − + + − − − +⎜ ⎟
⎝ ⎠

 

  (1) 

where M and Yi,j are, respectively, mass and displacement of the block and F 
is a dynamical force between the block and the bottom plate. 
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Now we rewrite Eq. (1) into a dimensionless form. The dimensionless 
dynamical friction force Φ is obtained as  1 0( / ) ( ) /Y V F Y F= , where F0 and 
V1 are the maximum friction force and the characteristic velocity, respectively. 
A dimensionless time τ and displacement Ui,j are defined by 

 , ,
,

0 0
, .p i j i j

p i j
p

k Y Yt t U
M D F k

τ ω
⎛ ⎞

= = = =⎜ ⎟⎜ ⎟
⎝ ⎠

 

Then the dimensionless form is 
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where 

 02 2

0 1 1

ˆ
, , , 2 ,ˆ

x y p
x y

p p p

k k V V D Vl l v a
k k D V VV

ω
ω

= = = = = =  

and V̂  is the crack velocity (Frid et al. 2006). We choose the friction force 
as the velocity-weakening constitutive law which states that as the slipping 
velocity increases, the dynamical friction force decreases. This constitutive 
law was observed in the accurate rock fracture experiment (Yoshida et al. 
1997). We express this with the dimensionless dynamical friction force Φ 
given by (Carlson et al. 1991) 

 

( ,1] , 0
(1 ) , 0( ) .

1 2 (1 )

U

UU
Ua

σ

σ

⎛ ⎞−∞ =
⎜ ⎟

−⎜ ⎟>Φ = ⎜ ⎟⎧ ⎫⎡ ⎤+⎜ ⎟⎨ ⎬⎢ ⎥⎜ ⎟−⎣ ⎦⎩ ⎭⎝ ⎠

 (3) 

The latter is related with an ideal friction function involving cracks motion. 
The model is governed by five parameters, lx , ly , α, σ, and v, where lx and ly 
are dimensionless stiffness parameters in the x and y directions, respectively, 
α expresses the decrement of the dynamical friction force with increasing 
slipping velocity. Parameter σ is a stress gap between the normalized maxi-
mum friction force and dynamical friction force Φ(0) , the ν is a dimen-
sionless loading velocity. Parameters lx and ly are related to Lame’s 
constants, as (Yamashita 1976) 

 
2 2

2 2 5 6and ,
2x y

x zl l
y y

λ μ
λ μ

Δ + Δ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟Δ + Δ⎝ ⎠ ⎝ ⎠
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Fig. 5. Example of the normalized cumulative distribution function CDF  P(> χ)  of 
the SIEME normalized inter-event time  χ = Τ/Τmax , simulated within a 2D spring-
block model, along with that expected in the frame of non-extensive statistical  
physics. Colour version of this figure is available in electronic edition only. 

where Δx, Δy, and Δz are infinitesimal lengths in the x, y, and z directions, 
respectively. According to the experiments, α is positive and of the order  
of 1 (Yoshida et al. 1997). Since no other event takes place during an ongo-
ing event, we can treat ν as being equal to zero, in agreement with Hasumi 
(2007). In the present work, we select  Δx = Δy = Δz  along with the assump-
tion that  λ = μ. We solved Eqs. (2) and (3) by the fourth-order Runge–Kutta 
method under a free boundary condition. We use a 104 order of simulated 
evolutions and the interoccurrence time statistics are studied by changing the 
parameter α. 

In this model, a SIEME event appears when a slip of blocks is created. 
The inter-event time is the time interval between successive events. In Fig-
ure 5 we show the normalized cumulative distribution function of the nor-
malized inter-event time  χ = Τ/Τmax, for  α = 2  and  α = 3. For comparison, 
the normalized CDF for  q = 1.7, expected in the frame of non-extensive sta-
tistics formulation, is given in Fig. 5, indicating that as the friction parameter 
a increases then the CDF  P(> χ)  approaches the expected one in the frame 
of non extensive approach. 

5.  CONCLUDING  REMARKS 
Stress induced electromagnetic emissions (SIEME) studies in the laboratory 
can give us an insight into the fracture network evolution processes that take 
place in such situations and provide us with an opportunity to develop laws 
suitable for testing at larger scales. 
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In the present work analyzing rock’s SIEME energy release and its tem-
poral distribution, during a laboratory test, the NESP properties of the pro-
cess were verified. The latter could be useful in understanding earthquake 
mechanisms and may contribute to solving the problem of earthquake  
prediction. 

To summarize, we have shown that SIEME obey a frequency-size law 
similar to the well known Gutenberg–Richter law. Taking into account the 
expression of generalized entropy suggested in the frame of non-extensive 
statistical mechanics, we conclude that the SIEME data are described by  
a q-statistics probability density function. We have shown that the energy  
release distribution and the inter-event time distribution of SIEME, are  
expressed by the non-extensive statistical mechanics of a sub-extensive pro-
cess with q-values  qe = 1.67  and qτ of the order of 1.7, respectively, sup-
porting the idea of the presence of long-range effects. 

Furthermore, a 2D spring-block model was used to simulate the expected 
waiting time distribution and to examine its compatibility with NESP. The 
first results indicate that the waiting time distribution is crucially controlled 
by the frictional properties of the material. 
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A b s t r a c t  

Higuchi’s method is a procedure that, if applied appropriately, can 
determine in a reliable way the fractal dimension D of time series; this 
fractal dimension permits to characterize the degree of correlation of the 
series. However, when analyzing some time series with Higuchi’s 
method, there are oscillations at the right-hand side of the graph, which 
can cause a mistaken determination of the fractal dimension. In this 
work, an appropriate explanation is given to this type of behaviour.  
Using the seismogram as a time series and the properties of the P and S 
waves, it is possible to use the properties of Higuchi’s method to previ-
ously detect the arrival of the earthquake shacking stage, some seconds 
in advance, approximately 30-35 s in the case of Mexico City. Thus, we 
propose the Higuchi’s method to characterize and detect the P waves in 
order to estimate the strength of the forthcoming S waves. 

Key words: Higuchi’s method, time series, seismograms, earthquake 
early warning. 
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1. INTRODUCTION 
Over the past three decades, the problem of the so-called earthquake early 
warning (EEW) has been faced by many researchers (Allen et al. 2009a, b; 
Alcik et al. 2009, Böse et al. 2009, Hsiao et al. 2009, Zollo et al. 2009). In 
Mexico, a seismic alert system (SAS) has been implemented from 1961  
(Espinosa-Aranda et al. 1995), consisting of seismic stations along the coast 
near the Middle American trench, which is the border between the Cocos 
and the American Tectonic Plates. The instruments of these stations trigger 
on earthquakes and transmit the warning about 320 km to Mexico City. Re-
cently, two special issues of Seismological Research Letters (vol. 80, 2009) 
and Geophysical Research Letters (vol. 36, 2009), were devoted to the EEW 
problem. 

As it is well known, the registration of seismic activity is carried out on 
seismograms, in which we can distinguish up to four wave types: P, S, Love 
and Rayleigh waves (Lay and Wallace 1995). The P waves are the first to 
get anywhere and they come mixed with background noise, followed by 
more destructive waves. The first approach to EEW is to detect strong 
ground motion and then transmit a warning. Using the P wave to determine 
whether an earthquake will produce dangerous shaking in populated areas 
provides additional warning. Several methods have been proposed for using 
the P wave to assess earthquake hazard. Many of them estimate the magni-
tude of the earthquake, by measuring, for instance, the predominant period 
of the first few seconds of the P wave (Nakamura 1988, Allen and Kanamori 
2003), other methods use the amplitude of the P wave to estimate earthquake 
hazard (Wu and Kanamori 2005, 2008, Zollo et al. 2006). Other methods use 
mathematical techniques as multiscale wavelet analysis in order to attain an 
automatic detection of the P-wave arrival (Zhang et al. 2003, Simons et al. 
2006). 

Some complex systems, such as the seismic zones, generate time series 
showing the combination of fractal and periodic components. Two decades 
ago, the so-called Higuchi’s method (Higuchi 1988, 1990) to calculate the 
fractal dimension of complex time series has been used to investigate corre-
lations and non-linear dynamic properties embedded in nonstationary time 
series. For example, this method has been used to analyze electroseismic 
time series (Guzmán-Vargas et al. 2009, Ramírez-Rojas et al. 2007) and 
simulated heat release fluctuations in a spark ignition heat engine (Curto-
Risso et al. 2010). Recently, Higuchi’s method has been used to detect peri-
odic components mixed with fractal signals (Peralta et al. 2006, Muñoz-
Diosdado et al. 2008, 2009, 2010). 

In the present work, we apply a windowing Higuchi’s method to a set of 
seismograms corresponding to some events linked to the Mexican sub- 
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duction zone along the Pacific Coast in order to study some relevant proper-
ties of the P waves, which may be possibly used in improving an EEW  
instrument based in the analysis of P waves, nowadays tested at the National 
Polytechnic Institute of Mexico.  

The paper is organized as follows: in Section 2, we briefly describe the 
Higuchi’s method; in Section 3, we present the Higuchi’s analysis of period-
ic time series; in Section 4, we apply the Higuchi’s analysis to time series of 
white noise with periodic components, and in Section 5, we apply the win-
dowing Higuchi’s method to the detection of periodic components in seis-
mograms. Finally, we present some concluding remarks. 

2. HIGUCHI’S  METHOD 
A time series can be expressed by x(i), i = 1, …, N, where each datum is  
taken at equally spaced time intervals, with a uniform time denoted by δ. 
Usually,  δ = 1  is assumed, because in principle this parameter does not alter 
the data analysis. The following describes how to apply the Higuchi’s method 
(Higuchi 1988, 1990) to a time series: 

 From the time series x(i) the new series ( )m
kx i  are obtained 

 
( ) ( ) ( ) ( ), , , 2 , 3 , , ,
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where k and m are integer numbers, m represents the initial time, k the inter-
val width, and [ ] denotes the integer part. 

 The length of the series ( )m
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The term  (N – 1) / [(N – m)/k] k  represents the normalization factor for the 
length of the subset. 

 The length of the series L(k) for x(i) is obtained by averaging all the 
subseries lengths Lm(k) that have been obtained for a given k value. 

 If  L(k) ∝ k 
–D, that is, if it behaves as a power law, we find that the 

exponent D is the fractal dimension of the series. 
Applying the above relation implies the proper choice of a maximum 

value of k for which the relationship  L(k) ∝ k 
–D  is approximately linear. 
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3. HIGUCHI’S  ANALYSIS  OF  WHITE  NOISE  TIME  SERIES   
WITH  PERIODIC  COMPONENTS 

Suppose we have the sum of a white noise time series with mean zero and 
variance with another series obtained from the sampling of a sine signal; we 
choose the sampling frequency so that the two series have the same data 
number.  Figure 1a shows the corresponding graph  yr  versus  t. Performing 
the respective Higuchi’s analysis to the series yr at a value of  kmax = 1000, 
we obtain the result shown in Fig. 1b; practically, the fractal dimension is  
D = 2, which indicates that the part belonging to the white noise dominates 
over the sine signal (D = 1). On the other hand, oscillations which are due to 
the sine component can be seen on the right side of the graph. 

The location of the first minimum in the oscillatory part of Higuchi’s 
analysis is related to the sampling frequency and the angular frequency of 
the sine signal. To show this, consider that for a sampling frequency fm , and 
a time τ, the series will have  Nτ = τ fm  data. On the other hand, if the wave is 
periodic of the form  y = sin (ω0 t),  the period is  T = 2π/ω0,  so Nτ can be  
calculated from the relationship 

 ( ) ( )0
2π2π /  1000 314.1593 .
20mN fτ ω= = =  (3) 

Applying logarithm to the previous result, we obtain the value of 2.4971, 
that is fairly close to 2.5040, as obtained directly from the graph shown in 
 

Fig. 1: (a) Graph of a time series  yr = yw + ys (white noise + sin (20 t)); yw is a white 
noise time series with 10 000 data, and ys is other time series obtained from the sam-
pling of the sine signal,  sin (20 t),  at a frequency  fm = 1000 data/s  for 10 s,  i.e.,  
this second time series also has  N = 10 000 data; and (b) Higuchi’s analysis for yr  
(D = 1.9945 ± 0.0043) and detection of the first and second minima of oscillations. 

(a) 
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Fig. 1. The following minimum can also be calculated considering the double 
of data, this is, Nτ = 2(314.1593) = 628.3186, where  log (628.3186) = 2.7982, 
which is also obtained from the graph of Fig. 1b. 

Now considering a triple amplitude (ys = 3 sin (20 t)), we have  
yr = 3 sin (20 t) + white noise. In Figure 2a we show the corresponding graph, 
in which the sine component is better distinguished. The respective Higu-
chi’s analysis is shown in Fig. 2b; the oscillations appear again in the graph, 
but now they are more evident than in Fig. 1b. By comparing the respective 
slopes we can see now that the fractal dimension presents a decrease from 
1.9945 to 1.9797, due to the presence of more pronounced peaks. The oscil-
lations are also more evident. The location of the first and second minimum 
is exactly the same as in the last case, which reaffirms the fact that its  
appearance depends only on the angular frequency of the sine component of 
the signal. We can also see a significant increase in the respective errors in 
the calculation of the slope and the y-intersect due to the presence of the  
undulations in the Higuchi’s analysis. 

The explanation for the appearance of these undulations on the graph of 
Higuchi’s analysis can be understood by looking at the definition of subsets 

( )m
kx i  when k is very close or equal to the number of data for the period of 

the function  k ≈ NT , the sub-series for each value of m will consist of values 
very similar to each other, i.e., they have the form: x0 + ε0, x1 + ε1, x2 + ε2, 
x3 + ε3, ..., xn + εn, where  ε0, ε1, ε2, ε3, ..., εn  are very small values. 

In the case of the equality, that is, k = NT, virtually  ε0 = ε1 = ε2 = ε3 = ... = 
εn = 0, so the subsets are nearly constant. By using these sub-series in the 
 

Fig. 2: (a) Graph of a time series  yr = yw + ys (white noise + 3 sin (20 t)), and  
(b) Higuchi’s analysis for yr (D = 1.9797 ± 0.0136). 
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calculation of the length  Lm(k)  by the Higuchi’s method, first, we have to 
evaluate the expression 

( ) ( )( ) ( )0 0 1 1
1 1 1

1 ,

N m N m N m
k k k

i i i i mT
i i i

x m ik x m i k x xε ε ε ε ε

− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

− −
= = =

+ − + − = + − + = − ≈∑ ∑ ∑
  (4) 
where εmT  is very small. Substituting this into the definition of the length of 
the curve we have 

 
2

1( ) ,m mT m
NL k L

N m kk

εε−
= ≅

−⎡ ⎤
⎢ ⎥⎣ ⎦

 (5) 

If εmT is small, then Lmε will also be small. Moreover, the length L(k) is the 
average of all lengths Lm(k) that can be built from the original time series 
x(i). Although each of the sub-series may have different length Lm(k), in the 
case of periodic time series the values are very similar and, therefore, L(k) 
will also be very small, so  L(k) ≈ Lε ≈ 0. 

Furthermore, to determine D of the power law  L(k) ∝ k 
–D, the logarithm 

is applied on both sides of the above equation, 
 ( )log ( ) log( ) .L k A D k= −  (6) 

On the left part, Lmε will be small when  k ≈ NT  and therefore in the strictly 
periodic case 
 log ( ) . mL ε ≈ −∞  (7) 

Thus, the explanation of oscillations shown in Higuchi’s analysis is due to 
the periodic behavior of the time series. 

Although it is possible to determine some frequencies contained in 
a time series with this idea, in the following section we will show an applica-
tion to the analysis of seismograms by using the fact that the earthquake  
frequencies modify the value of Higuchi’s fractal dimension D and its  
respective b parameter (the y-intercept). 

4. SIMPLE  MODEL  FOR  A  SEISMOGRAM 
A seismogram may be approximately visualized as a signal consisting of the 
following components: first, a background white noise of small amplitude; 
second, a mixture with the white noise and a set of sinusoidal signals with 
a slightly larger amplitude; third, a composition of signals of slightly larger 
amplitude compared to the previous, of white noise and sinusoidal signals 
(these last two parts correspond to the arrival of the P waves); fourth, again 
a combination of damped sinusoidal signals with white noise, but with initial 
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Fig. 3: (a) Synthetic seismogram, and (b) seismogram for an event of considerable 
magnitude occurred on 17 August 2006 in Michoacán, Mexico, Ms = 4.6. 

amplitude much higher than the precedent. Finally, the signal returns to the 
initial condition of background white noise. This model is partially based on 
the assumption that other authors have made that the seismogram can be  
divided into locally stationary segments (Sleeman and van Eck 1999, Zhang 
et al. 2003). The graph of one synthetic seismogram is shown in Fig. 3a and 
a real one in Fig. 3b; this  Ms = 4.6  seism occurred on 17 August 2006, in Micho-
acán, Mexico (18.71, 102.47), about 300 km from the seismograph. 

It is clear that the synthetic seismogram proposed here does not repro-
duce all the characteristics observed in a real earthquake; however, it pre-
sents the main stages. Perhaps a more complicated combination of waves 
would give a much better result, but for the purpose of this paper, this model 
is sufficient. 

5. THE  WINDOWING  HIGUCHI’S  METHOD   
APPLIED  TO  SEISMOGRAMS 

As mentioned in the previous sections, the presence of periodic signals is re-
flected in the graph of Higuchi’s analysis, so the basic idea is to properly 
identify the moment in which the oscillations indicating the presence of P or 
S waves appear. To carry out the series monitoring, we use the windowing 
method, which consists of segmenting the signal in equal parts, long enough 
for the method to be applicable. 
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Fig. 4: (a) Synthetic seismogram, (b) windowing for the fractal dimension, and 
(c) windowing for the parameter b. 

Windows’ width of 20 s (200 data) and a displacement of 1 s (10 data) 
were used to apply the windowing Higuchi’s method to a synthetic seismo-
gram. Each window provides the fractal dimension value D and their respec-
tive y-intercept or parameter b. Figure 4b shows the windowing for the 
fractal dimension, and Fig. 4c the windowing of parameter b. The region of 
interest is indicated in the figure by parallel lines. Prior to this region, the 
windowing displays values that oscillate around a mean value for both indi-
cators, but immediately when it comes to the region in which the oscillations 
begin, a quite notable change from its prior average values can be seen. It is 
precisely this variation that can be used as a seismic estimator. In Figure 5 
we show an approaching to the indicated region; here it is possible to ob-
serve in more detail what is happening. If a threshold for each parameter 
value is set, as the lines shown in the respective figures, it would be a time of 
40 s before the arrival of the S waves, in the synthetic seismogram. 

The previous analysis was performed to a synthetic seismogram, then we 
carried out the analysis of one real earthquake occurred on 17 August 2006, 
in Michoacán, Mexico. For this analysis we used the same parameters as in 
the case of the synthetic seismogram; the real seismogram was sampled at 
a frequency  of  10 data/s.  Figure 6a  shows  the graph  of  the  actual  earth- 
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Fig. 5: (a) Approaching to the region of interest in the synthetic seismogram, (b) and 
(c) windowing of the fractal dimension D, and the parameter b with their corre-
sponding error bars, respectively. 

Fig. 6: (a) Seismogram for an event occurred on 17 August 2006, in Michoacán, 
Mexico, Ms = 4.6; (b) Higuchi’s analysis for a window corresponding to 100-120 s; 
and (c) Higuchi’s analysis for a window corresponding to 160-180 s. 
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quake, Fig. 6b shows the Higuchi’s analysis of the region between 110-
120 s; the graph presents very slight variations. However, it is almost linear 
and the value of the fractal dimension corresponds to white noise. On the 
other hand, the Higuchi’s analysis from the region comprised of 160-180 s is 
shown in Fig. 6c, where the oscillations in the graph clearly appear, indicat-
ing the presence of periodic components due to the P waves. The complete 
Higuchi’s windowing of the real seismogram for the fractal dimension D and 
the b parameter is seen in Fig. 7b-c, respectively. An approaching to the re-
gion where the earthquake begins is shown in Fig. 8; the behavior observed 
is very similar to that described by the synthetic seismogram, i.e., the fractal 
dimension and the b parameter change significantly. 

From the previous values we can choose a value as a threshold to acti-
vate an alarm; the case of Fig. 7b-c is indicated by vertical lines, which  
correspond to a time  t = 173 s. On the other hand, if the main event begins 
at  t = 206 s, we will have a time of  Δt = 33 s  to activate a seismic alarm. 

The analysis described above for the real seismogram was applied to 
a set of 35 seismograms of earthquakes of different magnitudes. Some of the 
analyses performed are shown in Fig. 9. 
 

Fig. 7: (a) Seismogram sectioned into three parts of interest, (b) windowing Higu-
chi’s method for the fractal dimension D, and (c) the b parameter. 
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Fig. 8: (a) Detail of the region of interest in the seismogram, (b) windowing Higu-
chi’s method fractal dimension D, and (c) windowing parameter b. Error bars are 
depicted over curves in (b) and (c). 

To perform a comparison between all analyzed seismograms we begin 
the analysis approximately at the same time. In Figure 10a we observe the 
totality of the windowing made to the set of seismograms for the fractal  
dimension, hence it is possible to choose a threshold value, which is also 
shown in the same graph. In order to have a better view of the previous 
graph, the set of seismograms was divided into three cases depending on 
their maximum S-waves amplitudes As: small, medium, and large earth-
quakes. It is well known that As determines the magnitude scale Ms, and that 
P-wave amplitude, Ap, determines the mb scale (Gutenberg and Richter 
1956). The average of each set is shown in Fig. 10b, it is notorious that there 
is a relationship between the magnitude of the earthquake and the speed with 
which its respective fractal dimension decreases. 

The comparison of all windowings made for parameter b is shown in 
Fig. 11a. As in Figure 10a, it is possible to select a threshold value that  
includes all cases (as shown in the same figure). The corresponding Fig. 11b 
shows the averages made for parameter b for each set; there is a clear separa-
tion between large, medium-sized and small earthquakes. 
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Fig. 9. Details of the windowing for a set of six seismograms. 
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                 (a)                                                   (b) 

Fig. 10: (a) All the windowings for the fractal dimension for the set of 35 seismo-
grams, and (b) average of windowing of the fractal dimension for small, medium, 
and large earthquakes. Colour version of this figure is available in electronic edition 
only. 
 

                                                         (a)                                                   (b) 

Fig. 11: (a) All the windowings for the parameter b for the set of 35 seismograms, 
and (b) average of windowing of the parameter b for small, medium, and large 
earthquakes. Colour version of this figure is available in electronic edition only. 

The windowing Higuchi’s method can be adapted to continuous monitor-
ing of seismograms along with other existing methods in order to detect 
earthquakes of more significant magnitude, in places distant enough from the 
source, so that the alarm can be raised with sufficient time to take preventive 
action. For example, for the sampling frequency of the seismogram data 
used, it takes an average of 8 s for detecting the presence of primary and 
secondary waves. On the other hand, if the earthquake comes from the seis-
mic zones that affect Mexico City, i.e., the coasts of Guerrero, Oaxaca or 
Michoacán, near the Middle American tectonic trench, there would be a time 
of at least 30 s to raise an alarm. 
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Fig. 12. Windowing of the maximum magnitude of a seismogram and separation in 
magnitudes previous to the maximum magnitude. Colour version of this figure is 
available in electronic edition only. 

According to the last results, the alarm will be activated when the magni-
tude of the primary waves is larger than the background noise, but does not 
give any indication of the possible future magnitude of the earthquake. 
Therefore, it would be good to have a criterion to discriminate between great 
magnitude earthquakes and low magnitude earthquakes that can activate the 
alarm unnecessarily. Below is a first attempt towards discrimination of small 
and large earthquakes. The basic idea is to show the relationship of the am-
plitude of the P wave and the amplitude of the S wave. 

Figure 12 shows the absolute value of one seismogram (continuous line) 
and the segmented line shows the average magnitude before, during and  
after the P waves. The first horizontal part corresponds to the magnitude of 
background noise (about 0.02, practically zero), the following horizontal part 
of the step represents the average magnitude of wavelength P and the maxi-
mum value of the graph represents the magnitude of the S wave. 

The previous analysis was performed for a set of 35 seismograms of dif-
ferent magnitudes to calculate their corresponding Ap and As. The graph cor-
responding to the comparison of the magnitude of the P wave and the 
respective maximum magnitude of the wave is shown in Fig. 13. The majori-
ty of the events are of small magnitude, and fall within the rectangle limited 
on the X-axis by 0.3 and on the Y-axis by 3, which corresponds to small 
earthquake magnitude (of 3.5 or less). The graph also shows that there is 
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Fig. 13. Graph of the maximum magnitude of an earthquake and the magnitude of 
the P wave; although the relationship is not strictly linear there is a positive correla-
tion that can be used to discriminate small earthquakes from large ones. 

a correlation between Ap and As. The continuous graph is the least squares 
fitting. The relationship at least shows that there is a strong relationship  
between the magnitude of the P wave with the subsequent magnitude of the 
S wave. This fact can be used as a criterion to discriminate a small earth-
quake from a big one.  

6. CONCLUSIONS 
The proposed model for a synthetic seismogram composed simply by white 
noise and sine waves, reproduces quite well the properties of a seismogram 
of a real earthquake (only for the purposes of this paper). 

The oscillatory behavior in the graph of the Higuchi’s method has been 
observed in real time series such as heart interbeat, series of air pollutants, 
seismograms, etc. This feature is explained with no doubt by the presence of 
one or more periodic components in the time series.  

Higuchi’s method can be applied to the detection of periodic components 
of high or low frequency and amplitude changes in time series. It is also pos-
sible to use it to detect the occurrence of sudden fluctuations in signals when 
they are continuously monitored. 

The windowing Higuchi’s method was applied to the seismogram time 
series of some considerable magnitude earthquakes and actually it was able 
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to detect the presence of P waves in the respective graphical display, which 
correspond to the expected frequencies in the seismogram. 

The parameter b of the Higuchi’s analysis turns out to be a better estima-
tor of the presence of P waves that the fractal dimension.  

Mexico City is a vulnerable area to earthquakes generated on the coasts 
of Guerrero, Oaxaca or Michoacán, and because of its distance, we would 
have at least 30 s to raise an alarm. This approach can be complementary to 
other methods of P-wave detection which work as seismic alarms (Zhang et 
al. 2003, Hsiao et al. 2009). 
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A b s t r a c t  

Fractal analysis of magnetic records (1 Hz sampling rate) of 5 sta-
tions (Guam, Moshiri, Paratunka, Magadan, and Chokurdakh) located 
along the 210 magnetic meridian (210 MM) has been performed using 
the Higuchi method. The period of 22 months (October 1992 to July 
1994) that embodies the date of the strong Guam earthquake of 8 August 
1993 has been considered. A comparison of the ULF emissions scaling 
parameters (spectral exponents β  and fractal dimensions D) obtained at 
different latitudes has been made. Dependence of β and D on the  
Kp index of geomagnetic activity has been analyzed for each of the  
24 local time intervals. It is revealed that D decreases (β increases) with  
increasing geomagnetic activity at all stations, but the rates of decrease 
(increase) are different at different stations and in different time intervals. 
It is shown that the evening, night and early morning hours are preferable 
to study magnetospheric effects, whereas the noon hours are the most 
suitable for the analysis of lithospheric effects. A possibility of using the 
data of the 210 MM stations as reference materials for the Guam seismi-
cally active area is discussed. 

Key words: ULF emissions, fractal analysis, 210 MM, SOC dynamics. 
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1. INTRODUCTION 
Extraction of earthquake precursory signatures from the geophysical time se-
ries obtained in seismically active regions is one of the important scientific 
tasks. A large number of data, including electromagnetic ones, have been 
used for this purpose (see e.g., Proceedings related to International Work-
shops on Seismo-Electromagnetics: Hayakawa 1999 (IWSE1997), Hayaka-
wa and Molchanov 2002 (IWSE2000), Hayakawa 2005 (IWSE2005), and 
references therein). Contemporary methods of statistical mechanics, proba-
bility theory, and other mathematical approaches have been developed in 
search for the natural hazard precursory signatures of different origins. 
Among such methods, a fractal analysis seems to be especially promising 
(see e.g., Hayakawa et al. 1999, Vallianatos and Tzanis 1999, Telesca et al. 
2004, Gotoh et al. 2004, Vallianatos et al. 2002, 2004, Ida and Hayakawa 
2006). In a series of papers by Smirnova and Hayakawa, specific dynamics 
of fractal characteristics of ULF emissions registered at the Guam observato-
ry has been reported in relation to the strong (M8) Guam earthquake of 
8 August 1993 (Hayakawa et al. 1999, 2000, Smirnova et al. 2001, 2004, 
Smirnova and Hayakawa 2007). Namely, the spectral exponents β of the 
ULF emissions decrease and the corresponding fractal dimensions D  
increase when approaching the date of the Guam earthquake. It is also  
revealed that those scaling parameters of the ULF time series are influenced 
by geomagnetic activity. Hence, we see that the local seismo-electromag-
netic phenomena are screened by magnetospheric effects, which are of more 
global character. To distinguish between these effects, the data from refer-
ence stations are necessary in addition to the Guam data. Here we consider 
coordinated magnetic records (1 Hz sampling rate) of the 5 stations located 
approximately at the Guam geomagnetic meridian (210 MM stations). The 
purpose of our investigation is to compare the fractal properties of ULF 
emissions along this meridian profile and an attempt to answer the question 
which station could be used as a Guam reference point in our seismic-
electromagnetic research. 

2. EXPERIMENTAL  DATA 
Magnetic records (components ΔН, ΔD, and ΔZ) which have been used  
for our analysis were obtained at the 210 MM stations by means of ring-
core-type fluxgate magnetometers with a sampling rate of 1 s. The detailed 
description of the 210 MM project can be found in Yumoto et al. (1992). 
The chain of the five stations chosen for our analysis includes Chokurdakh 
(CHD), Magadan (MGD), Paratunka (PTK), Moshiri (MSR), and Guam 
(GUA). This profile covers a wide range of latitudes, from the equatorial  
area to the auroral zone (see the map in Fig. 1 and the stations coordinates  
in Table 1).  
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Fig. 1. Map showing the locations of the 210 MM stations in geographic coordinates 
(5 stations under question are pointed out by the red color).  

Table 1  
The list of the 210 MM stations used for our analysis 

Abbreviation Geographic coordinates Geomagnetic coordinates 
GUA 13.58° N 144.87° E   5.61° N 215.55° E 
MSR 44.37° N 142.87° E 37.28° N 213.55° E 
PTK 52.94° N 158.25° E 46.17° N 226.02° E 
MGD 59.97° N 150.86° E 53.49° N 218.75° E 
CHD 70.62° N 147.89° E 64.66° N 212.14° E 

 
The analyzed period covers 22 months, from October 1992 to July 1994. 

This period is chosen to embody the date of the strong M8 Guam earthquake 
(EQ) of 8 August 1993: depth about 60 km, Φ = 12.98°N, Λ = 144.80°E as 
shown in Fig. 2.  

It should be noted that, in the period from October 1992 to 8 August 
1993, there were no EQs with magnitude M > 5 near the Guam island. The 
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Fig. 2. Epicenter of the Guam earthquake of 8 August 1993 in relation to the loca-
tion of the ULF observing Guam station. 

 
Fig. 3. An example of a typical 210 MM magnetic record (Paratunka, 15/10/92). 

strong M8 EQ of 8 August 1993 occurred suddenly at 08:34 UT without any 
foreshocks. There were a lot of aftershocks related to this EQ (In the same 
date, there were 17 aftershocks of  M > 4.5). After this strong EQ, seismic  
activity around Guam continued to be rather high up to the end of the ana-
lyzed period, i.e., July 1994 (more than 25 EQs with  M > 5).  

A typical daily magnetic record obtained at the 210 MM profile is pre-
sented in Fig. 3; it is an example of the Paratunka station data. 

In this study we have analyzed separately the magnetic data in each of 
the 24 daily 1-hour intervals. As an inset to Fig. 3, one can see the enlarged 
1-hour record (ULF emissions) for 16-17 UT. So, each analyzed time series, 
which represents ULF fluctuations of the Earth’s magnetic field (ULF emis-
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sions) in 1-hour interval, contains 3600 points. We apply fractal methods to 
those ULF data to analyze their scaling (fractal) characteristics and study 
their dynamics in each spatial location in relation to geomagnetic activity 
and in relation to the strong Guam earthquake of 8 August 1993. 

3. FRACTAL  APPROACH 
Now it is recognized that the extended dissipative dynamical systems evolve 
naturally to the state of self-organized criticality, SOC (see Bak et al. 1987, 
1988, Bak 1997). The SOC state is characterized by very high sensitivity of 
the system to any external perturbations and a fairly broad energy spectrum 
of dissipation events. The Earth’s magnetosphere and lithosphere were 
shown to exhibit this type of complex SOC behavior (see e.g., Chang et al. 
2003, Sornette and Sornette 1989, Jensen 1998, Hergarten 2002). The  
fingerprint of the SOC state is fractal organization (power-law distributions) 
of the output parameters in both space and time domains (scale-invariant 
structures and fractal noise or 1/f fluctuations). Hence we can use fractal 
methods for analysis of spatiotemporal scaling characteristics of the 
magnetospheric and lithospheric emissions. 

Three methods of fractal analysis have been considered: (i) PSD (Power 
spectral density) method (Feder 1988, Turcotte 1997); (ii) Burlaga–Klein 
method (Burlaga and Klein 1986); (iii) Higuchi method (Higuchi 1988, 1990).  

A time series can be considered as fractal in the chosen frequency range, 
if its PSD, S(f), follows the power law at those frequencies: S(f) ~ f-β. The 
spectral exponent β, and the corresponding fractal dimension D, characterize 
the rate of irregularity of the time series. β and D are connected via the Berry 
equation (Berry 1979 ): D = (5 – β ) /2. In the case of ULF emission analysis, 
a more advanced fractal approach appears to be the Higuchi method (see 
Smirnova et al. 2001), because it provides more stable values of fractal di-
mensions. The method is based on estimation of the length of a fractal curve 
X(N). We consider each set of the 1-hour ULF data with sampling rate of  
1 s (N = 3600) as a time sequence X(1), X(2), …, X(N). From a given time  
series, k new time series are constructed, defined as follows: 

 ( ), ( ), ( 2 ), ..., ( 1, 2, ..., )k
m

N mX X m X m k X m k X m k m k
k
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Fig. 4. Examples of the calculation of the ULF emissions fractal dimension using the 
Higuchi method. Guam, H component, 15-19 January 1993, 11-12 UT interval.  

Then the total length of the curve, which represents the original ULF emis-
sion time series, is defined as follows: 

 1
( )

( ) .

k

m
m

L k
L k

k
==
∑

 

And finally, we plot 〈L(k)〉 versus k (k = 1, 2, …, 10)  in the log-log form.  
If 〈L(k)〉 ∝ k–D and scales linearly in log-log presentation, then we can con-
sider this time series as fractal and we estimate fractal dimension from the 
slope of curve as seen in Fig. 4. 

Using such a procedure, we have calculated fractal dimensions D of the 
ULF emissions time series for each of the 5 chosen 210 MM stations during 
the whole investigated period from October 1992 to July 1994. The calcula-
tions have been fulfilled in each of the 24 hourly intervals for horizontal (H, 
D) and vertical (Z) components of the magnetic field. Based on the D values, 
the corresponding spectral exponents of the ULF emissions have been calcu-
lated using the Berry equation: β = 5 – 2 D. The dynamics of D and β has 
been analyzed depending on local time, geomagnetic activity, and the obser-
vation point location. 

4. OBSERVATIONAL  RESULTS 
We have revealed that variations of the ULF emissions fractal characteristics 
manifest stochastic character, depending on dates, local time, and geomag-
netic activity. So we have made averaging of D and β over different tem-
poral intervals to extract deterministic part in such a stochastic behavior. The 
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results obtained are presented below in the form of temporal variations of the 
ULF emissions fractal dimensions along meridian profile, and the depend-
ence of D and β  on Kp index of geomagnetic activity. 

4.1 Dynamics of the ULF emissions fractal dimensions  
For each of the magnetic components (H, D, Z) registered at 5 stations along 
the 210 MM profile (see Table 1), we have obtained as many as 24 sets of 
the plots representing dynamics of the ULF emissions fractal dimensions in 
each of the 24 hourly intervals. Two examples of such dynamics for an  
interval of 11-12 UT for the auroral Chokurdakh station and the near-
equatorial Guam station are shown in Figs. 5 and 6, respectively. 
 

Fig. 5. Dynamics of the ULF emissions fractal dimensions D calculated through the 
period from October 1992 to July 1994 for the interval of 11-12 UT at the auroral 
Chokurdakh station (components H, D, and Z). The thin (blue, green, and black) 
curves represent the  D11-12UT  values for the corresponding day; the thick red curves 
relate to the ±5 day running averages.  
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Fig. 6. The same dynamics as in Fig. 5, but for the Guam station. 

From Figs. 5 and 6, one can see the following peculiarities: 
 Daily fluctuations of D exhibit chaotic dynamics. It is difficult to 

understand whether such fluctuations are random or represent a deterministic 
chaos. Those fluctuations may contain the influence of the magnetospheric, 
ionospheric, lithospheric processes as well as effects of the man-made 
origin. It should be stated that such a chaotic dynamics is typical for all of  
24 hourly intervals at each of the 5 chosen stations. 

 Averaging over ±5 days (running average values of D) exhibits some 
features of deterministic behavior. Namely, the distinct modulation of D 
with a period of approximately 27 days is outlined, which corresponds to the 
rotation of the Sun around its axis. So it is definitely a magnetospheric (non-
lithospheric) effect, which is confirmed by looking at the corresponding  
variations of Kp index, as seen in Fig. 7. 
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 Going to the longer-term variations of D, one can find the effect  
revealed earlier in the reference papers by Hayakawa et al. (1999) and 
Smirnova et al. (2001), that is, a gradual increase of the ULF emission frac-
tal dimensions before the Guam earthquake of 8 August 1993. One can see 
this tendency in the upper part of Fig. 6 from the dynamics of D for the  
H component 2-3 months before the EQ. A rough long-term approximation 
of the D dynamics at Guam for the H component is presented in Fig. 8. This 
may be an earthquake precursory effect. According to our analysis, this  
effect is rather pronounced at the Guam location (mainly in the H compo-
nent), and it nearly disappears in the data at Moshiri, Paratunka, and 
Magadan. As concerns Chokurdakh, a lot of gaps in the data at that station 
do not allow us to trace such a tendency. 

 The modulation by the 27-day period is the most pronounced in the 
auroral zone (Chokurdakh), where it is manifested in the H, D, and Z com-
ponents (see Fig. 5). At the other stations which are situated inside the 
plasmasphere, the modulation is observed in the H and D components, and 
never in Z component. As to the Guam station, which is situated in the re-
gion of equatorial electrojet, such a modulation is seen also in Z component 
(see Fig. 6). 

 

 

Fig. 7. Variations of the daily averaged Kp index during the analyzed period from 
October 1992 to July 1994 (the thin blue curve). The thick red curve corresponds to 
the ±5 day running average values.  

 
Fig. 8. The long-term approximation (dashed line) of the D dynamics at Guam for 
the H component. It is seen that the ULF emissions fractal dimensions increase start-
ing approximately 2-3 months before the Guam EQ of 8 August 1993.  
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 The range of variations of D (in the H component) at the auroral 
Chokurdakh station and the equatorial Guam station is wider in comparison 
with that obtained at the inside-the-plasmasphere Magadan, Paratunka, and 
Moshiri stations. 

4.2 Correlation of the ULF emission fractal dimensions 
with geomagnetic activity 

From Figures 5-7, one can see rather synchronous variations in the curves rep-
resenting the ±5 day running average values of the ULF emission fractal  
dimensions D and the Kp index of geomagnetic activity. That means a possi-
ble dependence of D from Kp. So the detailed correlation analysis has been 
fulfilled to examine such dependence. 

Some results of the study of correlations between fractal dimensions of 
ULF emission time series and the Kp index of geomagnetic activity are pre-
sented in Fig. 9.  
 
                            Chocurdakh                                                    Magadan  

                                                                   Guam 

 
Fig. 9. Examples of plots representing fractal dimensions of the ULF time series  
(H component, 11-12 UT) versus Kp index for 3 locations: Chocurdakh (auroral 
zone), Magadan (middle latitudes), Guam (equatorial region). 
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We have obtained that fractal dimensions D of the ULF emissions time 
series decrease (and the corresponding spectral exponents β of the ULF 
emissions increase) with increasing magnetic activity. Such an effect is ob-
served at all stations along 210 MM and in all sectors of LT. But the rates of 
the decrease of D (increase of β) are different at the different stations and  
in different time intervals. The dependence of D on Kp is most pronounced 
in the auroral zone (Chocurdakh), and it is rather smooth at the middle lati-
tudes (Magadan and Paratunka). Near the equator (Guam) it becomes again 
sharper (see Fig. 9 for a comparison). 

We have revealed also the daily variation of the correlation coefficients 
between D and Kp. This variation is more regular in the middle latitudes 
(Magadan, Paratunka, Moshiri) with a pronounced maximum near 15 UT 
(01 LT) and minimum around 4 UT (14 LT). As to the auroral zone 
(Chokurdakh) and equatorial region (Guam) the maximum is not so pro-
nounced there, and it is scattered in the time interval of 10-20 UT (20- 
06 LT). But the minimum is also around 4 UT, which corresponds to LT 
around the noon (14 LT). So, we may conclude that the evening, night and 
early morning hours are preferable to study magnetospheric effects, whereas 
the noon hours are most suitable for the analysis of lithospheric effects.  

5. DISCUSSION 
We have obtained rather pronounced dynamics of the ULF emission fractal 
dimension D along 210 MM profile, which reflects the global magneto-
spheric effects as well as some local processes at each of the 5 stations. One 
can see magnetospheric effects from the thick red lines (±5 days running  
average values of D) in Figs. 5-6 as a modulation in D with the same period 
close to 27 days. That is a characteristic period of the Sun rotation, and it is 
clearly seen from the corresponding modulation of the Kp index of geomag-
netic activity in Fig. 8. In the horizontal components H and D, this effect is 
pronounced at all the stations, but in the vertical component Z it is more  
visible near the projection of characteristic electrojet locations: auroral 
electrojet − Chokurdakh station, and equatorial electrojet – Guam station. At 
the stations situated inside the plasmasphere, which are Magadan, Paratunka 
and Moshiri, the modulation of the 27-days period has practically disap-
peared in the Z component. So, in order to exclude magnetospheric effects 
from the horizontal components of the Guam station, all the other stations of 
210 MM are appropriate. But to exclude magnetospheric effects from the 
vertical component of the Guam station, the Chokurdakh station belonging 
to auroral zone is more recommendable, if there is no other reference station 
situated near equatorial electrojet projection. As to the preferable local hours 
for analyzing lithospheric effects, the noon hours (near 4 UT or 14 LT) are 
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the most suitable, since the influence of geomagnrtic activity on fractal 
properties of ULF emissions is depressed near the noon hours.  

6. CONCLUSIONS 
The following conclusions have been drawn from the present analysis. 

 Our analysis shows that the results of fractal analysis of the data 
from 210 MM chain of stations may give support to the results of the Guam 
station data analysis when we attempt to distinguish between magneto-
spheric and lithospheric effects. 

 Since magnetospheric effects are of global character, they give the 
correlated part in the results obtained at all the stations. Lithospheric effects 
could be of individual and local character at each of the stations. So we have 
to manage how to remove the correlated part from the raw 210 MM results. 
Now we are working in this direction. 

 We understand that our results are of preliminary character, and they 
need to be checked and confirmed on the other independent materials. Nev-
ertheless, we may conclude that the peculiarities revealed can be used  
as control factors in the forthcoming investigations of the earthquake precur-
sory signatures based on the analysis of scaling (fractal) characteristics of 
ULF emissions. In a statistical sense, the dynamics of ULF emissions fractal 
characteristics at the Guam station is more similar to that obtained at the 
auroral Chokurdakh station. So this station is more preferable for using it as 
a reference station to exclude magnetospheric effects while doing seismo-
electromagnetic research. 
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A b s t r a c t  

Feasibility of recovering the magma chamber’s parameters by 3D 
Bayesian statistical inversion of magnetotelluric data is estimated for the 
simplified conductivity model of the Vesuvios volcano. The results indi-
cate that in the lack of prior information and data, the most efficient  
approach may consist in successive estimation of the geometry and the 
depth of the anomaly followed by estimation of the electric conductivity 
distribution in it. The horizontal boundaries of the target could be out-
lined by the high gradients of the impedance determinant phase pseudo-
sections determined by the upward analytical continuation of the anoma-
lous electromagnetic fields from the relief surface to the artificial refer-
ence plane located above the summit of the volcano. The vertical 
boundaries and the target extension as well as the electric conductivity 
could be estimated successively by means of 3D Bayesian statistical in-
version of the collected magnetotelluric data carried out in the domain 
delimited by the estimated horizontal boundaries. 

Key words: magma chamber, magnetotelluric, 3D inversion, prior  
information and data “trade-off”. 

1. INTRODUCTION 
Magnetotelluric (MT) sounding of volcanoes is an important tool for study-
ing their structure, for the spatial mapping, assessment of the depth of the 
magma chamber, and the determination of its physical properties related to 
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electric conductivity. The internal structure of volcanoes was studied by MT 
sounding in Fitterman et al. (1988), Jackson and Keller (1972), Mogi and 
Nakama (1990), Mauriello et al. (1997), Di Majo et al. (1998), Spichak 
(1999, 2001, 2007), Manzella et al. (2000, 2004), and Spichak et al. (2004, 
2007). In particular, Newman et al. (1985) explored the possibility of detect-
ing the magma chamber depending on the background one-dimensional lay-
ering; Moroz et al. (1988) evaluated the MT field anomalies caused by the 
volcano cone, and Park and Torres-Verdin (1988) and Spichak (2001, 2002) 
developed the approaches to the MT data interpretation in the volcanic envi-
ronments. 

At the same time, efforts to construct two-dimensional (2D) and even 
three-dimensional (3D) models of volcanoes, which are often based on a 
limited number of MT sites sparsely distributed on the relief volcanic slopes, 
often yield inadequate results that nevertheless find a “reasonable” interpre-
tation. In this connection, it seems critically important to estimate the resolv-
ing power of MT data with respect to assessment of the magma chamber 
geometrical parameters as well as the electric conductivity distribution  
depending on the available prior information. 

Despite some progress in a full-range 3D inversion of MT data (see the 
review paper by Siripunvaraporn (2012) and references therein) the most 
suitable tool for such a research seems to be the Bayesian statistical infer-
ence, also known as the Markov Chain Monte Carlo (MCMC) method 
(Tarantola and Valette 1982, Tarantola 1987, Backus 1988, Press 1989, 
Besag et al. 1995, etc.). This approach not only results in the solution of the 
inverse problem, but also provides probabilistic posterior uncertainty estima-
tions, which depend on the data and the prior information represented in 
probabilistic terms. If applied to the study of implications of the prior 
knowledge or the hypotheses about the magma chamber’s parameters, this 
approach can help to understand the implicit limitations of MT sounding of 
a local target under the conditions of uncertainty (Spichak et al. 1999a, b). 
The present paper is the first attempt to obtain posterior estimates for the  
parameters of the magma chamber as functions of the available prior infor-
mation for a simplified electric conductivity model of the Vesuvius volcano. 

2. THE  3D  MT  IMAGING 
As it was shown in Spichak (2002), the efficient way of magnetotelluric data 
interpretation under conditions of uncertainty about the parameters of the 
target and the hosting medium consists in successive application of fast  
imaging and full-range inversion. At the first stage, a preliminary image of 
the studied area is obtained using pseudo-sections of the electromagnetic 
fields or their transforms, which provide the best focusing of the target  
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parameters. At the second stage, a Bayesian statistical inversion is carried 
out aimed at refinement of the model parameters taking into account the 
prior information that comes from other methods or prior estimates formu-
lated in probabilistic terms. 

2.1  Electric conductivity model and synthetic MT data 

A simplified 3D electric conductivity model of the Vesuvius volcano (Fig. 1) 
was built basing on the findings of Di Maio et al. (1998). According to prior 
information that comes from electromagnetic and other geophysical meth-
ods, the Vesuvius magma chamber has a diameter of about 3 km, its upper 
edge is located approximately at a depth of 5 km (4 km according to De Na-
tale et al. (2006)), while its floor does not exceed 9 km; the background, σb, 
and magma chamber, σt, electric conductivities could be considered equal to 
0.0001 and 0.03 S/m, respectively. The height of the volcanic cone is 1.3 km 
and the crater has a diameter of 0.2 km. 

In order to simplify the numerical modeling and the subsequent inversion 
of MT data, it was assumed that both the magma chamber and the area 
where the solution of the inverse problem was searched for are symmetric 
with respect to two vertical planes crossing the center of the crater (Fig. 1 
shows a vertical cross-section along one of the planes). The synthetic MT 
data for this model were calculated at six periods, T = 0.01, 0.1, 1.0, 10.0,  
 

Fig. 1. The 2D cross-section of the simplified electrical conductivity model of the Vesu- 
vius volcano. The dashed line delimits the search area composed of uniform blocks 
as large as 1.5 × 1.0 km. The search area “moving” along the vertical axis is hatched. 
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100.0, and 1000.0 s, using the balance technique (Spichak and Zhdanov 
2007). Then, a number of the MT field transformations were calculated and 
analysed at the earth’s surface and at different levels in the atmosphere. 

2.2  Imaging volcanic structure 

The behavior of the synthetic field components and their transforms, includ-
ing impedances, apparent resistivities, etc., were analyzed in order to select 
those which allow the best imaging of the volcanic interior. The results of 
numerical experiments indicate that, albeit the true conductivity values of the 
complex volcanic environments are poorly determined, the conductivity gra-
dients could be detected based on the isosurfaces of the real and imaginary 
parts of the electric field and the impedance phases mapped to the system of 
coordinates (X, Y, Log10T; here X and Y are the horizontal coordinates); see 
Spichak 2001.  

The technique for 3D imaging of the volcanic interior using the MT data 
collected at the relief surface was suggested in Spichak (1999, 2001). It is 
based on the upward analytical continuation of the data to artificial “refer-
ence” plane, positioned in the atmosphere above the top level of the relief 
surface, using integral transformation of the Stratton–Chu type: 
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where Ea and Ha are the anomalous electric and magnetic fields, respec-
tively, determined at the reference plane, μ0 is the magnetic permeability of 
the vacuum, ω is frequency, 1 / (4π )G ′= −r r   is Green’s function of free 
space, S is the surface of measurements, r′ is the radius-vector of the points 
belonging to this surface, and n is a unit vector normal to the surface S and 
pointing outwards. 

The analytical continuation of anomalous MT field from the Earth’s sur-
face to the atmosphere could be proved to be unique and the corresponding 
numerical calculations are straightforward and stable. So, the continued data 
may be used for the interpretation providing the best focused images of the 
relief volcanic environment. 

Another important item concerns the appropriate height of the reference 
plane. At lower heights, the pseudo-sections become distorted mostly by the 
nearest parts of the topography and by the noise (natural and artificial), 
whereas at greater heights, details of the geoelectric structure may be lost. In 
each case the choice of the best height for a given structure requires prelimi-
nary research. In the present study it was found that the compromise between 
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increasing the resolution of the subsurface structure and decreasing the  
distortions caused by the relief surface (in particular, by the crater of the  
volcano) is supported by placing the artificial plane 100 m above the summit. 

Similarly to the MT imaging of the Hawaiian volcano (Spichak 1999, 
2001, 2007), it was found that 3D isosurfaces and 2D pseudo-sections of the 
transforms based on the real and imaginary parts of the electric field and the 
impedance determinant phase are most suitable for imaging the interior of 
the Vesuvius volcano’s model. 

Fig. 2. Electric field and impedance determinant phase pseudo-sections along the 
central profile: (a) Re Ex, (b) Im Ex, (c) φdet. 
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Fig. 3. The 3D volcano image based on the impedance determinant phase. 

Both components of the electric field enable estimation of the lateral 
boundaries of the magma chamber (Fig. 2a, b). However, the best focused 
image was obtained from the impedance determinant phase (Fig. 2c). It ena-
bles 3D imaging of the volcano (Fig. 3) including the relief of its surface and 
the lateral boundaries of the magma chamber. However, the vertical bounda-
ries of the magma chamber are determined only qualitatively due to absence 
of appropriate geometrical scale. In order to study the possibility of detection 
of the remaining geometrical parameters of the magma chamber as well as 
its electric conductivity, a Bayesian statistical inversion was used.  

3. ALGORITHM  OF  THE  BAYESIAN  STATISTICAL  INVERSION 
Despite some progress in deterministic 3D inversion of MT data (see review 
paper by Siripunvaraporn (2012) and references therein), the inversion of 
real data evidently requires foregoing study of the items, mentioned above. 
Bayesian statistical formalism, proposed for the inversion of geophysical 
data in Tarantola and Valette (1982) and Backus (1988) is a convenient tool 
for estimating the model parameters and appropriate uncertainties depending 
on the data and prior information used in the inversion. It is described briefly 
below following Spichak et al. (1999a). 

The electric conductivity model can be divided into two kinds of regions: 
those with known (or fixed) conductivity values and those with unknown 
values to be determined by inverting the MT measurements at the surface, 
subject to constrains imposed by prior information. Each of the latter regions 
can be considered, in turn, as to be composed of homogeneous domains 
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(cells). Let K be the total number of domains  Pk (k = 1, ..., K)  in the  
region(s) of search, whose conductivities  σ = (σk, k = 1, …, K)  are to be  
determined. 

Let yi,j be the values of a known function of the electric and magnetic 
field  h[E(Mi, ωj, σ), H(Mi, ωj, σ)]  measured at given sites  Mi (i = 1, ..., I)  
on the surface for a number of frequencies  ωj (j = 1, ..., J). For each site Mi 
and each frequency ωj we can write: 

 [ ]( , , ), ( , , ) ,ij i j i j ijy h E M H M wω σ ω σ= +  (2) 

where  (wi,j ;  i = 1, ..., I;  j = 1, ..., J)  is a noise function, considered to be 
a realization of an indenpendent random variable with the probability density 
function (PDF) pi,j  and a zero mean value. 

Usually we are searching for the conductivity distribution in the re-
gion(s) of interest taking into account the geophysical experience, or by 
forming some simplifying hypotheses concerning the conductivity distribu-
tion in the regions considered (homogeneity, one- or two-dimensionality, 
thin sheet type, etc.). In the context of the Bayesian approach, these prior 
knowledge and hypotheses are easily incorporated into the process of inver-
sion in terms of a probability law q, named prior PDF, on the set of possible 
values of the conductivities. To determine the support of q is a primary ob-
jective. Numerical computations make it necessary to define the support of q 
as a finite set. Furthermore, for the sake of simplicity it is supposed that the 
number of possible conductivities consists of L different values  c1, …, cL  
for each homogeneous domain. The support of q is then the set A of the LK 
possible elements (refered to below as images of the conductivity)  
a = (ak ; k = 1, …, K), where ak belongs to  c1, …, cL . It is evident that the 
greater the L, the more precise might be the result of the inversion, but the 
longer the computation. We determine the same set of L possible conductivi-
ties (palette) for each domain, but, of course, it is possible to narrow the 
range of prior conductivities in some domain by making the appropriate  
prior probabilities equal to zero. If no prior information is available for each 
homogeneous domain, it is possible to vary the prior palette of conductivities 
between reasonable minima and maxima with uniform PDF. 

From the Bayesian point of view (Press 1989), both observations and the 
model parameters (conductivities) are considered to be random variables. 
The aim of the Bayesian analysis is to compute the posterior PDF of the 
conductivities, i.e., the conditional probabilities of the conductivities given 
the data and noise level. Standard computation of conditional probabilities 
results in the posterior law for any image a of conductivities and any data y: 
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where q(a) is the prior probability of the image a and  f (y/a)  is a conditional 
probability of the variable (yi,j;  i = 1, ..., I;  j = 1, ..., J)  given the values of 
the conductivities. It is a function of  a = (ak; k = 1, …, K)  through E and H 
and could be calculated directly using the following formula: 
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where pi,j is the probability density of the noise wi,j. 
If the probability densities pi,j are Gaussian with zero mean and 

covariances  (ξi,j)2, the above formula can be re-written as 
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where Z is a normalizing constant. We will assume in this paper the latter 
case, but it is important to note that this method could be formulated also 
without this assumption. 

If  A (k, cl)  is a set of images that have the conductivity cl in the domain 
Pk , the k-th marginal posterior probability pok  is 

 ( ) ( , )
( / ) ( )

( ) ( , ) /
( / ) ( )

la A k c
k l l
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f y a q a
po c P A k c Y

f y b q b
σ ∈

∈

= ∈ =
∑
∑

 . (6) 

We can take as estimator of the conductivity in the domain Pk either the 
mean value or the value, corresponding to the maximum probability of the 
k-th marginal posterior probability. However, in the above formula there is a 
hidden difficulty: the computation of the denominator requires to calculate  
f (y/b) q(b)  for all possible images b of the conductivity, i.e., LK times, which 
is evidently unrealistic. 

In order to overcome this difficulty a stochastic algorithm named a 
„Gibbs sampler” (see the review paper by Besag et al. (1995) and references 
therein) is used, which permits to reduce greatly the computation time. The 
procedure of the inversion consists of two cycles: in the outer one a regular 
scanning of all K homogeneous domains in the regions of search is done, 
whereas in inner one a solution of the forward problem for L prior values of 
the conductivity is carried out. 
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Let ( )( , 1,..., )n
k k Kσ =  be the conductivities in the homogeneous domains 

in the regions of search after n iterations of the outer cycle. If the domain 
Pk(n) is scanned at iteration  n + 1[k(n) = n + 1(mod K)], the image of the 
conductivities is updated by changing only the conductivity of the domain 
Pk(n), the new value being chosen by a random selection with the following 
probability: 
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where a(σ, k, cl) denotes the image equal to σ in all domains other than Pk 
and equal to cl in the domain Pk . The computation  ( 1)

( )( )n
lk nP cσ + =   requires 

to calculate ( ) ( ){ / [ , ( ), ]} { [ , ( ), ]}n n
l lf y a k n c q a k n cσ σ  L times. Thus, the total 

number of forwad modelings per one iteration of the outer cycle could be  
reduced from LK to L × K. 

The sequence of images  (σ(n), n ≥ 0)  forms a random process, which is 
a Markov chain over the finite space of all possible images. The conditional 
probability, calculated in the k-th domain at the n-th iteration, is 
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It may be shown that the posterior PDF is an invariant for this Markov 
chain and that for each domain in the region of search the sequence of the 
mean conditional probabilities converges towards the corresponding mar- 
ginal probability: 
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This enables estimating the mean posterior conductivities in each homoge-
neous domain of the region of search: 
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L
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Thus, the solution of the inverse problem is reduced to the search for the 
posterior conductivity distribution by means of successive solutions of the 
forward problem for the prior values of the conductivities preset in the  



RECOVERING  THE  MAGMA  CHAMBER’S  PARAMETERS 
 

951 

homogeneous domains. The inversion of synthetic MT data in the following 
section is carried out using the INVMT3D code tested earlier by Spichak et 
al. (1999a). 

4. ESTIMATION  OF  THE  TARGET  DEPTH  AND  VERTICAL  SIZE 
In order to analyze the possibility of estimating the location of vertical 
boundaries of the magma chamber by means of the Bayesian statistical  
inversion it was supposed that the electric conductivity varies in the vertical 
direction only and this variation is described by a stepwise function of depth. 
Each of the nine uniform blocks within the search area has a thickness of 
1 km. The ambiguity in the prior knowledge about the electric conductivity 
of these blocks was ensured by the equal probability (= 0.5) of each block to 
have either the background conductivity  σb = 0.0001 S/m  or the target con-
ductivity  σt = 0.03 S/m. In other words, the average prior conductivity of 
each block was equal to 0.015 S/m, and the variance was 0.0149 S/m (or 
99.3% of the average value). 

In order to decrease the CPU time, the symmetry of both the model and 
the search area was taken into account, so the latter was restricted by the 
planes  x = 0,  x = 1.5 km,  y = 0,  y = 1.5 km,  z = 0,  and  z = 9 km. In each 
case, the inversion of synthetic MT data was carried out until the normalized 
difference of the electric conductivity in all cells of the search area for two 
successive iterations of the outer loop was reduced to 1%. 

Table 1 presents the posterior probabilities and corresponding values of 
the conductivity and their variance in all blocks of the search area. It is clear-
ly seen from the Table 1 that the ceiling of the anomaly, which is located at  
a depth of 5 km in the model, is determined rather well: in the five shallow-
est layers (from the surface to a depth of 5 km), the posterior probabilities of 
the background conductivity (0.0001 S/m) are much higher than the corre-
sponding values for the target conductivity (0.03 S/m). 

The floor of the anomaly, which is located at a depth of 8 km in the 
model, is also recognized: the posterior probability of the background con-
ductivity in the lowermost layer (0.55) exceeds the corresponding value for 
the target conductivity (0.45). 

Within the anomalous zone (5 < z < 8 km), the conductive inclusion is 
distinctly identified only in the uppermost layer, whereas in the two lower 
layers the posterior probabilities of the two values of conductivity are practi-
cally similar and equal to the corresponding prior ones. In other words, the 
initial data and the above prior information turned out to be sufficient for the 
determination of the vertical boundaries and extension of the magma cham-
ber; however, its conductivity distribution could not be estimated simultane-
ously. 
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Table 1  
Average posterior conductivities of blocks 

when the domain of search is larger than the target boundaries 
Number 
of the 
block  

Coordinates  
in Z axis  

[km] 
pb pt 

Average posterior 
conductivity 

[S/m] 

Posterior  
variance 

[S/m] 
1 0 < z < 1.0 1.00 0.00 1 × 10–4 0.0  
2 1.0 < z < 2.0 1.00 0.00 1 × 10–4 0.0  
3 2.0 < z < 3.0 1.00 0.00 1 × 10–4 0.614 × 10–5 
4 3.0 < z < 4.0 0.98 0.02 0.76 × 10–3 0.440 × 10–2 
5 4.0 < z < 5.0 0.72 0.28 0.86 × 10–2 0.135 × 10–1 
6 5.0 < z < 6.0 0.33 0.66 0.20 × 10–1 0.141 × 10–1 
7 6.0 < z < 7.0 0.50 0.50 0.15 × 10–1 0.141 × 10–1 
8 7.0 < z < 8.0 0.51 0.49 0.15 × 10–1 0.149 × 10–1 
9 8.0 < z < 9.0 0.55 0.45 0.14 × 10–1 0.149 × 10–1 

Explanations: pb and pt – average posterior probabilities of the background and 
target conductivities σb and σt, accordingly. 

5. ESTIMATION  OF  THE  TARGET  CONDUCTIVITY 
5.1  The effect of the guess on the magma chamber  
       conductivity distribution 

Let us now assume that the location and the dimensions of the magma 
chamber are foreknown. Suppose for definiteness that it is a priori known 
that the electric conductivity in the magma chamber can vary within broad 
limits, from  σb = 0.0001 S/m (electric conductivity of the background geo-
logical cross-section) to 0.1 S/m, taking any of the logarithmically spaced 
values 0.0001, 0.0003, 0.001, 0.003, 0.01, 0.03, and 0.1 S/m with equal 
probabilities (pi = 0.1428; i = 1, ..., 7), average prior conductivity of 
0.206 × 10–1 S/m, and variance  0.339 × 10–1 S/m. Thus, the search area was 
defined so as to coincide with the true position of the target and was divided 
vertically into three uniform blocks, each having a thickness of 1 km. 

The distribution of electric conductivity in the search area with a priori 
known horizontal and vertical dimensions of the target was estimated using 
3D inversion of synthetic MT data. Table 2 presents the results of the inver-
sion for the three different blocks after 130 iterations. As seen in Table 2, in 
the central block of the search area, the average posterior conductivity 
(0.23 × 10–1 S/m) is close to the true value (0.3 × 10–1 S/m), while in the  
upper block it is twice as high (0.602 × 10–1 S/m) and in the lower block it is 
three times less (0.967 × 10–2 S/m). Hence, the used data and the prior infor-
mation turn out to be insufficient for adequate estimation of the electric con-
ductivity in the entire search area. 
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Table 2  
Average posterior conductivities of blocks 

when the domain of search is restricted by the target boundaries 

N p1 p2 p3 p4 p5 p6 p7 
Average posterior 

conductivity 
[S/m] 

Posterior  
variance 

[S/m] 
1 0.04 0.05 0.07 0.09 0.09 0.11 0.56 0.60 × 10–1 0.453 × 10–1 
2 0.10 0.14 0.16 0.15 0.14 0.15 0.17 0.23 × 10–1 0.358 × 10–1 
3 0.29 0.24 0.17 0.10 0.07 0.05 0.07 0.98 × 10–1 0.255 × 10–1 

Explanations: N is the number of the block inside the target;  p1, ..., p7  are the aver-
age posterior probabilities for the electrical conductivity of a given block to be equal 
to one of the prior palette. 

At the same time, with the additional prior assumption of the uniformity 
of the search area (in other words, if the magma chamber is supposed to be  
a single uniform block, which is just the case with the considered model) the 
posterior conductivity in it coincided with the true values (the average  
posterior conductivity was equal to  0.3 × 10–1

 S/m  and the variance was 
0.359 × 10–2

 S/m). 

5.2  The effect of the accuracy of prior guess about the depth  
       of the magma chamber 

The influence of the accuracy of the prior information about the anomaly 
depth on the posterior value of electric conductivity in the search area was 
estimated. Here, it was assumed that the horizontal boundaries and the verti-
cal extension of the anomaly are known in advance. During the experiments, 
the vertical boundaries of the search area (hatched area in the Fig. 1) were 
moved vertically so that its upper edge each time was located at a different 
depth from the surface. 

The results of the experiments are presented in Table 3, and the depend-
ency of the normalized average posterior anomalous conductivity on the  
prior estimate of its depth is plotted in Fig. 4. As seen from the graph, the 
stronger the depth of the upper edge of the anomalous domain is underesti-
mated, the lower the posterior values of the conductivity are. In particular, if 
the guessed depth varies from 0.0 to 2.0 km, the conductivity of the anoma-
lous domain resulted from 3D inversion is less than 10% of its true value. 

On the other hand, constraining the prior depth to be greater than a true 
depth to the ceiling of the anomalous domain even by an amount as small as 
1 km (6 km instead of 5 km), results in a doubling of the electric conductivity. 
Hence, a 20% error in the estimation of the depth of the search area can lead 
to a 200% error in the determination of electric conductivity in it. 
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Table 3  
Average posterior conductivity of the blocks 

as a function of the guessed depth D to the upper edge of the target 

D 
[km] p1 p2 p3 p4 p5 p6 p7 

Average posterior
conductivity 

[S/m] 

Posterior  
variance 

[S/m] 
0. 1.000 0.0 0 0 0 0 0 0.100 × 10–3 0.602 × 10–7 
1.0 0.962 0.038 0 0 0 0 0 0.108 × 10–3 0.384 × 10–4 
2.0 0.009 0.446 0.544 0.001 0 0 0 0.682 × 10–3 0.363 × 10–3 
3.0 0 0 0.172 0.647 0.180 0.001 0 0.394 × 10–2 0.303 × 10–2 
4.0 0 0 0 0.013 0.378 0.609 0 0.221 × 10–1 0.991 × 10–2 
5.0 

(true) 
0 0 0 0 0.008 0.990 0.002 0.300 × 10–1 0.359 × 10–2 

6.0 0.037 0.087 0.051 0.003 0.008 0.201 0.613 0.675 × 10–1 0.419 × 10–1 

Explanations: p1, ..., p7  are the average posterior probabilities for the electrical con-
ductivity of a given block to be equal to one of the prior palette. 

Fig. 4. The normalized average posterior electric conductivity of the target σt as 
a function of the prior estimation of its depth D.  

6. CONCLUSIONS 
In the case both the data and prior information are lacking, the estimation of 
the limited number of the target macro-parameters (see e.g., Spichak and 
Popova 2000) is often a more efficient way of the inverse problem solution 
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than regular searching for the conductivity distribution in the lower half-
space. In particular, the 3D imaging and inversion of synthetic MT data in 
a simplified conductivity model of the Vesuvius volcano showed that the  
simultaneous estimation of the geometry, depth and distribution of electric 
conductivity within the magma chamber does not lead to reliable assessment 
of these parameters. 

On the other hand, each of these parameters can be quite reliably esti-
mated provided that the others are known a priori. So, when searching for 
a few model parameters based on the inversion of a limited data volume (this 
concerns both the numbers of MT sites and periods) one could benefit taking 
into account the “trade-off” between the data and prior information studied 
in advance for the considered class of models. In particular, the results  
obtained in this study indicate: 

 there is an equivalence domain formed by the following relations  
between the prior estimate of the depth of the anomalous zone and the distri-
bution of the electric conductivity in the search area − the stronger the prior 
underestimation of the depth, the lower the posterior conductivity within the 
anomalous zone; 

 with the additional prior assumption of the uniformity of the search 
area (in other words, if the magma chamber is supposed to be a single uni-
form block, which is just the case with the considered model), its posterior 
conductivity can be recovered precisely. 

It is worth noting in this connection that these findings could be also use-
ful for deterministic inversion using the regularization technique, when the 
regularization factor is adjusted depending of the trade-off chosen. Mean-
while, the interpretation of the real MT data in each case requires foregoing 
modeling aimed at finding the optimal ratio. 

Meanwhile, the above results indicate that in case of insufficient prior  
information about the sought parameters and the lack of data, the model 
macro-parameters could be estimated in the mode of “step-by-step” inver-
sions: 

 the horizontal boundaries of the magma chamber are best outlined by 
high gradients of the impedance determinant phase and could be estimated 
from, at least, two orthogonal pseudo-sections determined at the artificial 
plane located above the summit of the volcano (according to the algorithm 
proposed by Spichak 2001); 

 the vertical boundaries and the depth of the magma chamber as well 
as its electric conductivity could be estimated by means of 3D Bayesian  
inversion carried out in the domain, delimited by the horizontal boundaries 
estimated at the first stage. 
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The above inferences could be useful for assessing the parameters of not 
only the magma chamber but of any other local target buried in the Earth’s 
crust; however, in order to develop the scientifically substantiated interpreta-
tion methodology, farther studies using both synthetic and real MT data are 
required. 
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A b s t r a c t  

The aim of this study is to improve classification results of multi-
spectral satellite imagery for supporting flood risk assessment analysis in 
a catchment area in Cyprus. For this purpose, precipitation and ground 
spectroradiometric data have been collected and analyzed with innova-
tive statistical analysis methods. Samples of regolith and construction 
material were in situ collected and examined in the spectroscopy labora-
tory for their spectral response under consecutive different conditions of 
humidity. Moreover, reflectance values were extracted from the same 
targets using Landsat TM/ETM+ images, for drought and humid time  
periods, using archived meteorological data. The comparison of the  
results showed that spectral responses for all the specimens were less 
correlated in cases of substantial humidity, both in laboratory and satel-
lite images. These results were validated with the application of different 
classification algorithms (ISODATA, maximum likelihood, object based, 
maximum entropy) to satellite images acquired during time period when 
precipitation phenomena had been recorded.  

Key words: classification, statistics, spectroradiometer, remote sensing, 
floods. 
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1. INTRODUCTION 
One of the important tools for detection and quantification of land-cover 
changes across catchment areas is the classification of multispectral satellite 
imagery. Such results are very important for hydrological analysis and flood 
scenarios. Flash floods represent one of the most destructive natural hazards 
that exist in the Mediterranean region (Moussa and Bocquillon 2009, 
Hadjimitsis 2007). Indeed, flooding is characterized as one of the most 
common natural disasters leading to life and economic losses. Ecosystems 
and floods are closely related and any changes in the ecosystems, such as  
urbanization across the catchment’s area, may trigger off a sequence of flood 
occurrence causes (Hadjimitsis 2010). Land cover changes may be used to 
describe dynamics of urban settlements and vegetation patterns as an impor-
tant indicator of urban ecological environments (Du et al. 2010). Indeed, 
during the last years remotely-sensed data (i.e., satellite or aerial imagery) 
have been widely used in order to define land use and land use changes such 
as urban growth (Brown et al. 2000, Weng 2002, Karl and Maurer 2010). 

In such studies, classification is a common procedure in order to retrieve 
valuable information regarding land use from multispectral images data. 
Several techniques have been reported to improve classification results in 
terms of land use discrimination and accuracy of resulting classes (Eiumnoh 
and Shrestha 2000). However, the multispectral images acquired from dif-
ferent satellite sensors suffer from serious problems and errors, such as radi-
ometric distortions, areas with low illumination, physical changes of the 
environment, etc. Radiation from the Earth’s surface undergoes significant 
interaction with the atmosphere before it reaches the satellite sensor. The 
correction of deficiencies and the removal of flaws present in the raw data 
are defined as pre-processing and are carried out prior to any use of the data. 
Pre-processing refers to those operations that are preliminary to the main 
analysis. In the context of digital analysis of remotely sensed data, pre-
processing is generally characterized by two types of data correction: (1) ra-
diometric pre-processing which addresses conversion of digital numbers to 
radiance at the sensor, and (2) geometric correction which addresses errors in 
the relative positions of pixels, mainly due to the sensor viewing geometry 
and terrain variations. Radiometric corrections are distinguished between 
calibrations, de-striping approaches, atmospheric corrections and removal of 
data errors or flaws (Hadjimitsis and Clayton 2007). Solar radiation must 
travel through the Earth’s atmosphere before it reaches the Earth. As the 
electromagnetic radiation is reflected by the Earth, it passes again through 
the atmosphere before it is detected by the satellite sensor. This propagation 
of electromagnetic radiation through the atmosphere is affected by two  
essential processes: scattering and absorption. Indeed, the use of radiative 
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transfer equation is essential for quantifying the atmospheric effects to the 
satellite signal.  

Moreover, in many occasions the imagery spatial resolution is not high 
enough. These limitations make the analysis of remote sensing images more 
complex and difficult (Shankar et al. 2011). For several authors (Congalton 
1991, Congalton and Green 1999) the quality of Land Use / Land Cover 
(LULC) maps is determined mainly either by the accuracy of the classifica-
tion approach or from the definition of training samples, since an incorrect 
definition of training areas may downgrade classification results (Foody 
2002).  

However, during the last years many studies have proved that the accu-
racy of classification of remote sensing imagery does not increase by  
improving the applied algorithms. This is due to the fact that classification is 
mainly dependent on the physical and chemical parameters of the ground ob-
jects (Zhang and Zhu 2011) although in many cases the performance of each 
algorithm strongly depends on the background approach. Thus, exploration 
of new statistical methods is essential, for example by developing image-
understanding techniques characterized by diagnostic expert systems 
(Gamanya et al. 2007) or with fusion of spectral information with spatial and 
temporal contextual information (Melgani and Serpico 2002). In order to un-
derstand the processes involved, multi-temporal and multi-scale aspects of 
their dynamics, arising from both natural and human induced factors, have to 
be further explored. The temporal dynamics of both precipitation and surface 
characteristics, which also vary spatially, have significant influences on soil 
spectral response (e.g., surface runoff, crusting, and evapotranspiration). 
Therefore, studies testing the potential of satellite remote sensing techniques 
to handle such kind of issues could be of outmost importance to fill the  
current knowledge (Liberti et al. 2009). 

Serious problems in the effective discrimination between certain geologic 
formations and urban areas might be occurred due to the influence of differ-
ent topsoil characteristics on surface colors (texture, soil moisture, etc.) 
(Liberti et al. 2009). Such problems were recorded for freely available Land-
sat TM/ETM+ (USGS database) within the area of Yialias watershed basin 
in Cyprus, related to the high correlation of the spectral signatures between 
the marl/chalk outcrops and the urban fabric. As a result, the spectral behav-
ior of natural soils and regolith remains a major constraint which strongly  
affects the performance and the accuracy of different satellite classification 
algorithms. This fact offered a motivation for researchers to integrate the 
spatial and spectral patterns in order to modify the accuracy and the reliabil-
ity of the classification in a process similar to the human brain (Blumberg 
and Zhu 2007). In addition, conventional pixel based classifiers, such as 
maximum likelihood, minimum distance and ISODATA (Iterative Self  
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Organizing Data Analysis Technique) solve the specific problem by merging 
images from different sources. This process results in the serious “Pepper-
salt” effect in the final classification product which can be outreached with 
the use of object-based algorithm. In object-based classification the already 
segmented image is used in conjunction with the spectral, context and tex-
ture information in order to produce the final LULC map. Principally, seg-
mentation is the process of grouping image elements according to 
homogeneity (De Kok et al. 2000). In this way the landscape is composed of 
multiple irregular shape objects that are larger than individual pixels and are 
homogeneous. Segment-based classification approaches are often rule-based 
or knowledge-based methods relying on classification rules developed by the 
experts (Matikainen and Karila 2011). 

In addition, in various remote sensing applications there is a need for  
a classification of one specific land type without considering the other clas-
ses. Such problems are also quite common in analytical biology, evolution 
epidemiology and ecological niche modeling. Thus, Philips et al. (2004) 
proposed the application of maximum entropy algorithm/technique in order 
to model species geographic distribution based only on real training data 
(Philips et al. 2006, Peterson and Shaw 2003). However, this approach can 
also contribute to one-class satellite remote sensing classification process, as 
previous studies have proved (Li and Guo 2010). 

This paper describes the results obtained by integrating remote sensing 
techniques such as classification analysis, and contemporary statistical 
analysis  like maximum entropy for detecting urbanization activities in a 
catchment area in Cyprus. The final results will be incorporated in an 
integrated flood risk management model. This study aims to test different 
material samples in the Yialias region in order to: (a) examine their spectral 
behavior under different precipitation rates, and (b) introduce an alternative 
methodology to optimize the classification results derived from single satel-
lite  
imagery with the combined use of satellite, spectroradiometric and precipita-
tion data. At the end, different classification algorithms and statistical analy-
sis are used to verify and optimize the final results. Thus, object-based 
classification and maximum entropy algorithms are simultaneously used; 
however, the main aim of the study is the verification of the hypothesis that 
the multispectral classification accuracy is improved if the land surface hu-
midity is high. This hypothesis was tested against Landsat derived reflec-
tance values and validated with in situ reflectance observations with the use 
of high spectral resolution spectroradiometers. In this way this study aspires 
to highlight the potential of medium resolution satellite images such as those 
of Landsat TM/ETM+ for LULC studies under certain circumstances in the 
broader Eastern Mediterranean region.  
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2. STUDY  AREA  AND  DATA 
2.1  Study area 
Located in the central part of the island of Cyprus, the Yialias basin extends 
to an area of 110 km2 (Fig. 1). Specifically, the basin is situated between 
longitudes 33°11′24.28″ and 33°26′31.52″ and latitudes 34°54′36.74″ and  
 

 

 

Fig. 1. The study area (top). Geological map of the study area (bottom). Colour  
version of this figure is available in electronic edition only. 
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35°2′52.16″. The island of Cyprus is located in the northeasternmost corner 
of the Mediterranean Sea and, therefore, has a typical Eastern Mediterranean 
climate: the combined temperature-rainfall regime is characterized by cool-
to-mild wet winters and warm-to-hot dry summers (Michaelides et al. 2009). 
Concerning the geological regime of the area following the general cessation 
of volcanic activity, is one of chalk and marl sedimentation accompanied by 
advance and retreat of the sea. The marl-chalk sequence in the area is mainly 
of white colour which means that it contains >98% calcium carbonate. How-
ever, more greyish chalk formations are also present in the area due to  
increased marl composition. Figure 1 shows the generalised geological map 
of the watershed basin where the chalk/marl formation covers the 10% of the 
study area (12 km2). This essentially calcareous sedimentation continued 
from the Upper Cretaceous to the Pliocene. 

The Yialas basin is characterized as a high-risk area since many fast 
floods have occurred in the last years with extreme destructive results. Local 
authorities with the assistance of research institutions are involved in the 
SatFlood project (funded from the Cyprus Research Promotion Foundation) 
in order to detect land use changes in the last decades and to perform exten-
sive hydraulic and hydrological analysis for this basin. The results will pro-
vide invaluable information to the authorities concerning catchment’s flood 
vulnerability in order to take all the necessary actions for minimizing  
destructive effects from natural disaster phenomena such as floods in the 
near future.  

2.2  Ground samples 
According to some preliminary classification results (Alexakis et al. 2011), 
spectral mixing between urban areas and specific geological formations were 
observed (Fig. 2). Thus, samples of regolith and construction material were 
collected and tested for their spectral response under different conditions of 
humidity with the use of spectroradiometer in the premises of the Remote 
Sensing and Geomatics Laboratory of Cyprus University of Technology.  

In most cases, chalk is characterized as pure (>95% carbonate), highly 
porous (>40%), and low permeable (Hjuler and Fabricius 2009). Chalk is 
considered to be a special type of granular material because the structure  
reflects its organic origin (Risnes et al. 2005). Concerning their composition, 
chalks are mainly built up of whole and fragmentary parts of calcite skele-
tons produced by planktonik algae, known as coccolithophorids (Risnes et 
al. 2003). A characteristic of outcrop chalk is that its strength depends 
strongly on the type of fluid in the pores. It is a general observation that  
water-saturated chalk is mechanically weaker than the dry chalk. This phe-
nomenon is referred to as the water-weakening effect (Risnes et al. 2005).  
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Fig. 2. The RGB (left) and NIR-R-G (right) composites of the Landsat image at the 
area of interest (Yialas basin). Arrows indicate the spectral similarity of urban fabric  
areas and specific formations (chalk) at satellite images where no precipitation has 
been observed. Colour version of this figure is available in electronic edition only. 

In order to avoid confusion with “soil”, the term “regolith” was used to de-
fine unconsolidated marl-chalk surface material resting above consolidated 
bedrock (Shafique et al. 2011). According to Eggleton (2011), as regolith 
can be defined the entire unconsolidated or secondarily recemented cover 
that overlies coherent bedrock, that has been formed by weathering, erosion, 
transport, and/or deposition of older material. 

2.3  Satellite and precipitation data 
Further on, to the regolith samples multiple Landsat TM/ETM+ images were 
used, covering the same area, acquired either during humid or drought period 
and analyzed in order to be compared with the laboratory results. For the 
purpose of the study the following tools and data were incorporated:  

 Four Landsat TM/ETM+ multispectral images of medium resolution 
(30 × 30 m2 pixel size). These data were acquired for free from GLOVIS 
website (Global Visualisation Viewer, URL: http://glovis.usgs.gov/) and 
cover the time period 2000-2009 (Fig. 2). 

 Precipitation data obtained from the Meteorological Service of  
Cyprus (Pera-Chorio Meteorological Station). All these data were compared 
with the satellite imagery data. The selected downloaded images were  
acquired a day after the record of substantial scaling amount of precipitation 
from the Pera-Chorio Metereological Station, as indicated in Table 1. 
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 Data derived from spectroradiometric field campaigns. For this rea-
son, the GER 1500 spectroradiometer was used. This instrument can record 
electromagnetic radiation from 350 up to 1050 nm. It includes 512 different 
channels and each channel covers a range of about 1.5 nm. The field of view 
(FOV) of the instrument was set to 4°. The accuracy provided from the 
manufacturer of radiometric measurements was: 400 nm ± 5%, 700 nm ± 4%, 
and 1000 nm ± 5%.  

Table 1  
Acquisition dates of satellite images and corresponding precipitation statistics 

No. Date of acquisition Precipitation [mm] Precipitation [mm]
1 day before 

Precipitation [mm] 
2 days before 

1 2 June 2005 27.3 0 0 
2 19 May 2000 8.6 0 0 
3 16 October 2002 3 1.2 4 
4 23 July 2009 0 0 0 

 

3. MEASUREMENTS 
3.1  Laboratory spectroradiometric lab measurements 
For the purpose of this study, five different targets from the Yialias water-
shed basin were selected and their corresponding samples were collected. 
These were three samples (by the name A, B, and C with different percent-
age of chalk content, collected from three different places of the catchment 
area) of marl-chalk outcrops from three different areas within the watershed 
(the B sample was a little more whitish than the others), a sample of tile, and 
a sample of construction material (roof house). The first three samples repre-
sent regolith and the other two urban fabric materials. However, all these 
five samples have low hydro-permeability and different levels of porosity. 
During the field campaign for the collection of the samples (Fig. 3 left), the 
areas of in situ collection were recorded with Global Positioning System 
(GPS) and their correspondent coordinates were overlaid as digital point  
layer on georeferenced Landsat TM/ETM+ images in a GIS environment. At 
the next stage, all the samples were used in order to extract their spectral 
signatures in the premises of the Laboratory of Remote Sensing and Geomat-
ics of Cyprus University of Technology (CUT) (Fig. 3 right).  

For that purpose, ten measurements were carried out consecutively for 
each sample and a final mean measurement, corresponding to Landsat 
TM/ETM+ bands, was extracted from each of them. In detail, the 
hyperspectral − narrow bands − signatures acquired using the spectro-
radiometer were recalculated as broadbands of the selected multispectral 
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Fig. 3. Collection of soil data (left). Spectroradiometric measurements of samples at 
the premises of the Remote Sensing and Geomatics Laboratory of CUT (right).  
Colour version of this figure is available in electronic edition only. 

satellite (Landsat TM/ETM+). The relative spectral response (RSR) filters of 
the Landsat sensor were used for this purpose. The RSR filters describe the 
relative sensitivity of the satellite sensor to radiance at various parts of the 
electromagnetic spectrum (Wu et al. 2010). The RSR values range from 0  
to 1 and have no units since they are relative to the peak response (Fig. 4). 
Therefore, the broadband reflectance from the spectroradiometer was calcu-
lated based on the wavelength of the Landsat sensor and the RSR filter, as 
described by the equation: 

 band
( RSR )

,
RSR

i i

i

R
R

×
= ∑

∑
 (1) 

where Rband is the reflectance at a range of wavelength (e.g., Band 1), Ri the 
reflectance at a specific wavelength (e.g.,  i = 450 nm), and RSRi is the rela-
tive response value at the specific wavelength. 

Moreover, in order to search for the different spectral response of each 
sample under different moisture conditions, all samples were sank with  
water in a step-by-step process and measured for the rate of their humidity 
with the use of a soil moisture meter. The specific hand-held instrument used 
in this study could measure moisture values from  0 to 50% within an accu-
racy of 0.1%. The probe of the instrument was inserted into the soil sample 
and the moisture value was recorded. The regolith samples under investiga-
tion were divided in four different categories according to their level of  
humidity: 0% (dry sample), 25, 50, and >50%. Concerning tile and roof 
specimens, the results were divided to “dry” or “humid” categories due to 
the difficulty with measuring the scaling levels of humidity in those kinds of  
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Fig. 4. The RSR filters for Bands 1-4 (B-G-R-NIR). Data provided from the Com-
mittee on Earth Observation Satellite (CEOS, http://calvalportal.ceos.org/). Colour 
version of this figure is available in electronic edition only. 

Fig. 5. Scatter-plots of the different targets examined in this study for Bands 1-4 
(left) and Bands 3-4 of Landsat (right). 

materials. Figure 5 indicates the correlation between Bands 1 and 4 for all 
the samples and for different levels of humidity. 

Based on the results of the scatter-plots it was proved that in the case of 
dry samples there is a strong spectral confusion between the chalk A re-
sponse and the urban fabric (roof and tile) materials. The “moisture” scatter 
plot (humidity >50%) highlights the different spectral response between  
artificial materials (roof and tile) and natural materials (chalks A, B, and C). 



OPTIMIZING  STATISTICAL  CLASSIFICATION  ACCURACY 
 

969 

In this plot, the spectral difference between different samples is increased 
and two major clusters are created. This was accomplished due to the  
increase of chalk A spectral response and the substantial decrease of tile and 
house roof (constructed by clay and cement consecutively) spectral response. 
Figure 6 indicates in diagram forms the spectral response of the three chalk 
samples. As it was proved concerning the chalk sample A, its reflectance 
was increased as the humidity level arose. However, concerning the other 
two chalk samples, their spectral response remained generally steady. 

Euclidean distances play a central role in a multivariate statistical 
analyses for continuous data as principal component analyses, discriminant 
analyses or multidimensional scaling (McLachlan 1992, Mortier et al. 2006). 
Thus, the Euclidean distance between the measurements acquired from all 
the different targets in the spectral range of the first four spectral bands of 
Landsat TM/ETM+ VNIR was calculated and presented in Table 2. 

The results highlighted once again the different spectral response of ma-
terials under different humidity levels. Specifically, reflectance values of the 
 

 

Fig. 6: (a, b, c) Diagrams of the spectral response of chalk samples (A, B, and C) for 
different bands (1, 2, 3, and 4) and different levels of humidity (0, 25, 50, and 
>50%); (d) Spectral signatures profile from spectroradiometer laboratory with 50% 
humidity. Colour version of this figure is available in electronic edition only. 
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Table 2  
Euclidean distance measurements for different targets (VNIR) 

0% Humidity 25% Humidity 
Band 1  Band 1 

 Chalk 
A 

Chalk 
B 

Chalk 
C 

Roof Tile  Chalk 
A 

Chalk 
B 

Chalk 
C 

Roof Tile 

Chalk A  30.1 29.6 3.2 7.5 Chalk A  15.8 3.5 25.5 29 
Chalk B  0.6 26.9 37.6 Chalk B  19.3 41.3 44.9 
Chalk C   26.4 37.1 Chalk C  22.0 25.5 
Roof    10.7 Roof  3.6 
Tile      Tile      

Band 2 Band 2 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  18.7 15.1 3.4 0.4 Chalk A  13.2 3.9 13.3 12.2 
Chalk B  3.6 15.3 18.3 Chalk B  17.1 26.5 25.4 
Chalk C   11.7 14.7 Chalk C  9.4 8.3 
Roof    3.0 Roof   1.1 
Tile      Tile   

Band 3 Band 3 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  18.7 15.1 3.4 0.4 Chalk A  18.2 3.9 16.6 4.3 
Chalk B  3.6 15.3 18.3 Chalk B  22.2 34.8 22.6 
Chalk C   11.7 14.7 Chalk C   12.6 0.4 
Roof    3.0 Roof    12.2 
Tile      Tile      

Band 4 Band 4 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  17.2 16.6 0.7 4.3 Chalk A  15.8 3.5 22.1 0.7 
Chalk B  0.6 17.9 12.9 Chalk B  19.3 37.9 16.6 
Chalk C   17.3 12.3 Chalk C   18.6 2.8 
Roof    5.0 Roof    21.4 
Tile      Tile      

 
chalk samples (A and C) tend to be separated from those of urban samples 
(tile and roof) as humidity increases. This is obvious for all spectral bands 
with some minor exceptions (e.g., distance between chalk C and tile in 
Bands 3 and 4). The general view from Table 3 is that the spectral separabil-
ity between the chalk samples and urban samples increases with growing 
humidity, and therefore classification techniques should have better results 
in images acquired after rainfall phenomena. 

3.2  Satellite imagery data 
3.2.1  Application of pre-processing techniques 
Based on the laboratory experiments, the authors investigated the potential 
of optimizing classification of satellite images. Multispectral satellite  
imagery such as Landsat TM/ETM+ is considered to be a precious source of 
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multi-temporal data for diachronic analysis of different surface processes, 
such as landform changes and land degradation mechanisms at regional scale 
(Takagi et al. 2007). For the purposes of the study, four Landsat TM/ETM+ 
satellite images were acquired and analysed. As it was mentioned in  
Section 2.3, there was an assessment of the correlation between the acquisi-
tion dates of the satellite images with the precipitation data obtained from 
the Meteorological Service of Cyprus so as to ensure the strong correlation 
of imagery acquisition dates with specific dates when higher or lower pre-
cipitation phenomena had been recorded in the area. 

Initially, the geometric corrections concerning satellite imagery were 
carried out using standard techniques with ground control points and  
a second order polynomial fit. For this purpose, topographical maps were 
used to track the position of ground control points in conjunction with the 
digital shoreline of Cyprus extracted from a detailed 25 m pixel size Digital 
elevation model (DEM). At a next step, the authors proceeded to the conver-
sion of DN values to radiance and finally to reflectance values. The DN  
values of Landsat image were converted to radiance through the equation: 

 rad rescale rescaleDN ,L G B= × +  (2) 

where Grescale and Brescale are band specific rescaling factors. 
Moreover, for the images of both sensors, the at-satellite radiance values 

were converted to at-satellite reflectance values by using the general equa-
tion: 

 
2π ,ESUN cos s

L dP λ
λ

λ θ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (3) 

where Pλ is the unitless planetary reflectance, Lλ the spectral radiance at the 
sensor’s aperture, d2 the earth-sun distance in astronomical units, ESUNλ the 
mean solar exoatmospheric irradiances, and θs is the solar zenith angle in  
degrees. At the end, the darkest pixel atmospheric correction method was 
applied to every satellite image (Hadjimitsis et al. 2004a, b; Agapiou et al. 
2011). For the application of the darkest pixel atmospheric correction, the 
following assumptions are taken: the atmospheric transmittance is ignored 
between the ground and the sensor, and the atmospheric transmittance is  
ignored between the top of the atmosphere and the ground. Indeed, the  
atmospheric transmittance is assumed to be 1. Such an assumption can be 
done in the visible bands, however in the near-infrared the effects of the  
water vapour is an important factor that must be considered and determined 
since any omission of water vapour thickness can lead to not-effective re-
moval of atmospheric effects in the NIR region (Hadjimitsis et al. 2004a, b). 
The authors used the method developed by Hadjimitsis and Clayton (2008) 
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in which the relative humidity (RH) % values have been acquired from the 
nearby meteorological stations and the water vapour thickness was deter-
mined using the graphical charts provided by Forster (1984). It has been 
found that the water vapour thickness values were very small, without any 
important effect. 

3.2.2  Analysis of satellite images 
After the application of all the necessary pre-processing steps, spectral signa-
ture profiles were extracted for all the different materials during different  
acquisition dates of satellite images. Figure 7 shows the interrelation  
between Bands 1 and 4 for the different targets. 

The results of the scatter plots indicated the scaling optimization of spec-
tral separability of satellite imagery data from 0 to 23.7 mm of precipitation. 
Specifically, concerning 0 mm precipitation case, a spectral confusion was 
indicated between the “urban” targets (roof and tile) and chalk A and C  
targets. This conflict was outreached gradually as the precipitation level  
increased. The samples started to have different spectral behaviour, with the 
chalk samples (except chalk B) standing gradually away from the “urban” 
samples cluster in the scatter-plot. The same conclusions were derived from 
Table 3 where the Euclidean distance between all the bands of Landsat for 
all the different targets was calculated. A characteristic example is the  
 

 
Fig. 7. Scatter-plots of the different targets examined in this studies for Bands 1-4 of 
Landsat images. 
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response of the chalk A sample compared to tile sample concerning Band 1. 
The initial distance of 3.43 for “dry” image is expanded to a value of 7.62 
for the “23.7 mm precipitation” image. 

Table 3  
Euclidean distances for all the targets  

for the first four bands (VNIR) of Landsat satellite imagery 
Band 1 -23/07/2009 Band 2-23/07/2009 

 Chalk 
A 

Chalk 
B 

Chalk 
C 

Roof Tile  Chalk 
A 

Chalk 
B 

Chalk 
C 

Roof Tile 

Chalk A  5.69 1.15 2.70 3.43 Chalk A  7.07 2.33 1.70 2.42 
Chalk B   6.84 2.99 2.27 Chalk B   9.41 8.78 4.65 
Chalk C    3.85 4.58 Chalk C    0.63 4.76 
Roof     0.73 Roof     4.13 
Tile      Tile      

Band 3-23/07/2009 Band 4-23/07/2009 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  8.01 1.66 5.32 0.24 Chalk A  8.65 0.83 12.40 4.06 
Chalk B   9.67 13.33 7.78 Chalk B   9.48 21.06 12.71 
Chalk C    3.66 1.90 Chalk C    11.58 3.24 
Roof     5.55 Roof     8.34 
Tile      Tile      

Band 1-02/06/2009 Band 2/02/06/2009 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  4.65 3.06 6.65 8.87 Chalk A  6.29 4.11 5.52 8.52 
Chalk B   7.71 2.00 4.22 Chalk B   10.40 0.77 2.23 
Chalk C    9.71 11.93 Chalk C    9.63 12.63 
Roof     2.22 Roof     3.00 
Tile      Tile      

Band 3-02/06/2005 Band 4-02/06/2009 
 Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile  Chalk 

A 
Chalk 

B 
Chalk 

C 
Roof Tile 

Chalk A  7.27 5.10 2.53 7.62 Chalk A  9.09 6.47 4.87 2.52 
Chalk B   12.37 4.73 0.35 Chalk B   15.56 13.96 6.57 
Chalk C    7.64 12.72 Chalk C    1.60 8.99 
Roof     5.09 Roof     7.39 
Tile      Tile      

 
It is important to mention the quite different spectral response of chalk C 

sample in satellite images compared to its response to the laboratory speci-
mens. This problem was occurred due to the medium spatial resolution of 
Landsat images (30 m pixel size) that increases the mixing pixel phenome-
non which is highly common when trying to derive information from satel-
lite imagery (Roosta et al. 2007). Regarding the mixed pixels they are 
frequently a combination of numerous disparate components of an area of  
interest. Not only a single ground-cover target but also two or more targets 
(categories) are contained in the instantaneous field of view of the sensor 
(Arai 1991). 
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4. RESULTS  AND  VERIFICATION 
4.1  Per-pixel classification 
The results from the laboratory and satellite imagery analysis methods high-
lighted the different spectral response of materials to different levels of hu-
midity. Although according to laboratory measurements the initial spectral 
response (dry) between artificial and natural targets is well defined, this does 
not always stand for the Landsat satellite images due to their low spatial 
resolution and the corresponding phenomenon of mixing pixels. However, 
the increase of humidity level to the different samples, either in laboratory 
conditions or due to precipitation concerning satellite images, increased sub-
stantially the spectral interval between the different targets making it possi-
ble for the end-user to optimize the accuracy of LULC maps. For the direct 
comparison of the classification accuracy between images, where different 
levels of precipitation have been recorded, two Landsat TM/ETM+ images 
acquired on 2 June 2005 (0 mm precipitation – A) and 23 July 2009 
(23.7 mm precipitation – B) were classified and compared. Both unsupervised 
(ISODATA) and supervised classification algorithms (ML) were used. 
Kappa analysis was also performed to test if each classification was signifi-
cantly better than a random classification and if any two classifications were 
significantly different. The Kappa coefficient is well suited for accuracy  
assessment of LULC maps (Van Vliet 2009). Concerning Kappa, a value  
of 0 corresponds to a total random classification, while a Kappa value of 1 
represents a perfect agreement between the classification and reference data 
(Yang et al. 2011, Van Vliet et al. 2011). 

Initially, the ISODATA classification technique was applied to both im-
ages with 95% convergence threshold. The following 5 classes were used for 
both the supervised and unsupervised algorithms: (1) urban fabric, (2) marl-
chalk formations, (3) vegetation, (4) bare soil, and (5) forest. The same clas-
ses were created for the supervised technique in both images as well (Fig. 8).  

Concerning the results of unsupervised algorithm for both dry and humid 
acquisition days they can be described as poor and cannot be evaluated 
(K < 60%). On the other hand, the application of supervised algorithm to 
“rainy” image was effective, providing good accuracy results (K = 0.75) to 
the areas of no cloud cover in the image. The product of “dry” image was 
substantially better than that of unsupervised case but not accurate enough in 
order to be considered as credential. As shown in Fig. 8, in the “dry” image 
case there was a major fault in “urban” spectral class which seems to cover  
a vast area of the basin. On the other hand, the result of the application of 
supervised classification algorithm in “rainy” image is much more efficient 
with the final product to describe more precisely the real LULC regime of 
the area. 
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Fig. 8: (a) Detail of the “dry” satellite image after the application of unsupervised 
classification algorithm; (b) Detail of the “rainy” satellite image after the application 
of supervised classification algorithm; (c) Detail of the “dry” satellite image after the 
application of supervised classification algorithm; (d) Detail of the “rainy” satellite 
image after the application of supervised classification algorithm. Colour version of 
this figure is available in electronic edition only. 

4.2  Object-based classification 
After the application of the commonly used classification algorithms and the 
verification of the laboratory experimental results, the object-based classifi-
cation process was implemented to the “rainy” Landsat image in order to  
optimize the final LULC map. The object-based classification is considered 
to be a contemporary classification technique where textural and contextual/ 
relational information is used simultaneously with the spectral data for clas-
sification processing (Bhaskaran et al. 2010). The segmentation algorithm 
used in eCognition software is mainly a region-growing method based on the 
idea of collection of pixels whose attribute values represent a region. The 
segmentation can be realized as an optimization process where regions of 
minimum heterogeneity, given certain constraints, have to be detected. The 
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Fig. 9. Part of the Landsat ETM+ image after the implementation of segmentation 
process. At the right part of the image, the hierarchy rule used for the classification 
process is shown. 

specific process allows an initial segmentation based on primary features 
(shape and gray tone) and then proceeds to more advanced classification-
based segmentation (Benz et al. 2004). Moreover, segments are regions 
which are generated by one or more criteria of homogeneity in one or more 
dimensions (of a feature space, respectively). This is the reason why seg-
ments provide additional spectral information when compared to single  
pixels (Blaschke 2010). 

In this study, the Landsat “rainy” image was segmented at one level  
using all the 6 bands with equal weighting. The shape parameter was adjust-
ed to 0.1, the compactness to 0.5 and the scale factor to 15. At the next step 
concerning classification, mean pixel value, brightness and texture parame-
ters were weighted according to the land cover to be classified. However, the 
settings of the shape parameter of this study did not provide clear indication 
for use with a certain type of land cover. In the specific case, hierarchy rules 
were used taking into account statistics concerning the mean pixel value of 
Landsat TM/ETM+ first band, the brightness, and dissimilarity texture index 
(Fig. 9). 

At the end, the accuracy of the final classified product was substantially 
improved due to segmentation and knowledge based method of eCognition 
software. The value of Kappa coefficient (K = 0.77) denoted the potential of 
the specific classification method in optimizing classification results. 

4.3  Application of maximum entropy in a one-class classification 
The potential of the “rainy image” was finally evaluated with the use of 
maximum entropy approach (MaxEnt). Entropy is a fundamental concept in 
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information theory; it measures how much choice is involved in the selection 
of an event (Shannon 1948). The main principle of maximum entropy indi-
cates that the distribution model that satisfies any given constraints should be 
as uniform as possible (Phillips et al. 2004). The specific approach has 
mainly been used for modeling species geographic distribution concerning 
epidemiological, biological, evolutionary, and ecological projects but has 
also been used in remote sensing classification projects, as mentioned in the 
introduction. 

The following equation describes the MaxEnt modeling:  

 (π) π( ) ln π( ) ,H Eχ χ χ χ= − × ×∑  (4) 

where H(π) is the entropy of π, while π is an unknown distribution over  
a finite set of  χ. The distribution π assigns a probability π (χ) to each element 
of  χ. 

In the specific study, the MaxEnt algorithm was used (Jaynes 1957) 
which is ready to handle GIS raster data in the classification process (Phil-
lips et al. 2004). For this reason, we used the “MaxEnt” software that is 
freely distributed. Concerning the inputs there were the positive raster values 
and their corresponding feature values. Approximately fifty training areas 
were selected from the original “rainy” Landsat image representing urban 
class. Moreover, ten layers were used as auxiliary for the image classifica-
tion including six spectral bands of Landsat image. In addition, after the  
application of principal component analysis (PCA) to the satellite image the 
first principal component was used in order to create additional texture 
bands. The texture bands of mean value, contrast, homogeneity and second 
moment were calculated with the use of ENVI software version 4.8. At the 
final step regarding the results, the default output logistic gives a final esti-
mate of probability between 0 and 1. Nevertheless it is important to mention 
that the output is proportional to the conditional probability of being positive 
(Fig. 10 top panel). As seen, the areas in red color have the greater possibil-
ity to belong to urban class. In Figure 10 (bottom) the sensitivity against 
specificity diagram indicates that the training data value is 0.995 which is 
very close to 1, a value that indicates optimum model performance. 

Besides the image output representing the MaxEnt model for urban class 
in Yialias study area, an extra output of MaxEnt methodology is a table indi-
cating analysis of different variables used in the model and the percent pre-
dictive contribution of each variable (Table 4). The higher the contribution 
the greater the impact that particular variable had on predicting the occur-
rence of that species. As it was proved, the variance texture band and the 
first band of Landsat TM/ETM+ images were the bands with the optimum 
contribution. 
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Fig. 10: (top) Detail of prediction probability image of the catchment area; (bottom) 
Graph displaying sensitivity versus specificity for urban class area. Colour version 
of this figure is available in electronic edition only. 

While searching the final prediction results, it seemed that the final clas-
sified product was of medium accuracy concerning urban class cover. How-
ever, after the application of a threshold in value 0.9 (probability value) and 
concerning as appropriate only the pixels with values greater than 0.9, the 
Kappa coefficient reached a value of 0.78. 
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Table 4  
Analysis of variable contributions 

No. Variable Percent of contribution [%] 
1 Variance 27.6 
2 Layer 1 20.0 
3 Homogeneity 17.9 
4 Layer 6 16.5 
5 Second Moment 12.9 
6 Layer 3 3.1 
7 Layer 2 1.0 
8 Layer 4 0.7 
9 Layer 5 0.2 

10 Mean 0 
 

5. CONCLUSIONS 
During the last decades, satellite remote sensing has become an invaluable 
tool for monitoring and mapping land cover. The vast number of new and 
contemporary satellite sensors offer tremendous abilities to any possible end 
users of satellite imagery. However, although the spectral and spatial resolu-
tion of such a kind of imagery has been substantially increased, at the same 
time the cost of acquisition remains high in many cases. Thus, freely pro-
vided imagery, such as those of Landsat TM/ETM+, remains still a precious 
source of spectral data for all the satellite remote sensing community. This 
paper strived to denote an alternative methodology in order to exploit the 
classification abilities of Landsat TM/ETM+ imagery. As a case study, the 
catchment area of Yialias River in Cyprus (a typical Eastern Mediterranean 
setting) was selected where spectral mixing between marl/chalk geological 
formations and urban areas was observed. This mixing hindered the  
construction of efficient LULC maps with the use of traditional classification 
methods.  

The results pointed to the importance of imagery acquisition date for op-
timization of classification results. Specifically, the overall accuracy of clas-
sification product was substantially increased (by more than 30% for 
supervised classification), especially for urban and marl/chalk areas, during 
days where high precipitation measurements were recorded in the broader 
study area. The results were established either by laboratory or satellite im-
agery analysis. At the end, the implementation of object-based classification 
method to the most potential Landsat TM/ETM+ image optimized the final 
results. In addition, the maximum entropy algorithm presented an alternative 
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methodology concerning one-class classification methodology and extract-
ing crucial statistics about the contribution of different variables to the clas-
sification output. Both of these contemporary methodologies improved sub-
substantially the final classification products derived. Finally, the proposed 
methodology offers an alternative for the hydrologists (especially those  
interested in flood hydrological response of catchment areas in Eastern Med-
iterranean) to incorporate in their models data derived from satellite images 
of low cost and medium resolution. Specifically, models using GIS interface 
such as ArcSWAT need accurate LULC data in order to simulate flood 
events. 

A constraint of the overall method can be considered the scarcity of rainy 
days in Cyprus and other areas in Eastern Mediterranean region and the pos-
sible cloud cover. The authors will continue the research in the field of clas-
sification optimization by using radar and high resolution images acquired 
during rainy days in Cyprus in order to overcome the drawback of potential 
cloud cover. 
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